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[MPEJINCJIOBUE

dra guura — c60pHAK PasHOOGPA3HHIX 3ajay
no nnanuMeTpuu. [lepBbiii pasgen OTKpbIBaeTcsi HaGOPOM
reoMeTpHUeCKHX (PaKTOB, NPUMBIKAIOLIMX K KYpCy reoMeT-
puu 6—8 KaaccoB cpenHedl ImKoJb. MHorue H3 HHX
BXOMUJIM B TPaJMUHOHHBIE WIKOJbHble yyeOHHKH. Kpome
TOro, B 9TOM pasjeje coOpaHbl 3ajayH (B OCHOBHOM ¢Ha
BHIYHCJIEHHE» 3JIeMEHTOB IeOMeTpPHUEeCKHX (QHUryp), Npu3BaH-
Hble aKTHBH3HPOBaTh 3HAHHWE OCHOBHBIX WIKOJNbHBIX (OP-
MyJ H TEOPEM, PasBHTh TEXHHKY pEIIEHHs TIeOMeTpHue-
CKHX 3aJia4y. 3aJayl 5TOro pasjesa CHaGXKEHBI JIMIIb OTBE-
Tamil. Pa6ota Hajl HUMH [TOMOXKET YHTATeo MOArOTOBHTLCS
K IUKOJBHBIM H KOHKYPCHBIM 3K3aMeHaM (HEKOTOpbie
M3 3THX 3aJay B MpOLNIOM Mpefiarajuch Ha SK3aMeHax).
B u3BecTHOH Mepe 3TO yTBEep:KJACHHE MOMKHO OTHECTH H K
sajayaM «Ha BbIYHCJIEHHe» H3 BTOPOro pasfiena.

Yxe B mepBOM pasjielie BCTpEUalOTCsl HeJIErKue 3afau.
Bo BTOpOM pasiene, pacCUHTaHHOM Ha YBJIEYEHHOTO reo-
MeTpHell YHTaTeNs, TPYAHOCTH 3ajfay BO3pacTaeT (XOTs H
3Jecb KaxXIBH maparpacg oTKpbIBaeTcs CPaBHUTEIBHO MPO-
CTBIMH BBOAHBLIMH 3afiayaMH). OCHOBHBIMM KDHTEPHSIMH
oT60pa 3ajay SBJAJHCH: €CTECTBEHHOCTh (OpPMYJIHPOBKH,
reOMeTPHYHOCTb PpelIeHHs, HEeOXKHAAHHOCTh pe3yJbTaTa,
OPHMrHHAJNBHOCTD 3aJauH.

ABTOp He fiesasl MONBITKH CHCTEMAaTH3HPOBaTb 3alauH
MO THUMAaM U MeTojaM peLIeHHs, HO MNPHHANJIEKHOCTH K
TOMY HJIH HHOMY pasfieny reomerpuueckoii Hayku. Ilo
CyIlecTBy, MOYTH KaxJas reoMeTpHyeckas safaua (1o
CPaBHEHHIO C PYTHHHBEIMH YyTpaXKHEHHAMH Ha peIneHHe
ypaBHeHH, HEPABEHCTB, HCC/IeIOBaHMe QYHKUMHA M T. I.)
HecTaHJapTHa: B KaXJIOH Halo NpUAYMaThb, KaKue Cle/aTh
IOMOJIHHTE/IbHEIE TOCTPOEHHSl, KAKHMH BOCMOJIb30BaThCs
dopmynamu u Teopemamu. IlosToMy mpeapnaraemyio KHUTY
HUKAK HeJb3s paccMaTpHBaTh KaK 3aJauyHHK MO CHCTe-
MaTHYeCKOMy Kypcy TeOMETpPHH; CKopee 310 COOpHHK
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pasnuuHLIX T€OMETPHYECKHX HAXOJOK, Leflb KOTOpOro —
AEMOHCTpaLUsA H3ALUIECTBAa 3JEMEHTapHO-reOMeTPHYECKHX
NPHEMOB 10KasaTeJbCTB M pacueToB (6e3 HCNOJIL30BaHUA
BEKTOPHOH aJre6pel ¥ ¢ MHHHMAJbHBIM INPHBJEYEHHEM
METO/la KOOpJHHAT, TFeOMEeTPHYeCKHX NpeoGpa3nBaHuil H,
noxanyH, HeCKOJNBbKO GOJbLIHM — TPUTOHOMETPHH).

Cefluac B IIKOJILHOM Kypce Y4YeHHKOB 3HAKOMAT C
pasHOOOpasHBIMH MNOHATHSIMH H CPeACTBaMM  pelleHHs
3ajlay, HO HMMEHHO HX pasHooOpasHe OCTaBJseT MaJo
BpeMeHH Ha NPHOOGpeTeHHe HABBIKOB, H BKYC K TaKOro
pona 3anauam, KOTOphie coOpaHbl B 9TOH KHHTe, Y HOBBEIX
MOKOJIEHHH HECKONIbKO cHusuJcs. KoHeuyHo, Bonpoc O ToM,
HaCcKOJIbKO BaXXHO HAy4YuTbCs pewarth TPYAHBIE TeOMETpH-
yecKue 3ajiau#, cnopeH. BoITb MO2KeT, H B CaMOM Jene
TEM, KTO CBs3bIBaeT CBoe Oyayllee ¢ npodeccuel mMatema-
THKa HJIY MPOrPaMMHCTa, MOJIe3Hee 3aHHMAThCs 3ajayaMu
KOMOHHATOPHO-/IOTMYECKOT0 XapakTepa, H3yuyaTh Hauaja
aHa/jiM3a, HaAy4uThCs COCTaBJATh NporpamMMmel AJds DBM.
Ham Bce xe Kaxercsi, 4YTO pasBUTOE TIeOMETPHYECKOe
BOOGpaKeHHe — KayecTBo, HeoGxoauMoe Gyayuiemy Mate-
MaTHKY H TIOJIesHoe OyAyluuM HHxKeHepaM, (GH3HKaM,
CTPOHTENSIM, apXHTEKTOpaM H MHOTHM ApYTHUM.

TpynHo rapaHTHpoBaTh, YTO aBTOPY B KaxIOM cly-
Yyae Yaaloch HaHTH «ONTHMAJIbHBEIH» NyThb pPELUEeHHs, He
TOBOpPS yXe O TOM, YTO HEKOTOphle (XOTf, BHAHUMO,
HEMHOTHe) 3aJlayd 3HAaTOK I'€OMEeTPHH pelinsl GBI KOpoue,
HCNOJIb3Ys] MHBEPCHIO, METOAbI MPOEKTHBHOH TIeOMETPHH
U T. I. ABTOp HaMepeHHO He HameyaJ Bce BO3MOXHbIE
cBsi3M U OCOOIIEHHSA 3ajay, KaK 3TO NPUHATO y MaTeMa-
THKOB-TEOPETHKOB, JOHCKHBAIOIIHXCA B KaxaoM OTAeNb-
HOM cJly4ae JIO JIOTHYeCKHM HanGosee MPO3PauHOro OOLIEro
taxra, a JeHCTBOBa/N CKOpee Kak (H3HK-NPAKTHK, KOTO-
poMy Haj0 PEelIHTh KOHKPETHYIO 3ajayy, N0 NPHHIHOY:
€CJIM HE BHJIHO NPOCTOTO H3SAIMIHOTO peIUeHHs, HaJo «Mmo-
cyutaTby. BO3MOXHO, HEKOTOpble YHTaTeJH HE OTKaXYT
ce6e B YAOBOJIbCTBHH YJYYIIMTh NPENJIOKEHHHIA aBTOPOM
NyTh PEMICHHS OTACJbHHIX 3ajau.

XoTsl CcTeneHb OPHTHHANBLOOCTH COGPAHHBIX B KHHre
3ajau pasaMyHa (HEKOTOpble MOXKHO HaflTu B CTapbix
KHMTax ¥ JKypHajdax, Apyrue mpeAjarajuch Ha OJUM-
nHafax Wad GbIM OnyGIHKOBaHBI B XypHane «KpaHTy),
aBTOp BCe »Ke HAaJeeTcsi, YTO KOe-4TO H3 IpejcTaBIEeHHOMH
3llech KOJJEKLHH 3aHHTepecyeT H ONBITHBIX JIoGuiene
reoMeTp VM.



3aMeTuM, 4TO B HEKOTOPHIX CIydyasxX K 3ajauaM BTO-
poro pasfena JHaeTcs JHWIb NJIaH PelleHHs W pa3CH-
paeTcss OAUH M3 BO3MOXKHBIX cJayuaes. Heo6xoAuMocTh
nepe6opa pasHBIX BO3MOXKHBIX PacloJioXeHUu# ¢QHryp — He-
pefKo BCIpevaroUHACH HeJOCTaTOK 3JeMeHTapHO-reoMeT-
pPUYECKHX JI0Ka3aTesNbCTB, KOTOpHI, Kak NpaBHJIO, HCYe-
3aeT NMpH NMepexofie K BEKTOpaM, «HaNpPaBJEHHLIM YIJam»,
MEeTOAY KOOpAMHAT M T. I.; IpaBia, NPH 3TOM 3a4acryio
HCYe3aeT M caMa reOMeTpHS.

Utobbl cpesaThb KHUTY MOHATHOH I yuTaTeefi pas-
HOl MOJTOTOBKM M PasHBIX TMOKOJeHuH, Obiia BeIGpaHa
He COBCEM COBNajalollasi C MpHHATOH cefiuac B IIKOJE
tepMuHoyiorusi. «KoHrpysHTtHele»s ¢Qurypel HasbiBaloTCA
MPOCTO «PaBHBIMHY, HE HCHOJB3YIOTCH 3HakH =2, [AB]
Ajs otpe3ka u (AB) njs npsMoft M T. N.; HajO NOJAraTh,
YTO 3TO HE 3aTPYAHHUT, a CKopee OGJEryuT NOJb30BaHHE
KHUro#. .

YKe mocse TOro Kak pYyKOMHCh Obla MOATOTOBJEHA,
aBTOpYy NpeACTaBHJach BO3MOXHOCTh BKJIOYHTH B Hee elle
62 3anaun nosbiteHHOM TpyAHOCTH. OHH NOMELIEHb! B KOHLE
KHHUTH BMECTE C OTBETaMH H YKa3aHHUSIMH.

B 3ak/oueHHe aBTOp CYHTaeT CBOMM JOJIOM No6saro-
Rapute A. 3. BepuwrefiHa, npHHHMABIIETO YyyacTue B
paboTe Haj NMEepBbIM Pa3fesioM KHUIH. ABTOpP Npu3HaTeseH
trakxke A. A. Sry6esHny, coofuuBLIEMY HECKOJIbKO
H3AIIHEIX T€OMETPUYECKHX (aKToB.

Asmop



PA3JIEJ 1

NMOArOTOBUTEJIbHBIE 3AJAYH

1. Jloxa3arb, 4TO MEIHaHHl B TPEYrOJbHHKE
nepecekaloTcss B OIHOH TOYKe H JEJATCH €10 B OTHOLIE-
Huu 1:2,

2. JlokasaTb, YTO MeIMaHbl JeJAT TPEYroJbHHK Ha
IIECTh PABHOBEJIMKHUX yacTed.

3. IlokasaTbh, 4YTO AMAMETD OKPYKHOCTH, ONHCAHHOH
OKOJID TPEYroJbHHKAa, PaBeH OTHOIIEHMIO €r0 CTOPOHHI K
CHHYCY NpPOTHBOJIEXKALIETro yrJa.

4. Tlycte BepmnHa Yyrja HaxXogMTCA BHe Kpyra H
CTOpOHBI yrjia MNepecekaloT OKpyXKHocTb. JloKasaThb, 4TO
BEJIHUMHA YIJIa HM3MepseTcss MOJypasHOCTbIO HYr, Bbice-
KaeMbIX €ero CTOPOHaMH Ha OKPYXkHOCTH M PAacIOJIOXKeH-
HBIX BHYTpDH YrJja.

5. IlycTb BepmMHa yriia HaXOmWTCH BHYTPH Kpyra.
JlokasaTh, YTO BeJHUMHA YrJa H3MepsieTCd MNOJyCyMMOH
JyT, 3aKJIOYEHHBIX MEXAY €ro CTOPOHaMH H HX MpOJIOJI-
JKEHHWSIMH 32 BepIUMHY YrJja.

6. IMycte AB — xopna OKpYKHOCTH, [ — KacaTe/ibHasi
K OKpyxHocTH (A —Touka Kacamus). Jlokasatb, 4YTO
Kax/biil M3 ABYX YryoB mexay AB u [ uamepsiercs noo-
BHHOH JyTM OKPYXKHOCTH, 3aKJIOYCHHOH BHYTPH paccMmaTt-
puBaeMoro yraa.

7. Uepes Touky M, HaXoafillylocs Ha PacCTOSHHH @
OT UEHTpa OKpYXHocTH pamuyca R (a>>R), npoBezeHa
CeKylllas, MEePECeKaiolas OKPYKHOCTb B Toukax A H B.
Jlokasatb, uto |MA|-|MB| noctosHHO AJA BCeX CeKYy-
HMX M paBHO a? — R* (KBajpary AJMHBI KacaTeJbHOMH).

8. B okpyxuoctH pamnyca R uepes Touky M, Haxo-
ISIIYIOCA HA PACCTOSHHH @ OT ee ueHTpa (@ <<R), npose-
zeHa xopna AB. Jloxasate, uto | AM|-| MB| noctosHHO
AN BCEX XOpA M paBHO R?—a?.

9. Ilyctb  AM — 6uccektpuca Tpeyronbuuka ABC.
|BM| | AB|

Jokasarb, 4TO T, = TAC]

To :xe BepHO jjast Gucce-
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KTPUCHI BHELIHEr0 yrJa TpeyrosbHuka. (B sToM cayuae M
JIEKUT Ha TPOLO/KEHHH cTopoHsl BC.)

10. [oxasaTb, 4TO CyMMa KBajJpaToB JH4TOHaJseH
napajnenorpaMmMa paBHa CyMMe KBAaJpaToOB €ro CTo-
POH.

11. CTopoHB! TpeyroJibHHKa paBHH @, b u ¢. JloKa3aTs,
uTO JJINHA MEJHaHB! m,, NPOBeJIEHHOH K CTOpOHE 4, BBHIYKC-

Jasiercs 0o gopmyse ma=% V 2b% 4 2c® — a?.

12. JlaHH ABa TPeyroJbHUKa, Y KOTOPbIX ONHa Bep-
pMHa A —ofwmas, a Jpyrie BepiiHHBI PacrnoJIOXKEHbl Ha
ABYX NPSIMBIX, npoxoxpsmux yepes A. JlokasaTb, 4TO OTHO-
IIEHWe NJoMmAajel 3THX TPEYTOJLHHKOB PaBHO OTHOLIEHHIO
NpPOU3BENEHHA IBYX CTOPOH, COAEpKallnX BepiunHy A.

13. Jloxasarb, 4TO MJOILAJH ONMMCAHHOTO MHOTOYIOJIb-
HHKa paBHA rp, TIe p —ero TMOJyIepuMerp, r — paguyc
BIIHCAHHOH OKPYXKHOCTH (B YacTHOCTH, 3Ta gopmyaa crpa-
BeJJIHBA JJI TPEYroJIbHHKA).

14. JlokasaTp, 4TO MJAOLIaAb YETLIPEXYTOJbHUKA PaBHa
NOJYNPOU3BEJCHHIO JHaroHajeldl Ha CHHYC yrjaa Mexnay
HHMH.

15. Jlokasarh CripaBea/IHBOCTh CIeyIouTHX dopmya 1as
NJIOWA 1 TPeyroJbHuKa: S =ﬂm—,38f—n-, S=9R?sin Ax

. . . 2sin 4
XsinBsinC, rpe A, B, C—yrasl TpeyronbHHKa, a —
IJIMHA CTOPOHBI NpoTHB yrsaa A, R — pamuyc OMHCaHHOTO
Kpyra.

16. lokasatb, 4TO pamMyC OKPYKHOCTH, BNHCaHHOH
B NPAMOYTOJbHEIA TPEYTONBHUK, BEIUHC/ISETCS IO hopMyie

a-t+b—c
p) , T @ H b—KaTeTbI, ¢ — THIIOTEHY3a.

r=—
17. JlokasaTb, 4TO €c1H a ¥ b—jBe CTOPOHBI Tpe-
YTOJbHHKA, O — YTOJ MEXKY HHUMH U [ — JTAHA GUCCEKTPHUCH

o
2ab cos 5

at+b

18. JlokasaTb, 4YTO paccTosiHus OT BepiuuHbl A Tpe-
yronbHuKa ABC 10 TOYEK KacaHHsl BIHCAHHOH OKPYXKHOCTH
co croponaMn AB u AC paHbl p —a, TAe p — NONYHEPH-
merp A\ ABC, a=|BC|.

19. Jokasarb, 4TO €CJH B BBUIYKJOM 4YeThIPEXYroJb-
Huke ABCD Brmnoausiercst cooTHomenue | AB|-+|CD| =
= | AD|+4-{BC|, To CymecTBYeT OKPYXHOCTb, Kacaiolascs
BCEX CTOPOH ero.

8
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20. a) [loxas3aTb, YTO BHICOTEL B TPEYroJbHHKE nepe-
ceKaloTcss B OJHOH TOUKe.

6) [oka3aTb, UTO pacCTOsHHE OT BEpIIWHBI TPEYroJkb-
HHMKa JO TOYKH IepeceueHHsi BLICOT BJBOe O0OJIbllle, 4eM
paccTosHHe OT LEHTpa ONHCAHHOIO Kpyra A0 MHPOTHBOMO-
JIOXKHO¥ CTOPOHBI.

21. Ha ogano#t cTopoHe mpsMOro yria ¢ BepLIHHOH B
touke O B3aATH jBe Toukn A u B, npuuem |[0A|=a,
|OB|=>b. HafiTn paguyc OKpyKHOCTH, NPOXOAsLIei uepes
Toukd A ¥ B u Kacamoleficss Apyrofi CTOpOHBI yrJa.

22, TunoTeHy3a NpsIMOYroJbHOIO TPEYro/lbHHKA paBHA
¢, a OJl¥iH 13 OCTpPHIX yrJioB paBel 50°. HaiiTu paguyc okpyx-
HOCTH C IIEHTpOM B BepiuuHe yrsia B 30°, nensuied naH-
HEIl TPeyroJbHHK Ha JBe DPaBHOBEJHKHE YaCTH.

23. B npsMoyrosbHoM Tpeyrosbnuke ABC gaHbl ATHHbL
kareroB |CB|=a, |CA|=0b. Ha#itu paccTosiiue OT Bep-
wuHe C 10 Gnusaiinedt K C TOYKH BIMCAHHOH OKPYXKHOCTH.

24. B npsAMOYroJlsHOM TpeyroJibHHKe MEAHAHA AJIMHEI m
IeNMUT NMpsiMOA yroa B oTHoweHuu 1:2. Haith miowazns
TpeyroJbHHKA.

25. B tpeyronsuuke ABC naubl cropoHu |BC|=a,
| AC|=b, | AB|=c. HaiiTu oTHOLIEHHe, B KOTOPOM TOYKa
nepeceueHHsi GHCCEKTPUC HeaUT GHCCeKTpucy yraa B.

26. IlokasaTbh, YTO CYMMa pPacCTOSIHHH OT J10GOM TOUKH
OCHOBAHHSI PaBHOGENPEHHOrO TpeyroJbHHKAa 10 GOKOBhIX
CTOPOH paBHa BBICUTE 3TOrO TPEYrOJbHHKA, IMPOBEIEHHOH
K GOKOBOH CTOpOHE.

27. JlokasaTb, YTO CyMMa pacCTOSIHMi OT JI0GOH TOUKH
BHYTPH NpPaBHJBHOTO TPEYroJibHHKA [0 €ro CTOPOH paBHa
BHICOTE 3TOTO TPEYroJIbHHKA.

28. B pasHo6enpenHoM TpeyroibiHuke ABC (|AB|=
='|BC|) Ha ocHoBaunu AC B3sita Toyka M Tak, 4TO
| AM|=a, |MC|=b. B tpeyronsuuku ABM uCBM Bnn-
caHbl OKpyKHOcTH. Hafitu paccrosnHe MexJay TOYKaMu
KacaHHus STHX OKpYKHOCTe#i co cTopoHoit BM.

29. B napaJaJesiorpamme CO CTOPOHAMH @ H b ¥ yIJIoM o
npoBefeHb GHCCEeKTpHCH deThipex yrJos. Haiitu niomane
YEeTBIPEXYTOIbHHKA, OrPaHHUYEHHOIO GHCCEKTPHUCAMH.

30. B poM6 ¢ BBICOTOH A M OCTPHIM YIJIOM o BIMCaHa
OKpY:KHOCTb. HaiiTu pamuyc Hau6oJbLiel H3 JBYX BO3MOX-
HBIX OKPYKHOCTeH, Ka)iiasi U3 KOTOPHIX Kacaercsi JaHHOH
OKDY2KHOCTH H JBYX CTOPOH pomo6a.

31. OnpenenuTb OCTPEIA yros pomGa, B KOTOpPOM AJIMHa
CTOPOHHI €CThb CpefHee TeOMETpPHYeCKoe JJIHH JHaroHa’ei.
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32, [Inuupl nvaroHaJiefi BHITYKJIOTO Y€THIpeXyrosbHHKa
paBHBl @ H b, a NJHHBI OTPE3KOB, COSNAHHSIOWIUX CepeNtHbI
TNPOTHBCTIOJOKHBIX CTOPOH, PaBHB mexay cobo#t. Haiitu
MJIoMaZb YeTHIPeXyroNbHHKA.

33. Ocuopanne AD npamoyronbsnka ABCD, B tpH pa-
3a GoJbliiee ero BeICOTH AB, Toukamu M u N pasgeneno

— e~ N~
Ha Tpu paBHble yactu. Ha#iru AMB-+ ANB+- ADB.

34. iBe Oﬁ)ym—xocm nepecekaiotcs B Toukax A u B.
Yepes Touky A nposegnensl xopas AC u AD, kacawowyuecs
JaHHBIX OKpyxXHocreH. Jlokasats, uto |AC[*:|BD|=
=|AD .| BC|.

35. IlokasaTtb, 4YTO B NpPAMOYTOJBHOM TPEYroJibHHKE
GHCCEKTpHCA NMPSMOro yria JeNuT NonosiaM YroJ MexAy
MeIHaHO# ¥ BBHICOTOH, OMYUIEHHHIMH Ha THIOTEHY3Y.

36. Ha okpyxHocTH pamuyca r BbIGpaHHl TPH TOUKH
TakUM 06pa3oM, YTO OKDPYXKHOCTb OKas3aJjiach pasjie/leHHOH
Ha TpH AYrH, AJIHHBL KOTOPHIX OTHOCATCA Kak 3:4:3.
B TOuKax JieNleHHst K OKPYKHOCTH NPOBEJEHBl KacaTe/lbHBbIE.
Hafitu njomwaze TpeyrojapHuka, 0GpPasoBaHHOIO 3STHMH
KacaTeJbHBIMH.

37. OKoJ10 OKPY2KHOCTH ONMCaHa paBHOGOYHAS TpaneLus
¢ GOKOBO# CTOPOHO# /, OHO H3 OCHOBaHH KOTOPOH PABHO 4.
Ha#itu njomane Tpanemuu.

38. IIse npsiMble, napaJuiesibHbie OCHOBAHHAM TPaneuuH,
JeNsT KaXAylo M3 GOKOBBIX CTOPOH Ha TPH PaBHBIE HACTH.
Best Tpanemus pasjeseHa MMM Ha Tpu udactd. Haitt
IJIOAJb CPefHeH 4acTH, ecJy IJOmaAd Kpa#HHX Syu S,.

39. B rtpanmeuun ABCD co croponamu| AB|=a,
|BC|=0b nposezena Guccektpuca yraa A. OnpepenuTs,
YTO OHA Nepecekaer: ocHoBaHHe BC HJIH GOKOBYIO CTOpO-
Hy CD.

40. Hafith anuny orpeska npsamoii, napaJJeJbHOH OCHO-
BaHHAM Tpaneny¥y H NMPOXOAsAUlel yepe3 TOYKY Iepeceye-
HHS JparoHajef, ecili OCHOBAaHHA TpaneuuH paBHsl aHb.

41. B paBHOGOYHOH Tparnel iy, ONHCAHHOH OKOJIO OKPYXK-
HOCTH, OTHOIIEHHE NapaJiyiesbHLIX CTOPOH paBHO k. Haltu
yroJ NpH OCHOBAHHH.

42, B Ttpameuun ABCD ocHoBauua |AB|=a u
|CD|=b. Haiitn naowaas Tpanemu, ecju H3BECTHO, YTO
JAHaroHaJd TpaneluH SABJAIOTCA GHCCEKTPHCAMH YIJIOB
DAB u ABC. '

43. B paBHoGOuHOH TpaneluH cpelHAs JHHHA DPaBHa q,
a JuaroHaJ/li B3aUMHO neprneHaukyasapuel. Haiitn nuomanb
TpaneuuH,
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44. Tlnomans paBHOGOYHOM TPaNEIHH, ONHCAHHOM OKOJIO
Kpyra, paBHa S, a BBICOTA Tpaneuyu# B 2 pasa MeHblle
ee 60K0BOfi CTOpPOHBL. OnpejesuTh pajuyc BIHCAHHOIO B
Tpameuulo Kpyra.

45. Tlnomazu TpeyrosbHHKOB, OGpasOBaHHBLIX OTpes-
KaMH JHaroHajefli TpameuMH W €€ OCHOBAHHSAMH, paBHHI
S; u S,. Hafitu nuowanp Tpaneuus.

46. B tpeyronbuuke ABC yron ABC pasen o. Haiitu
yron AOC, rie O —UEHTp BHHUCAHHOH OKpPYKHOCTH.

47. B npsAMOYTrOoJNbLHOM TpeyroJibHHKe NpoBefeHa OHC-
cexTpHca mpaMoro yraa. Haitrn paccrosnue Mexny Tou-
KaMM NepeceyeHHsl BBICOT ABYX MOJYYHBIIHXCH TPeyroJb-
HHKOB, €CJIH KaTeThl JAaHHOT'O TPEYroJIbHHKAa PaBHEl a H b.

48. Ilpsamas, nepneHAUKyNspHAsA JBYM CTOPOHAM napas-
JeJorpamMma, JeJHT €ro Ha JBe Tpameuud, B KaXAyl0 H3
KOTOPBIX MOXHO BIIHCAaThb OKpYxKHOCTb. Hafitn ocTpsiit
yros mapaJjieJIorpamMMma, eCil¥ AJHHbl €r0 CTOPOH PpAaEHH!
aub (abh).

49. Jlan noaykpyr c nuamerpoM AB. Uepes cepeauny
TNIOJIYOKPY?KHOCTH NPOBEAEHb JBE NpSMbIE, AeALHe NOxy-
KpYr Ha TpH PaBHOBeNHKHE YacTH. B KakoM OTHOIUEHHH
3TH npsAMble AeasT nuamerp AB?

50. Ilan kBagpar ABCD, cropoHa KOTOPOrO paBHa a,
H TOCTPOEHBl JBe OKpYXKHOCTH. IlepBas OKPYXKHOCTb
IIEJIMKOM pacnoJioxeHa BHYTpH KBagpata A BCD, kacaeTcs
croporbl AB B Touke E, a Takxe Kacaercs cTopoHbl BC
u auarosanu AC. BTopasi OKpyKHOCTb C IEHTPOM B TOuke A
npoxoaut uepes Touky E. Haifitu nmomaae obuelt yactu
IBYX KpPYIOB, OrpaHHYeHHBIX 3THMH OKPYKHOCTSMH.

51. BepluuHBl NpaBHJBHOTO ILECTHYTOJbHHKA CO CTOPO-
HOH a sBJIAIIOTCS LEHTPaMH OKDYXKHOCTeHf, pajHyCchl KOTO-
puix paBunl a/)/2. Haiiti niomans uacTy WeCTHYTOJbHHKA,
PacroJIOKeHHOH BHE 3THX OKPYXKHOCTeH.

52. BHe OKpyXHOCTH pajuyca R B3dra Touka A, H3
KOTOPOH MNpOBeleHHl J[Be CeKyllHe, OIHa — NPOXOAsALas
yepe3 LEHTp, a Apyras — Ha pacCTOAHHH R/2 OT HeHTpa.
Halitu mnJomafb 4YacTH Kpyra, pacroJIOXXeHHOH Mexny
STHMH CEeKYLIHMH.

53. B uernipexyronenuke ABCD u3BecTHb YIJbl

DAB =90°, DBC=90°, |DB|=a, |DC|=b. Haiitu
paccTOsIHMe MEXKAY LEHTpaMH [BYX OKDYXHOCTeH, oOfHa
H3 KOTOpBIX MPOXOAMT vyepes Touku D, A u B, a apy-
rasg —yuepe3 Touku B, C u D, : T
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54. Ha croponax AB u AD pom6a ABCD B3ath 1Be
Toukd M u N rak, uyro npsamMeie MC u NC nensar pom6
Ha TpH paBHoBequKHe uacTH. Haiitu pmiuny orpeska MN,
ecyd |BD|=d.

55. Ha cropone AB tpeyroabhuka ABC B3sTB TOYKH
M u N rtak, utro |AM|:|MN|:|NB|=1:2:3. Uepes

"Toukd M u N mpoBeseHbl NpsMble, NapaJJjesbHble CTO-
porne AC. Hafitu nuomaze uyacTH TpeyroJbHHKA, 3aKJIO-
YeHHOH MEeXAY 3THMH [OpPAMBIMH, €CJIH [JoWaabL Tpe-
yronsauka ABC paBHa S.

56. Jlana okpyxHoctb W Touka A BHe ee. AB u
AC — xacare/ibHble K OKPYKHOCTH (B u C — TOuKM Kaca-
Husa). JlokasaTb, YTO LEHTP OKPYXKHOCTH, BIIHCAHHOH
B TpeyronbHHK ABC, neXuT Ha naHHOfi OKPYKHOCTH.

57. Bokpyr paBHocTOpoHHero TpeyroabHuka ABC
ONHCaHa OKPYXKHOCTb, H Ha Jyre BC B3sita NPOM3BOJbHAS
touka M. Ilokasate, uto | AM|=|BM|+|CM]|.

58. Ilycre H —Touka nepeceuenus swicor A\ ABC.

s
Ha#itu yramt A ABC, eciu BAH =a, /TBT—]=6.
59. Ilaomans pomba S, cymma mJaMH ero JHaroHaJe
paBHa m. Haiitu ctopony pomGa.
60. Ksagpar co CTOPOHOH @ BHHCAaH B OKPYXKHOCTb.
Ha#itn ctopony KBazpara, BIHCAHHOTO B OIZMH H3 MOJY-
YEeHHBIX CErMEHTOB.

61. B cermeut ¢ ayroét B 120° u Buicotofi A BnucaH
npsamoyroabEuk ABCD Tak, uto %:{— (BC nexwur
Ha xopze). Ha#ity nuowans npsmoyrosbHuka.

62. Ilaomans kpyrosoro Kosbua S. Paguyc Goubiueit
OKDYXKHOCTH paBeH AJuHe MeHbwed. Hakitu pamuyc meHn-
mefd OKPYKHOCTH.

63. CropoHy NpaBHJ/ILHOTO JECATUYTOJNbHUKA BHIPA3HTh
yepe3 R — pajiuyC ONHUCAHHOH OKpPYMKHOCTH.

64. K oxkpyxHoctu pamumyca R u3 BHeluHe#d Touku M
nposejieHbl kacateqabHbie MA u MB, o6Gpa3syiowue yroJ o.
Onpenenutb nuowmanb GUrypbl, OrpaHHYEHHOH KacaTelib-
HbIMH M MeHbIIeH Ayrofl OKpY>KHOCTH.

65. Jlan xBaapar ABCD co cropouoit a. Haiitu pa-
IUyC OKPYXKHOCTH, NpOXOAsilefi uyepe3 cepeluHy CTO-
ponbl AB, uentp KBaipara u Bepwuny C.

66. lan poM6 €O CTOPOHOH @ M OCTpHIM YIJIOM C.
Hafitn pamuyc oRpy:KHOCTH, IPOXOASIIEH yepes ABe COCe-
HHe BepiuMHbl pomba H KacaiolleHcsi MPOTHBOMOJIOXKHON
CTOPOHBI pOMOa WJIH €e MPOLOJIKEHHS,
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67. [laHel TpH momapHO Kacatolluecss OKPYKHOCTH
panuyca r. Haiitn niowmans tpeyronbuuka, 06pa3oBaHHOro
TpeMs MPAMBIMHM, Kaxnas M3 KOTOPHIX Kacaetcsl ABYX
OKPYXHOCTe#i ¥ He NepeceKaeT TPEThIO.

68. OkpyXHOCTb pajguyca r KacaeTcsi HEKOTOPOH mpsi-
Moil B Touke M. Ha 3Toit npsimoii 1o pasueie cTOpoHH 0T M
B3ATel TOUKH A ¥ B TaK, uto | MA|=| MB|=a. Ha#itu
pajuyc OKpYXHOCTH, mpoxoisuleli yepe3 A u B u Kacaio-
eficas JaHHOH OKDYIKHOCTH.

69. Ilaun ksanpar ABCD co cropouoii a. Ha cro-
pone BC B3ata Touka M rtak, uro |BM|=3|MC|, a
Ha cropone CD —touka N Ttak, uro 2|CN|=|ND|.
Haiitn panmyc OKpyXHOCTH, BIHCaHHOH B TpeyroJb-
HIK AMN.

70. dau kBagpat ABCD co cropouoii a. OnpenemiTsb
paccTosiHHe MexAy cepenuHol otpeska AM, rae M —ce-
penuna BC, u Toukoii N Ha cropone CD, nensuwei ee
B oTHoweHHH |CN |:|ND|=3:1.

71. B tpeyronbnuke ABC u3 BepmuHel A BBEIXOIUT
npaMas, Jendiias mnonojam Meauany BD (touka D je-
XKHUT Ha cropoHe AC). B KakoM OTHOLIGHMH 3Ta mpsiMas
JenutT cropony BC?

72. B npsmoyrosibHOM TpeyrossHike ABC kater CA
paseH b, kateT CB paBen a, CH — Boicora, AM — mennana.
Hafitn nmomane TpeyronnHuka BMH.

73. B pasHoGenpenHoM TpeyrosbHuke ABC 3ajpaHBl

ey
BAC=0>90° u |BC|=a. Haiitu paccrosiine Mexny
TOYKOH NEPECEYEHHs BEHICOT H LIEHTPOM OIHCaHHOH OKPYK-
HOCTH. -

74. Bokpyr Tpeyrosibauka ABC, B KotopoM | BC |=a,

T o)

CBA=a, BCA=f, onucana OKpyxHOCTb. BHccekTpuca
yraa A nepecekaeT okpyxuocTb B Touke K. Haiitu nauny
xopael AK.

75. B okpyxHOCTH pamuyca R mpoBeieH [HaMeTp H
Ha HEM B35Ta Touka A Ha pacCTOSHHH a OT LEHTpa.
Ha#itu pamuyc BTOpOH OKpY»KHOCTH, KoTopas Kacaertcs
IHaMeTpa B Touke A M H3HYTpPH KacaeTcsl TaHHOH OKpYX-
HOCTH.

76. B OKpYXHOCTH IpoBeleHH TpH MONAapHO Nepeceka-
IolMecs: XOpAbl paBHOH AuHBL. Kaxnas xopna pasiesiena
TOYKaMH TMEepPEeceYeHHs Ha TPH YacTH pPABHOH IJIMHBL
HaiiTn paguyc oKpyxHOCTH, ecly JJIMHA KaXIOH U3 XOpX
paBHa q.
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77. OnnH NpPABUIBLHBHE HIECTHYTO/IBHUK BIHUCaH B OKPYXK-
HOCTb, a JAPYro# omucak okoJio Hee. HaiiTu pamuyc OKpyxk-
HOCTH, €CJIH PA3HOCTh NEPUMETPOB 3THX WIECTHYTOJNLHHKOB
paBHa a. '

78. B npasuisHoM Tpeyrosbuuke ABC, cropoHa
KOTOpPOro paBHa a, mpoBenexa Beicora BK. B Ttpeyrons-
Hukn ABK u BCK BnHCaHO NO OKPYXHOCTH, H K HHM
npoBenéHa ofmas BHeIIHsSs KacaTeJbHasd, OTJHYHad OT
cropousl AC. Haiitu nuiomans TpeyrosibHHKa, OTCEKaeMOro
3ToH KacaTesbHO! OT Tpeyronbhnka ABC.

79. Bo BmucaHHOM yeteipexyrosibHike ABCD u3BecTHH

I P TN
yrasl DAB=o, ABC =8, BKC ¥ rze K —Touka me-

peceuenns pumaronanefi. Haiitu ACD.

80. Bo BnucanHoM ueTsipexyrosshuke ABCD, puaro-
HaJi KOTOpOTO Mepecekaiorcss B Touke K, H3BECTHO, UTO
|AB|=a, |BK|=0b, |AK|=¢, |CD|=d. Haiitu nuny
zuaronann AC.

81. Bokpyr Tpamenun omucaHa OKpyxknHocTh. OcHO-
BaHUe TpameluH cocraBiager ¢ GOKOBOH CTOPOHOH yroi o,
a ¢ puaroHanansto — yrost B. Hafitu oOTHOIEHHE mNJOmMAaRH
Kpyra K MJOWaAH TpamemuH.

82. B paBHoGounoii Tpanenun ABCD H3BECTHEI OCHOBA-
Hus |AD|[=a, |BC|=b n 6GokoBast cropona |AB|=d.
Uepes Bepuminy B npoBefieHa mpsMasi, Aesmlas Momnosam
auaronans AC v nepecekatomasi AD B touke K. Hafitu
nJjomwans Tpeyronbunka BDK.

83. HaWtu cymmy XBajpaToB paccTOsIHHI OT TOUKH M,
B35ITOH Ha JHaMeTpe HEKOTOpOH OKPYMXHOCTH, IO KOHLOB
JMo6oli M3 mapaJifiesIHBIX 3TOMY JHaMETPY XOPH, eCJH pa-
IMyC OKPYXKHOCTH paBeH R, a paccrossuue or M 1o
LEHTPa OKPYKHOCTH PaBHO a.

84. O6mas xopaa ABYX nepecekaloluxcsi OKpYKHoCTe
BHIHA M3 HX LEeHTPOB nox yraamu 90° u 60°. Haiiru pa-
IUYChl OKPYXKHOCTEH, €CJIH pacCTOsHUe MEeXAY HX LEeHT-
paMu paBHO a.

85. [an npasunbubit Tpeyronsunk ABC. Touka K ne-
jnt cropony AC B orHomrenuu 2:1, a Touka M penur
cropony AB B otHomeHuu 1:2 (cum'aﬁ B 06OHX Cay4asx
or Bepmutet A). [lokasath, uro anamna orpeska KM
paBHa paiuycy oxpyxmocm OMHCAHHOMH OKOJIO Tpeyross-
H¥ra -ABC. -

86. Oxpy»HOCTH paauycoB R u R/2 KacaloTcs JApyr
Apyra BHewHUM o6pasoM. OfuH M3 KOHIOB OTpe3Ka
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AaMHB 2R, 06pasyomero ¢ JMHHEH LEHTPOB Yroj, pas-
Hbift 30°, COBNajaer ¢ UEHTPOM OKPYKHOCTH MEHBLIErO
paauyca. Kakas yacTb OTpeska JIEXHT BHE 06eUX OKPY K-
Hocte#i? (OTpesok mepecexaer 06e OKpYIKHOCTH.)

87. B rtpeyronbunke ABC nposesenbl BK —meauaHa,
BE — 6uccektpuca, AD —spicora. Haiitu jouHy cTO-
ponnt AC, ecan u3BecTHO, yro npsamuie BK u BE pnensT
o'rpzsox AD na TpH paBHble yacTH M AnMHa AB pas-
Ha 4.

88. OrHoweHnne paauyca OKPYKHOCTH, BIHCAHHOH
B paBHOGEAPEHHBIA TPEYTOABHHK, K PajHyCy OKPYKHOCTH,
OMNHCAHHOH OKOJIO 5TOr0 TpeyroJbHHKa, paBHO k. Haltu
yroa NnpH OCHOBAHHH TPEYroJbHHKA.

89. Ha#liTn kocHHyc yrsia mpH OCHOBaHHM paBHOGEX-
PEHHOrO TPEYrONbHUKA, eclii TOYKA MEpPeceyeHHs ero BHI-
COT JIEXXHT Ha BIHCAHHOH B TPEeYrOJbHHK OKDYXKHO-
CTH.

90. HaiiTn naomwagp nATHYrOJbHHKA, OIpaHHYEHHOTO
npameivu BC, CD, ‘AN, AM w BD,rpe A,B u D—1pu
BepiuuHel kBagpatra ABCD, N —cepemuna cropoun BC,
M penut cropony CD B otHoueHuu 2:1 (cyuras or Bep-
wuebl C), ecn cropona kBagpatra ABCD pasHa a.

91. JINMHBI CTOPOH YeThIpEXYroJbHHKA, OMNHCAHHOTO
OKOJIO OKPYXKHOCTH pajuyea R, B3AThHIE IOCJENOBaTeNbHO,
o6Gpasylor reovMerpuueckyio nporpeccuio. Haiitu naomane
3TOTO YeThIpeXyroJbHUKa.

92. Jlan kBazpatr co cropoHoit a. Haiitu nnomans
NPaBUJBHOTO TPEYroJIbHHKA, OfHA BEpILIHHA KOTOPOro COB-
najaeT ¢ CepeJMHOH ORHOX M3 CTOPOH KBajpara, a IBe
Jpyrue pacrnoJIOXKEHBl Ha AUaroHajsx KBajpaTa.

93. Ha croponax kBampata ABCD B3aThl TOYKH M,
N u K, rne M —cepepuna AB, N nexur Ha cropoHe BC,
npuyeM 2|BN| = |NC|, K nexur Ha cropone DA, npu-
qe% 2|DK|=|KA|. Hafitu cunyc yriaa Mexay npsMbIMH
MC n .

94. Yepes Bepuiesl A u B tpeyrosbhnka ABC 1mpo-
XOIHMT OKPYMHOCTb pajuyca r, nepecekawomas cropony BC
B Touke D. HaiiTH paanyc oKpy»HOCTH, NPOXOAsileHd uepes
toukn A, D u C, ecau |AB|=c, | AC|=b.

95. B TpeyronbHuke ABC cropona AB uMeer jmHy 3,
a Beicota CD, onyuienHas Ha cropony AB, nmeer AMuny V8.
OcnoBanue D Bbicotht CD Jnexut Ha cropoHe AB, ananHa
otpe3ka AD paBHa pnuue croponbl BC. Hafitn anauny cro-
pornr AC.

-
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98. B OKpYKHOCTb pamuyca R BIHCaH NPaBHABLHLA
wectuyronbHuk ABCDEK. Hafity paguyc Kpyra, BOHCaH-
Horo B TpeyronbHuk ACD.

97. Cropona AB kBaspata ABCD paBna 1 u sBasiercs
XOpJO¥ HEKOTOpOHi OKDYXKHOCTH, NpPHYEM OCTaJbHLIE CTO-
POHBHI KBajipara JiexkaT BHe 3TOfl OKpyxHOCTH. IliHHA Ka-
catenpHoit CK, npoBenenHo#i u3 BepmHHH C K TOH Ke
OKPYKHOCTH, paBHa 2. UeMy paBeH AuaMeTp OKPYXKHOCTH?

98. B mpsIMOYroJIbHOM TPEYrOJBHHKE MEHbLIHH YroJ
paBeH o. IlepneHANKyJApHO THNOTEHY3€ MNPOBEAEHA Mps-
Masi, JeJsilias TPEeYroJbHHK Ha JiBe DaBHOBEJIWKHE YacCTH.
OnpenenuTh, B KaKOM OTHOLIEHHH 3Ta NpsAMas JEJNHT CHIO-
TEHY3Y.

99. BHYTpH TpaBH/ILHOrO TPEyroJbHHKA CO CTOPOHO# 1
NOMeILleHB! JBe Kacaiouuecs JApYr JApyra OKPYKHOCTH,
KaxJas U3 KOTOpBIX KacaeTcsl ABYX CTOPOH TPEYTOJbHHKA
(Kaxkmasi CTOpOHA TPEeyroJbHHKA Kacaercsi XOTd Ol CHHOM
OKpYXkHOCTH). JIOKa3aTh, 4YTO CyMMa pajuycoB 3THX

OKDYIKHOCTEHl He MeHbIle, YeMm %(V§— 1).

100. B npsmoyroanHom TpeyrosibHuke ABC ¢ oCTpEIM

yriom A=30° mpoBemeHa Ouccektpuca BD napyroro
ocrporo yrna. HaliTh paccrosiune Mexnay LEHTPamH JABYX
OKPYKHOCTeH, BNHCAHHEIX B TpeyroibHukn ABD u DBC,
ecs JJIMHA MEHblIero Karera paBHa l.

101. B rtpanemnn ABCD yrasi A w D npu ocuosa-
it AD coorsercrBenno paBubl 60° u 30°. Touka N je-
3KUT Ha ocHoBaHuH BC, npuuem |BN|:|NC|=2. Touka M
JIEKUT Ha ocHoBauuWu AD, npamas MN nepueHmIKyJaspHa
OCHOBAHHAM TpamelMd H JeNHT ee NJOMafb IOMoJaM.
Haiitn orHomenne | AM |:| MD|. .

. 102. B tpeyronsunke ABC sapaunt | BC|=a, A=a,
B=p. Hafitu paauyc OKpyXKHOCTH, Kacaioweics CTO-
ponsl AC B Touke A u Kacawuleiica cropossl BC.

103. B rTtpeyronbuuke ABC u3BeCTHBl CTODOHBI

| AB|=c, |BC|=a u yron ABC=f. Ha cropone AB
B3dra Touka M Tak, uro 2| AM|=3|MB|. Haiitu pac-
cTosiHHe OT M 10 cepefuHbl cTOpoHH AC.

104. Ha cropowe AB tpeyronpuuka ABC B3siTa
Toyka M, a Ha cropoHe AC —Touka N, mpuuem | AM|=
=3|MB|, a 2| AN |=|NC|. Ha#iti naowmanp YeTepex-
yroneHuka MBCN, ecau naouwagb tpeyronbHuka ABC
paBHa S.
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105. [aHm gBe KOHILEHTPHYECKHE OKPYMXKHOCTH pa-
auycoB R u r(R>r) ¢ obuum nentpoM O. Tperbs
OKPYXKHOCTb Kacaercsi HX obeux. Hafitu TaHrenc yraa
MeXJy KacaTeNbHbIMH K TpPeThefl OKPYXKHOCTH, BHIXOAfA-
IUMH U3 TOukH O.

106. B mapannenorpamve ABCD ussectunl | AB|=a,
|AD|=b (b>a), A=a (2 <<90°). Ha croponax AD
u BC B3satel Toukw K m M rtak, uto BKDM — pom6.
Ha#itu cTopoHy pom6a. '

107. B npsmMoyronbHOoM TpeyrosbHuke ABC H3BecTHa
runoteHy3a | AB|=c. LleHTpsl Tpex OKpYyMKHOCTe#l pa-

auyca R=—§— Haxoaarca B BepuwHax A, B u C. Ha#itn

pajnuMyc 4YeTBepTOH OKPYKHOCTH, KOTOpas KacaeTcsi Tpex
JIaHHBIX H HE CONEPIKHT UX BHYTpH cels.

108. Hafitu pamuyc OKpYKHOCTH, KOTOpas BBICEKaeT
Ha o0eHX CTOPOHAX yIJla BEJHYHHH O XOpIbl JAJIHHBI @,
€C/IH W3BECTHO, YTO pPacCTOsTHHE MeXAy OGJIMalIlNMH KOH-
IaMi 3THX XOpJ paBHO b.

109. Ha cropone BC tpeyronbuuka ABC kak Ha aua-
MeTpe IMOCTPOeHa OKPYKHOCTh, NepeceKkaromas cTopons AB
u AC B toukax M u N. Ha#itu mnjowaib Tpeyros-
nuka AMN, ecan miowazns Tpeyronsuuka ABC paBHa S,

T
a BAC=a.

110. B oxpy»xHocTH paguyca R mpoBeJieHB! JiBe B3aHMHO
nepneHAHKyasipHble paBHble xopael MN u PQ. Haiitu
paccrosHne Mexay Toukamu M u P, ecau |NQ|=a.

111. B rtpeyronbuuke ABC Ha Hauboablueir cTo-
pone | AC|=10 BuiGupaercs Touka M. Haiitu nanmenbinee
pacCTosiHMEe MeX1y HEHTpPaMH OKPYXKHOCTEH, ONHCAHHBIX
OKOJIO TpeyronbHuKoB BAM n BCM.

112. B napannenorpamve ABCD ussecthbl | AB|=a,

T
|BC|=0b, ABC=a. Haiitn paccrosinne MexJ1y LEHTPAMH
OKPYXKHOCTEH, OIHCAHHBIX OKOJIO TpeyroipHHKoB BCD
u DAB.

ey

113. B tpeyronnuuke ABC usectnsl BAC =a, | BA| =
=a, | AC|=b. Ha croponax AC u AB B3aTe Touku M
u N, rne M —cepepuna AC. Hafiru piuny orpeska MN,
€cM M3BECTHO, YTO NJomajs TpeyronbHuka AMN cocras-
aser 1/3 nmomann Tpeyronbuuka ABC. '

114, Haiitn yrasl pomGa, ecsad NJIOWAAb BIHCAHHOIO
B HETO Kpyra BJBOE€ Me€HbLIE NJOMaju pomoba.
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115. Hafitu naomwaas oGuieli yact¥ ABYX KBajpaTos,
€CJIM y KaXKAOro CTOpOHa paBHAa @ H OJUH IOJy4aeTcs
U3 IPYroro NOBOPOTOM BOKPYT BepINHHBEI Ha yron 45°.

116. Bo BhmHCaHHOM B KpYr YeThIPEXYTOJIbHHKE J8€
IpPOTHBONOJIOXKHEIE CTOPOHBH B3aHMHO MNepHNeHANKYJSAPHE,
OflHA H3 HMX paBHa @, TpHUJexaluii K Heli OCTPHIA yroa
JeJUTCA JUaroHaJbio Ha wactd o H B. Onpejenurb Auaro-
HaJau (YyroJ ¢ NMpPHJEXHUT K JaHHOH CTOpOHE).

117. Hdan napaanenorpamm ABCD c¢ oCTpEM YIJIOM

=T

DAB=a u croposamu | AB|=a, | AD|=0b (a<<b). Ilycts
K —ocHoBaHHe mepneHAWKYJdpa, ONYLIEHHOTO H3 Bep-
wHHel B Ha AD, a M —ocHOBaHHe MNepIEHIHKYJIspa,
OnywweHHoro u3 Toukd K Ha mpopoukeHue croponn CD.
Hafity naomazne Tpeyronpnuka BKM.

118. B tpeyroabnuke ABC u3 BepiunHbl C NMPOBeJEHBl
IBa Jyya, Jeasmue yron ACB Ha TpH paBHBE YacTH.
HaiiTu oTHOMIeHHe JJIMH OTPE3KOB 3THX Jy4eH, 3akJ/KyeH-
HBIX BHYTPH TpeyroibHuka, ecad |BC|:|AC|=3,
T
ACB=a.

119. B pasHoGeapenHoM Ttpeyrosmbuuke ABC (| AB|=
= | BC|) npoBeznena 6uccektpuca AD. Ilnomann Tpeyrodb-
HHKOB ABD u ADC paBHBl COOTBETCTBEHHO S; H S,.
Haiitu | AC|.

120. OxpyxHOCcTb pajumyca R, BmHcaHa B YroJ BeJH-
yuHE . Jlpyrasi OKpy:KHOCTb, pamuyca R,, Kacaercs
OIHOHl CTOpPOHEI yIJa B TOH e TOuYKe, YTO W Mepsas,
H TepeceKaeT BTOPYIO CTOpOHY yria B Toukax A u B.
Ha#itu nmuny orpeska AB.

121. Ha npsawmofi, npoxonsueit uepe3 ueHtp O OKpyx-
HOCTH pajuyca 12, B3satsl Toukn A v B Tak, yto [0A| =
=15, | AB|=5. U3 touek A u B mnpoBefieHEl KacaTellb-
Hble K OKPYXHOCTH, TOYKH KacaHWsi KOTOLBIX Jexar 10
onHy cTtopoHy oT npamod OAB. Haiitu nnomans Tpe-
yroneHuka ABC, ecim C — Touka nepeceyeHinsi 3THX Kaca-
Te/IbHBIX.

122. B rTtpeyronbuuke ABC wusBectHn |BC|=a,

L T

BAC=0o, CBA=p. Haiitu paguyc OKpyXHOCTH, Tepece-
Kaloliefi Bce ero CTOPOHH M BBICEKAIOIMEH Ha KamJOH H3
HHX XOpIpl AJHHBEL d.

123. B BHINYKJIOM 4YeTbIpeXyrOJNbHHKE OTPEe3KH, COelH-
HSIOLIME CepelvHbl MPOTHBOMOJOXKHBIX CTOPOH, paBHbI
COOTBETCTBEHHO @ H b u mNepecekaiorca mox yraom 60°,
Haiitn auaronanu yeThIpeXyrosibHHKaA.
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124. B tpeyronbuuke ABC Ha cropone BC B3ara Tou-
Ka M TakuM 06pa3soM, 4YTO pacCTOsIHHEe OT BepUHHH B
IO NEeHTpa TsXecTH TpeyrosbHuka AMC paBHO paccrosi-
HHIO OT BepliMHH € [0 LEHTpa THMKCCTH TPEYroJbHHKa
AMB. Iiokasats, uro | BM|=|DC]|, rae D — ocHoBanue
BBICOTHI, ONMyuleHHO# Ha BC W3 BepuHHH A.

125. B npsMoyroasHom Tpeyroibuuke ABC 6uccek-
tpuca BE npsamoro yria B penutcs uentpom O BhmucaH-
HOft OKpYXHOCTH B oTHomenmn |BO|:|OE|=V3:V1 2.
Haiitu ocTpeie yrabl TpeyrosbHHKa.

126. Ha orpeske AB nauHBH R KaK Ha JHaMeTpe IoO-
CTpOEHa OKpPYXHOCTb. BTOpasi OKpYXKHOCTb TaKoOro ke
pamuyca, Kak M nepBasi, umeer ueHTp B Touke A. TpeTbs
OKDYXHOCTb KacaeTcsi MepBOil OKPYXKHOCTH BHYTPeHHHM
06pa3oM, BTOpOH OKPYXXHOCTH — BHEIIHHM 06pa3oM, a TaKxKe
Kacaercsi orpe3ka AB. Haiitu paguyc Tperbell OKpy»KHOCTH.

127. Jlan tpeyronbauk ABC. U3sectHo, uto | AB|=4,
| AC|=2, | BC|=3. Buccekrpuca yrna BAC mnepecekaer
cropony BC B Touke K. Ilpsimasi, npoxonsiias yepe3 TOUKY
B napanneasso AC, nepeceKkaeT NpoJOJKeHHe GHCCeK-
tpucl AK B Touke M. Haiitu miuny otpeska KM.

128. OKpy>XHOCTb C LIEHTPOM, PaCMOJIOXEHHLIM BHYTPH
NpsIMOroO Yriia, Kacaercsi OJHON CTOPOHBI yrila, IepeceKaer
IpYTYIO CTOPOHY B Toukax A M B u nepecekaeT GHCCeK-
tpucy yrnia B Toukax C u D. [lyimna xopaw AB paBHa
V6, nmuna xopant CD pasna }/7. Halitu panuyc okpyx-
HOCTH.

129. B mapamienorpamMme JiexkaT JBe OKPYXHOCTH pa-
nuyca 1, Kacaromuecss Apyr Ipyra H TpeX CTOpPOH mapaij-
JielorpaMma Kaxnuasi. F3BecTHO Tak:Ke, UTO OJMH M3 OTpes3-
KOB CTOPOHBI NapajJsieJiorpaMMa OT BeplliMHBl JO TOUKH
Kacanusi paseH }/3. HaiiTu nuomams napaJuiesiorpamma.

130. OxpyxHOCTb paguyca R NpOXOAUT Yepe3 BepIIHHH
A u B tpeyrombunka ABC u xacaercsa npsmoir AC
B Touke A. Halitn nuomans Ttpeyromphuka ABC, 3Has,

yro ABC=f u CAB=a.

131. B tpeyronbuuke ABC 6uccektpuca AK mepmnel-
nukyaspHa Meamane BM, a yron ABC pasen 120°.
HaifiTh oTHOlWEHHe mJomagu TpeyroibHHKa ABC K mio-
WaAH ONMCAHHOTO OKOJIO 3TOr0 TpPeyroJibHHKa Kpyra.

132. B npsivoyrossnoM tpeyrosnpHiKe ABC ¢ KaTeramu
| AB|=3 u |BC|=4 uepes cepegunn cropon AB u AC
npoBeJleHa OKPYXKHOCTb, Kacawomascs croporsl BC. Haiitu
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LJIHHY OTpe3Ka runoteHysn! AC, KOTOpBHIH JICKHT BHYTDH
9TOH OKPYKHOCTH.

133. Jlan orpesok pmuunl a. Tpu OKpYyKXHOCTH pa-
guyca R (@ <<4R) umeloT LeHTpPH B KOHLAX OTpe3Ka H
B ero cepenuse. Haiitu papuyc ueTBepTONl OKDYIKHOCTH,
Kacarolefica Tpex HaHHBIX,

134. Hafitu yron mexxpy oOluefi BHellHell KacaTesqbHOf
U ofllell BHYTpeHHeH KacaTesqbHOH K JABYM OKPYXKHOCTSIM,
eC/IH HX pajuychl paBHBl R M r, a paccTOsiHHe Mexay

ux nenrpamu pasHo }/2(R®4r%) (ueHTpH OKpYHOCTEH
HaxOASTCS 10 OfHY CTOPOHY OT ofLiell BHeIUHeli KacaTe/b-
HOH M N0 pasHble CTOPOHBI OT oflie#l BUYTpeHHeH Kaca-
TeJIbHOH).

135. Orpesok AB ecTb pamamerp Kpyra, a Touka C
nexut BHe atoro kpyra. Orpesku AC u BC nepecekaiorcs
C OKpYXHOCTbIO B TouKax D u E cootBerctBeHHO. HafTti
yroa CBD, ecmu naowanu tpeyrosnbuukos DCE u ABC
oTHocATCSA, Kak 1:4,

136. B pom6e ABCD co cropoHoii @ yron npH Bep-
muHe A paBen 120°. Touku E W F sexaT Ha CTOpOHax
BC u AD coorBercrBeHHo, orpe3ok EF u pauaroHasb
pomba AC mnepecekatorcs B Touke M. Ilnomanu uerripex-
yronbuukoB BEFA 1 ECDF orHocstesi, Kak 1:2. Haittu
AauHy otpeska EM, ecan |AM|:|MC|=1:3.

137. Jlana oOkpyXHoOCTb pajauyca R ¢ ILEHTpOM
B Touke O. M3 xoHma orpeska OA, nepecekarolerocs
€ OKDYXKHOCThIO B Touke M, npoBeleHa KacaTeJbHasi
K okpyxHoctH AK. Bemuuuna yraa OAK pasna 60°.
Hailitu pamuyc oxpyxHocTH, Kacaioumelics orpeskoB AK,
AM u pyru MK.

138. B kpyr BmucaH paBHOGEJpEHHbIH TpeyroJbHHK,

N~
B'KoTopoM |AB|=|BC| u ABC =f. Cpeluss JuHHSA Tpey-
roJbHHKa IIPOJOMIXEHa IO MepecedyeHHss C OKPYKHOCTbIO
B Toukax D u E (DE|AC). Haitn oTHomeHue nJjomanes
tpeyronbuukos ABC u DBE.

139. Han yroa BejnuuHel o ¢ BepwnHO# O. Ha onunoit
ero CTOpoHe B3fTa Touka M M BOCCTaBJIEH MepreHAHKYJIsp
B 3TOH TOUKe JO nepeceyeHus G APYroil CTOPOHOM B TOUKe N,
Touno Tak xe B Toyke K Ha Apyroil CTOpOHe BOCCTaBJEH
NeprneHjuKy/Jap [0 IIepeceyeHdss ¢ MepBoH CTOPOHOH
B Touke P. Ilyctb B —TouKa nepeceueHnss npsaMeix MN
u KP, a A—touka nepeceuenns npsambix OB u NP, Halitu
ankny orpeska OA, ecm |[OM|=a, |OP|=b.
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140. a) JloxkasaTb, 4YTO MOBOPOT BOKPYr Touku O
Ha yroJl o. 5KBUBAJICHTEH MOCJIENOBAaTEeNbHOMY I1PHMEHEHHIO
JBYX OCEBBIX CHMMeETpHil, OCH KOTOpEHIX NPOXOAAT Hepes
Touky O, a yroaq Mexay OCAMH o/2, mapasiiesbHBIN XKe
NEPEeHOC SKBUBAJICHTeH ABYM OCEBBIM CHMMETPUSM C HapaJ-
JIEJIbHBIMH  OCSIMH.

6) JHoxasath, YTO JABa MOCJENOBaTeJbHEIX [IOBOPOTa
BOKpYr TodkH O, Ha yros o W BOKPYr ToukH O, Ha yroia
P O<a<<2m, 0<<P <<2m, noBOPOTHI AeNAIOTCS B OXHOM
HarpaBJeHHH), ecau o -+ f == 2m, 3KBUBAJIEHTHHL OJHOMY
noBopoTy Ha yroa o - P Bokpyr HekoTopo#i ToukH O.
Hatitu yrawt tpeyrosbHuka 04050.

141. PaccTosiHHe MeXAy LIEHTpaMu HenepeceKaloluXcs
OKpy:xKHOCcTell paBHO a. JlokasaTb, YTO ueThipe TOUKH nepe-
ceyeHHs OOLIMX BHEUIHHX KacaTeJbHBIX C OGLIMMH BHYT-
PEHHHMMH KacaTeJIbHBIMH JIeXKaT Ha OJHO# OKpyxkHocTH. Hail-
TH PajuyC 3TOH OKPYKHOCTH.

142, Jlokasarb, 4TO OTpe3ok ofuieli BHeIIHEH Kaca-
TeJIbHOH K JABYM OKPYXKHOCTAM, 3aK/OUEHHBIH Mexnay o0-
IAMH BHYTPEHHMMH KacaTeJNbHbIMH, paBeH JAJIHHe o6Lieft
BHYTpeHHe# KacaTe/IbHOM.

143. B kpyre c uentpoM O mnpoBeieHE! [Be B3aUMHO
neprneHAuKyJaspusie xopiel OA u OB. C—1Touka Ha ny-

— N~
re AB rakas, yro AOC=60° (BOC=30°). OKpyxKHOCTb
c ueHtpom B A u pamuycoM |AB| nepecekaer npojoJIKe-
uie OC 3a touky C B Touke D. Ilokasate, uto |CD| pa-
BeH CTOpOHE NMpPaBHJBLHOIO JAECATHYIOJbHHKA, BIHCAHHOIO
B OKPYXXHOCTb.
Bosbmem Temepb Touky M, AuameTpasbHO NPOTHBOMNO-

Jgoxnyto touke C. Otpesok MD, yBe/MuyeHHBIH Ha gcaoeﬁ

JIMHBl, NPUHHAMAETCs NPHOMMKEHHO PaBHBIM IIOJNYOKDPYK-
nocTH. OUEHHTb OWHGKY 3TOr0 NpUG/IMMKEHHOTO PaBeHCTBA.



PA3JEJ 11

3AZJAYM MOBBILIEHHON TPYJHOCTH

§ 1. 3anaun Ha BbIYHCJEHHE

1. B rtpeyromuuke ABC nposenena

T T T
menuana AD. DAC- ABC =90°. Haitrru BAC, ecnu
usBectHo, uto | AB|=| AC|.

2. Tpu okpyxHOcTH pamuycoB 1, 2 u 3 Kacaiorca Apyr
Ipyra BHeWIHWM oOpasoM. Hafitn paauyc OKDYXKHOCTH,
ApoXojsliel uvepe3 TOYKH KacaHMsl 3STHX OKPYHHO-
cTeh.

3. B paBHOGenpeHHBIHi TpeyroJbHHK BIHCaH KBajgpar
€IHHHYHOH MNJIOLIAJH, CTOpPOHAa KOTOPOrO JIEXKHT Ha OCHO-
BaHHMH Tpeyroabhuka. Hadity nuomans TpeyrosbHHKa, €C/H
H3BECTHO, YTO LIEHTPBl TSXKECTH TPeyroJbHHKa M KBajpara
COBIAJAIOT.

4. B paBHoCTOpOHHEM TpeyrojbHuke ABC cTOpoHa
pasia a. Ha cropone BC nexur touka D, a na AB—

tTouka E Tak, 4ro [BD|=-;.—a, | AE|=|DE|. Hairu

anuny CE.

5. B npsaMoyronbHOM Tpeyronbuuke ABC W3 BepUIHHBL
npsaMoro yrna C mnposeneHbl 6uccektpuca CL, |CL|=a,
H Mém«raua CM, |CM|=b. Haiitu nyowanp TpeyrojbhHKa

6. B rpameuuio BnxcaHa oxkpyxHocTb. HafiTu miomane
TpaneL H, €CIH H3BECTHbl JUINHBL @ OJHOIO H3 OCHOBaHHH
U OTpe3KOB b u d, Ha KOTOpble pa3jieJieHa TOYKOH Kaca-
HMA OfiHa H3 OOKOBBIX CTOpOH (QTpPE3OK b mNpuUMBIKaeT
K JIaHHOMY OCHOBaHMIO).

7. B Tpanenms nuaroHanH paBHH 3 M 5, a OTpe3oK,
COeMHSIONINH cepelMHEl OCHOBaHuii, paseH 2. Hailith nijo-
ajAb TpameluH.

8. B Ttpeyrombuuke ABC H3BeCTHH IJIHHEI CTOPOH:
|AB|=12, |BC|=13, |CA|=15. Ha cropcue AC B31Ta
Touka M TakuM 06pasoM, YTO pajHyChl OKDYXKHOCTe#,

22



BIHCAHHBIX B TpeyroJibHukd ABM u BCM, pasun. Haiitu
otHowenue |AM|: |MC|.
9. OKpYXHOCTB pazuyca | Bnucana B TpeyronpHuk ABC,

P

B Kotopom cos ABC=0,8. Dra OKpyXHOCTb KacaeTcs
cpepHeli mmuuH TpeyronbHuka ABC, napaJuiesibHOH CTOpOHe
AC. Hafitu pmny croponst AC.

10. [an npaBunbHblA Tpeyrosbhuk ABC miowamu S.
[NapannenbHo ero croponaM Ha paBHOM PAcCTOSHHH OT HHX
NpoBeJieHbl TPH NpPSAMBle, NepeceK alolyecs BHYTPH TPeYrodib-
HUKa ¥ ofpasyioue B nepeceyeHun TpeyrodbHHK A;B:Cy
nnowany Q. Haiith paccrosinve Mexxay napasvieJIbHBIMH CTO-
poHamu TpeyronbHukoB ABC u A;B.Ci.

11. Cropount AB u CD uetnipexyroibnuka ABCD
nepneHAUKYJsIPHBl H SBJSIOTCS AMaMeTpaMH ABYX paBHBIX
KacaloWMXCA OKpY:KHOcTell paguyca r. Halfitu nJiowmans

yeThipexyronbuuka ABCD, ecnu %=k.

12. B yron, Be/nusHa KOTOPOTO ¢, BIHCAHEI JIBE Kacalo-
muecs APYr Apyra OKpyxkHoOCTH. OnpefequTb OTHOLICHHE
pajuyca MeHbLIeH OKPYXKHOCTH K pajHycy TpeTbeH OKpYyK-
HOCTH, KacalolleHcs epBblX IBYX M OAHOH U3 CTOPOH yrJja.

13. B tpeyronbunke ABC na cpepueit annuu DE, na-
paanenbHoit AB, KaK Ha AuaMeTpe IOCTPOEHA OKpPYKHOCTb,
nepecekawomas cropcibl AC 1 BC B Toukax M u
Ha#itu MN, ecin |BC|=a, |AC|=0b, |AB|=c.

14. B tpeyronbinke ABC naHa pasHOCTb BHYTPEHHHX
yrioB A—B=¢. H3BecTHO, yTO BHICOTA, ONYLIEHHas
u3 BepiukHbl C Ha cTopony AB, pasua passocru | BC|—|AC|.
Haiitu yranl tpeyronbnuka ABC.

15. Hafitu nuomwane pom6a ABCD, ecnn pajuychl
OKPYXHOCTEH, ONHCAaHHBIX OKOJIO TpeyroJeHukoB ABC u
ABD, paBubl R u r.

16. Ilan yros BejHuuHbl o ¢ BepiIMHO# B A H Touka B
Ha paccTOsiHMM a H b or cropon yraa. Haiitu mauny AB.

17. Hansl aauss b, u h, Bhicor Tpeyroaphuka ABC,
onyleHHbIX U3 BepwHH A u B, u mnuHa [ GHCCEKTPHCH

yraa C. Haiitu yron C.

18. Oxko0JI0 NpPAMOYrOJLHOrO TPEYrofibHHKA ONHCaHa
OKPYKHOCTb. JIpyrasg OKpyKHOCTb TOI'O e pajuyca Kaca-
eTcs KAaTeToB STOT0 TPeyroJIbHHKa, NPHYEM OJHOH M3
TOUEK KaCaHWsl ABJISIeTCS BepuiMHa TpeyrosbHuka. Haitn
OTHOIIEHHE IJIOIAAH TPeyrofipHuKa K NJOWaau o6uel
YacTH ABYX AaHHHIX KPYIoB.



19. OxpysHOCTH paiuycoB R M r KacaloTCA JApYyT
Apyra BHYTpeHHHM ofpasoM. HailTu cTOpoHy npaBHJ/ILHOTO
TPEYroJlbHHKa, OJAHa BepIIHHA KOTOPOro COBMajaeT ¢ TOY-
KOH KacaHusfl, a JABe ApyTHe JjexKaT Ha pasHbIX JaHHHIX
OKPYKHOCTSIX.

20. Ise okpyxKHOCTH paguycoB R u r (R>r) umewor
BHelHee KacaHue B Touke A. Uepes Touky B, B3dATyIO
Ha OoJblued OKPYXKHOCTH, INpOBeAeHa MpfAmas JHHHA,
Kacaiolmasca MeHbleH OKpyxHoctdH B Toyke C. Haitru
|BC|, ecnu | AB|=a.

21. JIBe OKpYXKHOCTH paguycoB R u r (R >r) HMelOT
BHyTpeHHee KacaHHe B Touke A. Uepes Touky B, nexa-
1yio Ha GoJibLiell OKPYXKHOCTH, NpOBejeHa NpAMas JHHNA,
Kacaiollasici MeHblleH okpyxHoctd B Touke C. Haifitn
|BC|, ecnu | AB|=a.

22. Juaronany verbipexyroibHuka ABCD nepeceka-
10TcA B Toyke M, yrom Mexay Humu pased o. IlycTs
0,, Oz, O3, Oy — UeHTPB! OKPYKHOCTEH, OMHCAHHBIX COOT-
BETCTBEHHO OKOJIO Tpeyrosbuukoe ABM, BCM, CDM,
DAM. OnpenenuTb OTHOLIEHHE IJOL{aJeH YeTHIPEXYroJib-
HukoB ABCD u 0,0,040,.

23. B napansesorpamme nJowand S nposejeHsl Gucce-
KTPHCHl €T0 BHYTpEHHHX YrJoB. Iliomanb 4eThipexyroJib-
HHKA, NOJNYYMBIIETOCS NpPH HX rnepeceueHnH, pabHa Q.
Hajith oTHolweHHe IJIMH CTOPOH mapaJJeorpamma.

24. B rtpeyronpHuke ABC Ha cropone AC B3nATa
Touka M, a Ha cropone BC —touka N. Otpesku AN ¥u
BM nepecekaiorca B Touke 0. HaliTn naowanp Tpeyrojb-
Huka CMN, ecan nuowaau tpeyroabukos OMA, OAB
1 OBM cooTBeTCTBEHHO paBHHI S;, S, Ss.

25. Touka nepeceyeHHsi MeIHAH NpPSIMOYTOJIBHOTO Tpe-
YTrOJbHHKA JIEXKHT Ha OKPYXHOCTH, BIIHCAHHOH B 3TOT
TPeyroJibHUK. Hafitn ocTphie yribi TpeyroJibHHKa.

26. OKpyXHOCTb, BNHCaHHas B TpeyroJbHuKk ABC,
Aemut meauany BM Ha Tpu paBHble uactu. Hafitu oTHo-
wenue cropod |BC|:|CA|:|AB].

27. B Tpeyronbiuke ABC nepneHAuKyJsp, NpOXoRs-
IHA uepes cepefHHy CTOPOHH AB, mepecekaeT mpaMyio
AC B Touke M, a mepneHAMKY/sAp, MPOXOAsUUH yepes
cepenuny AC, nepecekaer npsamyio AB B Touke N. Fasecr-
HO, uto| MN |=|BC| u npsamas MN nepneHZHKYJApHa
npavoit BC. Onpeneants yrim tpeyrodpauka ABC.

28. Tlaowapp Tpaneuun ABCD paBHa S;-OTHOLIEHHE
ocHoBanu#t |AD|:|BC|=3; Ha npsaMo#, nepeceKaiomes

24



npofonxenue ocHoBauuss AD 3a Touky D, pacrnosioxen
orpesok EF rtak, uro AE|DF, BE|CF u|AE|:|DF|=
=|CF|:{BE|=2. Onpenemutp mJoWajib TPeyroJbHHKa
EFD

29. Cropona BC rtpeyronsunka ABC paBHa a, panuyc
BNMCaHHOrO Kpyra r. Ha#ith nJjowaap TpeyronbHHKa,
ec/H BNHCAHHBIA KPYr Kacaercs OKPYXKHOCTH, TOCTPOEH-
Hoft Ha BC kKak Ha Juamerpe.

30. Jan npaBu/bHbi TpeyroapHHk ABC co cropo-
Ho# a, BD —ero Bbicotra. Ha BD nocrpoeH Bropo#i mpa-
BUIBbHEI TpeyronbHuk BDC; u na Beicore BD; aroro
TPEYroJIbHHKA — TPETHH NpaBHJbHBIH TpeyronbHUK BD,C,.
Haifitn paauyc OKpYKHOCTH, ONMCAaHHOH OKCJIO TPEYroJib-
uuka CC,C,. [okasaTh, 4YTO ee [EHTP HAXONUTCA Ha
cropoHe TtpeyronbHuka ABC (C, HaxomuTcsi BHe Tpe-
yronbHuka ABC).

31. CropoHnl mapasejorpamma paBHH a H b(a=s=D).
Uepes BepuIMHBI TYMHIX YIJIOB 3TOrO MapaJiiesiorpamMMma
NpOBEJeHb! TNpsIMBlE, NEpHEHAUKYJAPHbIE CTOPOHAM. ITH
OpsMble TNPH INepeceucHHH o6pasyloT napasesorpamm,
nono6Helii HcxofHoMy. HaliTh KocuHyc ocTporo yrJaa jpaH-
HOrO mapasJjienorpamma.

32. B Tpeyronsunke KLM mnpoBegeHbl GHCCEKTPHCHI
KN u LP, mnepecexawoummuecs B Touke Q. Orpesok PN
uMeer NJMHY 1, a BepmiMHa M JIeXXHT Ha OKPYXKHOCTH,
npoxoaswes wepes Touku N, P, Q. Ha#itu cropoHbl H
yrabl TpeyronasHuka PNQ.

33. Ha auaronanu AC BBINYKJOrO 4eThHIpeXyrosbHHKa
ABCD HaxopmuTcst LIEHTP OKpPYKHOCTH pajuyca r, Kaca-
omeiics cropo AB, AD w BC. Ha punarosamu BD
HaXOAUTCS LEHTP OKPYXKHOCTH TaKOro xe pajauyca r,
Kacaiomefics cropon BC, CD u AD. Ha#itu nJjowanb
yerbipexyroybiuka ABCD, 3Hasi, YTO yKasaHHbIE OKPYX-
HOCTH KacaloTcs IPYyr Apyra BHELIHHM OGpas3oM.

34. Paauyc CKpYXHOCTH, ONHCAHHOH OKOJIO OCTpO-
yrospHoro Tpeyronbuuka ABC, pasen 1. MsBectno, uTo
Ha 3TOfl OKPYXKHOCTH JIEXHT LEHTP OKPYKHOCTH, TPOXO-
ngmeli yepes BepurdHbl A, C U TOYKY NEPeceYeHHst BHICOT
. TpeyroabHuka ABC. Haiitu nauny croponnl AC.

35. B tpeyronsnuke ABC B3satht Touku M, N u P: M
1 N —ua croponax AC u BC, P —mua orpeske MN, npu-
yeM

[AM! _|CN| _ |MP|
[MC| — |NB| — |PN
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Haiitu nnomanp Tpeyronbuuka ABC, ecau miomagu Tpe-
yronsuukoB AMP u BNP pasuel T u Q.

36. Janma okpyxHOCTh paxuyca R u Touka A Ha
paccrosiiuu a or ee nextpa (a>> R). Ilyctb K — Ganxail-
masi kK A Touka okpymxHoctH. Cekyulas, npoxonsmas
yepes A, nepecekaeT OKPYKHOCTb B To4Kax M u N.
Haifitu gnuny orpeska | MN |, eciu miowiajib TPeyroJib-
Huka KMN pasua S.

37. B paBnoGenpenuoM Ttpeyroaviuke ABC (|AB|=
=|BC|) uepes xouenx E Guccextpuchl AE mnposenen
nepneHjukyasp Kk AE 10 mepeceyeHHsl C NPOAOIIKEHHEM
cropoust AC B Touke F(C—wmexny A u F). MUssecrno,
uto | AC|=2m, |FC|=m/4. Halitu njomwanp TpeyroJs-
Huka ABC.

38. JIBa OfMHAKOBBIX NMPaPHJIbHHIX TpeyroabHuka ABC
u CDE co cTopoHoii 1 pacnosoKeHbl Ha IJOCKOCTH TaK,

YTO HMEOT TOJMBKO OAHY ofuwiyio Touky C u yroa BCD
menbine, yeM n/3. Touka K — cepepuna AC, Touka L — cepe-
muia CE, touka M — cepeguna BD. Ilnomanae Tpeyroib-

nnka KLM pasua V/3/5. Hafitu anuny otpeska BD.

39. M3 Ttouku K, pacmo/iOXeHHOH BHE OKDPYXXHOCTH
¢ mentTpoM O, mpoBeleHbl K STOH OKDYXHOCTH ABe Kaca-
tenbble KM u KN (M u N —Toukn kacanns). Ha xopae
MN B3sara touka C ((MC|<<|CN|). Uepes Touky C
NeprneHfUKYIapHO K oTpe3ky OC mpoBeJieHa npsiMas, nepe-
cekaiomas oTpe3ok NK B Touke B. M3BectHo, uT0 paguyc

—
OKpyxHOCTH paBeH R, MKN =a, | MC|=b. Hafitu |CB|.

40. Tlsmnyronbauk ABCDE BnucaH B OKPYXKHOCTb.
Touku M, Q, N u P sBJSIOTCS OCHOBAHHSIMH MepIeHIH-
KYJISIpOB, ONYIIEHHBIX H3 BepuinHbl E COOTBETCTBEHHO Ha
cropost AB, BC, CD (unu uX NpPOJOJIKSHUS) H JMAro-
Hanb AD. MssectHo, uto |EP|=d, a OTHOLIEHHe NJO-
miand TpeyronsHuka MQE x miomanu tpeyroibhuka PNE
paeHo k. Haiitu |EM|.

41. Jlana npsMoyronbHaa Tpameuus. FHspectHo, uTo
HeKoTOpas npsMas, napaJiesibHasi OCHOBAHHSM, pacCeKaeT
ee Ha JBe TpamnelyH, B KaXAyl H3 KOTOPbIX MOXHO BIH-
caTb OKpyxHOCTb. OmpenesHTh OCHOBaHHA HCXOHHOMH Tpa-
neiuH, eciu ee GOKOBBIE CTOPOHBI paBHBI ¢ H d(d >c¢).

42. Ha 6okoBeix croponax KL u MN paBHOGOUHO#H
tpanemn KLMN BpiGpaHBl COOTBETCTBEHHO TOUKH P H Q
TaK, 4T0 OTpe3oK PQ mapaJieneH OCHOBAaHHSM TpamelnH.
HMspectHo, uyTo B Kaxayio u3 tpanenuit KPQN u PLMQ
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MOXHO BIHCaTb OKPYXHOCTb H PajHyChl 3THX OKPYXKHO-
ctefi paBHBI R ¥ r cooTBeTCTBeHHO. ONpeJeNHTh OCHOBAHHS
|LM| un |KN|.

43. B Ttpeyronbuuke ABC, Bce CTOPOHEI KOTOPOro
pasauuHbl, GHCCeKTpHca yria A nepecexkaet cropoHy BC
B Touke D. HssectHo, uto |AB|—|BD|=a, |AC|+
+|CD|=»5. Haittu | AD|.

44. Vcnonw3ys pe3y/bTaT npeibiiyliell 3anaud, A0Ka-
3aTh, YTO KBaApaT IJHHBl GHCCEKTPUCHI TPEYroNbHUKA
paBeH MpOH3BEIEHHIO JJIHH CTOPOH, e€e 3aKJIOYaloUlHX,
MHHYC NPOHM3BEJeHIE OTPE3KOB TPeThell CTOPOHEHI, Ha KOTO-
pble OHa pasfie/leHa GHCCeKTPHCOH.

45. Jlana oKpyKHOCTb ¢ fuameTpoMm AB. Bropas okpyx-
HOCTb C LEHTPCM B A nepeceKaeT NepBYIO OKPYKHOCTb B
toukax C u D u muamerp B Touke E. Ha ayre CE, ne
comepxameil Touku D, B3Ata Touka M, OTJIHUHASA OT TOUEK
C u E. Jlya BM nmnepecekaeT mepBYIO OKPYXKHOCTb B
toyuke N. lsBectHo, uro |CN|=a, |DN|=>b. Haiitn
|MN|. A

46. B tpeyroasunke ABC yron B pasen m/4, yron C
pased /6. Ha memmanax BM u CN Kkak Ha AuameTpax
NOCTPOEHBl OKPYXKHOCTH, Iepecekaioliuecsi B Toukax P u Q.
Xopaa PQ nepecekaer ctopory BC B Ttouke D. Haiiti
orHowerue | BC|:|DC|.

47. Tlyctb AB — mameTp OKpy:KHOCTH, O —ee HEHTp,
| AB|=2R, C —rtouka Ha OKpYy}HocTH, M — Touka Ha AC.
Hs M onymen nepnenauxyiassp MN Ha AB u BoCCTaB/IeH
nepnespukynsap k AC, mnepecekaiollluii OKDYXHOCTb B
tTouke L (orTpesok CL nepecekaer AB). Hajitu pac-
crosiuus Mexnay cepemuHofi AO u cepemunoit CL, eciu
AN |=a.
| 48. U3 sepumunl A TtpeyroabHiuka ABC onyuieHst
nepnesaukyasapel AM u AN Ha GHCCEKTPHCH BHEIIHHX MO
oTHoweHnnio Xk B u C yrao tpeyroipHuka. IloKasars,
yTo AJsMHa oTpeska MN paBHa noJynepuMeTpy TpPeyroJb-
Hika ABC.

49, TpH OKPYXKHOCTH NpPOXOJAAT yepe3 JABe JaHHbIE
TOYKH IJockoctd Kaxpaas. [lycte 0, 0p, O3 —HX LEHTDHL.
[Npsimasi, MpOXoAflias yepes ONHY H3 TOYEK, OOLLYI0 BceM
TPeM OKpYXHOCTAM, BTODHYHO MNEpeceKaeT HX COOTBET-

Ayl _

cTBeHHO B Toukax A;, A, As. [lokasarb, 4TO TA4As] ~
_ 1010, |
[020s]
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50. Ilan tpeyroanbuuk ABC. KacarenbHas K OKpY-
KHOCTH, OTHMCAHHOH OKOJIO 3TOT0 TPEYroJIbHHKa, B TOuKe B
nepecekaer npamyio AC B Touke M. Haf#iu oTHOLIeHHe
|AM|:|MC|, ecmu | AB|:|BC| =k.

51. Ha npsmoii mocsaenoBaTeIbHO pacnosoXeHbl TOUKH
A, B, C u D, npuuem |AC|=a|AB|, |AD|=p|AB|.
UYepes A u B npoBegena npoussojipHas OKpyxHocTs, CM
n DN — piBe kacaTenbHble K 3T0H OKpyxHOCTH (M u N —
TOYKH Ha OKDYKHOCTH, JeXalllye NO pPasHble CTOPOHBI OT
npamoit AB). B KakoM oTHOweHnu npsmas MN menur
otpesok AB?

52. ABCD — onucaHubI# YeTBIPeXYTrOJNbHHK, AJHHBL OT-
peskoB OT A 0 TOYeK KaCaHH§ PaBHBI @, JUIMHBI OTPE3KOB
or C 1o Touek KacaHHs paBHbl b. B KakoM OTHOLUEHHH
nuaronans AC genutcs puaronansio BD?

53. Touka K nexur Ha ocHoBaHuH AD Tpaneuuu
ABCD, npuuem |AK|=A|AD|. Halitu oTHOWEHHE
|AM|:|AD], rne M —Touka mepeceyenuss ¢ AD npsaMoi,
npoxoAsinell yepe3 TOUKH nepeceuenusi npsmbix AB u CD
u npameix BK u AC.

Bepa A=1/n, n=1, 2, 3, ..., NoAyYHTb CNOCOG AEJ]IE-
HHSl JaHHOTO OTpe3kKa Ha A paBHBIX YacTefl C MOMOILbIO
ORHOH NHHEHKH, eCMH JlaHa npsMas, eMy napaJjjebHasi.

54. B mnpsamoyrojbHOoM Tpeyronbhrke ABC c rmnore-
Hy30H |AB|=c Ha BbicOTe TpeyrojbHnka CD Kkak Ha
IuaMeTpe IIOCTPOEHA OKPYHHOCTb. Kacare/sbHbie K 3TOH
OKPYXKHOCTH, NMpoXoAsmive yepe3 ToukH A u B, xacarorcs
ec B Toykax M u N u nepecekaiorcs NpH NpPOJOJLKEHHH
B Touke K. Hafitu | MK |.

55. Ha croponax AB, BC u CA tpetroabunka ABC
B3ATHl Toukn C,;, A, u B; Tak, uro | AC,|:|CiB|=
=|BA,|:|A,C|=|CB,|:|B;A|=Fk. Ha croponax A;Bi,
BC, w CjA; Bsstel Toukn A,, By n C, Tak, uTo
IAlczl:!C2Bll=IBIA2|I:IA2C]|=!CIBZI:IBzAll=1/k~
Hokasarb, uto /\ A;B,C; momoGen /\ A;BiC;, n HallTH
K03pdUIHEHT NOAOGHS.

56. B rpeyrombuuke ABC pausl R W r — pajuycChl
ONHCaHHOH 11 BHcaHHON oOKpyxHocrefi. Ilycts A;, By,
C,—ToukM nepeceuyeHHs OuccekTpuc Tpeyrosbhuka ABC
C ONHCAHHOH OKPYXKHOCTbIO. HafiTH oTHOmeHHe momanei
TpeyroneuukoB ABC u A,B,C;.

57. HwmeroTca 1Ba TpeyrosibHHKa C COOTBETCTBEHHO
napajJeNbHBIME CTOPOHAMH H maomagsmMu S; H S, NpH-
4eM OIHH M3 HHX BIHCaH B TpeyroasHHk ABC, a npyrofi
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OKOJIO Hero onucaH. HaliTn nomanbs TPeyroNbHUKE
ABC.

58. Onpenemts Bemmunny yria A Tpeyroabuuka ABC,
€CJIH M3BECTHO, YTO GHCCEKTPHCA 3TOrO yria mephneHanKy-
JfpHa npaMoi, Npoxoasileil Yepes TOUKY NePECeyeHHs Bbl-
COT H LEHTP ONHCAHHOH OKPY2KHOCTH 3TOrO TPEYTONbHHUKA.

59. Halitu yrael TpeyrosbHHKa, ec/H H3BECTHO, uTO
paccTosiHne MeXJIy LEHTPOM OMHCAHHOIO Kpyra H TOYKO#
NepeceyeHnsl BbICOT BJBOE MeHbILE HAHGOJBLIEH CTOPOHBI
¥ paBHO HalMEHbIIeH CTOpOHe,

60. Naun A\ ABC. Ha nyue BA BosbMeM Touky D Tak,
uto |BD|=|BA|+4|AC|. Ilyets K u M — 1Be TOYKH Ha
aydax BA u BC cOOTBETCTBEHHO TaKHX, YTO MJOLLAAb
A EDM paBHa maomamu A BCK. Ha#ita BKM, ecin
BAC =a.

61. B tpaneumu ABCD GokoBas ctopoHa AB mepne-
mikynspia AD n BC, npuuem |AB|=V[AD]|-|BC].
[Tycte E — Touka nepeceyeHus: HenapajuieNbHbIX CTOPOH
TpaneuuH, O —TouKa nepeceueHus puaronaneii, M — cepe-

s .
mmHa AB. Haittu EOM.

62. Ha nyiockocTH AaHB Be NMpsMbie, NEPECEKaroLLHecs
B Touke O, u nBe Toukh A u B. OGO3HaYUM OCHO-
BaHHSA NEPNEeHAMKY/NAPOB, OMYIUEHHbIX H3 A Ha HaHHbIE
npsvble, yepes M u N, a OCHOBaHMS MEPIEHIHKYJsAPOB,
ONyIWeHHbiX M3 B, —wuepes K u L. Haiitu yroan mexny

—
npsamMeiMd MN u KL, ecni AOB=a < 90°.

63. JlBe OKpYXKHOCTH KacaloTcsi ApYr ApYyra BHYTPEH-
HHM o6pa3om B Touke A. M3 nentpa 6oabluell OKpYXKHOCTH
nposefied paauyc OB, kacalowmuiicss MeHbled B Touke C.

T
Hawuru BAC.
64. Buyrpu kBagpata ABCD B3sta Touka M Tak,
S N R~
4t0 MAB =60°, MCD =15°. Haiitu MBC.
—_

65. B rpeyronbuuke ABC ¢ yraom ABC =60° Guc-

cexTpuca yrna A mepecekaer BC B Touke M. Ha cropoue

AC B3ata Touka K Tak, uTo ilt\/IK=30°. Hatitu &(’E,
rie O — UEeHTp OKPYKHOCTH, ONHC2HHOH OKOJIO TPeyroJb-
HHka AMC.
66. Ilan Ttpeyronbnuk ABC, npuuem |AB =|AC|,
BAC =80°. BuyTpu tpeyronpHHKa B3ATa Touka M Takas,
S~ T~ Py
yro MBC=30°, MCB=10°, Haiittu AMC.
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67. B tpeyronvuuke ABC pann ABC=100°, ACB =
=65°. Ha AB B3sta Touka M Tak, uToO MCB=/5\5°.
a Ha AC—rouka N Tak, uto NBC=80°. Haiitu NMC.
68. B tpeyrosnnuke ABC pano | AB i=/{ EC l, ABC =
= 20° Ha AB B3aTta Touka M Tak, 4uTO MCA=60; Ha
cropode CB — touka N Tak, uTO ﬁR=50°. Haiitu NMA.
——— P
69. B Ttpeyronbuuke ABC paHbl ABC=7£)f,\ACB=
=50°. Ha AB B3ara Touka M Tak, uto MCB=40°

T iy

a Ha AC—Touka N Tak, yto NBC =50°. Haiitu NMC.
70. Tlycts M u N — TO4KM KacaHusi BOUCAHHOH OKpPYX-
HocTH co cropoamu BC u BA rtpeyronbnuka ABC,
K —Ttouka nepeceveHus GHCCeKTpHCHl yraa A ¢ mpsaMod

P
MN. [okasatb, yto AKC = S0°,

71. B Bunykaom wectuyroibuuke ABCDEF, B KOTO-
pom |AB|=|BC|, |CD|=|DE|, |EF|=|FA|, uspectnl
B=a, D=8, F=y. Onpeseanth yrabl TPeyrojbHHKa
BDF, ecnu o+ B-47=2m.

72. Ilyctb P u Q — Takue jABe pas/jM4HLIE TOYKH OKPYXK-
HOCTH, ONHCaHHO# OKoJIo TpeyroabHuka ABC, uto |PA? =
=|PB|-|PC|, |QA?=|QB|-|QC| (onHa H3 TOUEK — Ha
ayre EB, Apyras — Ha Ayre AC). Hatitu pasnocts PAB —
—QAC, ecnn pashocts yraos B u C Tpeyroastnka ABC
paBHa o.

73. Ha nanHOH OKpy:XKHOCTH B3ATHl AB€ (HPHKCHPOBaH-
Hole Toukd A # B, AB=a. [IpoussoibHas OKDYXHOCTb
npoxozuT depe3 Toyku A n B, Uepes A Takxe npose-
JieHa NpOM3BOJbHAsl mnpaAMas [/, BTOPHYHO MepeceKaiolias
OKpy:KHOCTH B Toukax C u D (C—Ha JaHHOH OKPYX-
Hoctu). Kacaresbnble k okpysuocTsm B Toukax C u D
(C m D—TouKH KacaHHs) nepeceKaloTci B Touke M;
N —touka Ha ! Takas, uro |CN |=|AD|, |DN|=|CA|.

Pty
Kakue 3Hauenus Moxer npuHumars CMN?

74. Jlokasarb, YTO €C/IH B TPEYroNbHUKE OIHH Yron
pasen 120°, To TpeyrospHHK, 06pa30oBaHHBIH OCHOBaHH-
AIMH €ro GHCCEKTPHC, — NPSIMOYTONbHBEIf.

75. B uernipexyronbHuke ABCD pmaHo DAB = 150°,
T T N - Py
DAC+ ABD =120°, DBC — ABD=60°. Haiittu BDC.
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76. Ha cropone CB rtpeyrosbuuka ABC B3srta Touka D
takasi, 4ro |CD|=a | AC|. Paanyc OKpY3KHOCTH, OMHCAaH-
HO# okomo N\ ABC, pasen R. HaiiTu -paccTosiHue Mexny
HEHTPOM OKPYIKHOCTH, onucaHHOH okono A\ ABC, W ueHT-
pPOM OKpDYKHOCTH, omnucanHoit okono A\ ADB. ~

77. Okono mpsivoyrosnbsoro tpeyronsunka ABC (C =
= 90°) onucaHa okpyxHoctb. IlycTs CD — BricoTa Tpe-
yronibauka. OKpYXKHOCTb € UeHTpoM B D NpoXomuT uepes

cepemuny nyru AB u nepecekaetr AB B touke M. Haiitu
|[CM|, ecu | AB|=c. )

78. Haiitn nepumerp Tpeyronsuuka ABC, ecnu | BC| =
=a ¥ OTPE30K TPAMOH, KacaTeJbHOH K BIHCaAHHOMY
Kpyry M napajnejbHofi BC, 3ak/OUEHHBI BHYTPH Tpe-
yroJibHYKa, paBeH b.

79. B TtpeyrosbHHKe NpOBeNEeHbl TPH NpSMbIE, napaJ-
JIeJIbHBIE €ro CTOpPOHAaM M Kacaiouuecs BIIUCAHHOH OKpYX-
HoctH. OHM OTCEKAT OT JAHHOrO TPU TPEYrOJAbHHKA.
Panuycel OKpysHOCTEHl, ONUCAHHEIX OKOJNO HHX, DAaBHBI
Ri, R,, R;. Haiitu panguyc OKpyXHOCTH, OmHCaHHON
OKOJIO J@HHOI'O TPeyroJbHUKA.

80. B okpyxHOCTH pajnyca R mpoOBefeHH ABE XOPJbI
AB u AC. Ha AB wiau Ha ee NpPOJOJIKEHHH B3fiTa
Touka M, paccrosiHue ot Koropoit fo npsimoit AC pasmo
| AC|. Ananoruuno, Ha AC uJH Ha NPOJOJIKEHHH B3SITa
Touka N, paccTosiHHe OT KOTOpOH a0 npsmoit AB paBHO
| AB|. Hairrn |MN|.

81. [Mlana oxpyxHocTh paguyca R c¢ mentpom O.
Ilse ppyrue OKpPYKHOCTH KacaloTCi JaHHOH M3HyTpH
u nepecekaiotrcs B Toykax A u B. Halitu cymmy pazny-
COB [IBYX NOCHEIHHX OKPYMKHOCTeH, eC/M H3BECTHO, 4TO
o~
0AB=90°.

82. B kpyre pammyca R mpoBeleHHl JBe mepeceKaro-
HiHecs: MepHeHAHKYJAspHble Mexay co60fi XOpHBl.

a) HaliTu cymMmy KBagpaToB YeThIpeX OTPE3KOB ITHX
XOpH, Ha KOTOpHIE OHM JEJATCA TOYKOH mepeceye-
HUA.

6) Haiith cymmy KBagpaToB MJMH XOpA, €CaM pac-
CTOSIHHE OT LEHTPa Kpyra [0 HX TOUKH INepecedeHus
paBHO d.

83. JlanBl ABe KOHLEHTpPUYECKHE OKPYIKHOCTH paiuy-
coB r 1 R (r<<R). Uepe3 HekOTOpYy!O TOYKY P MeHb-
me# OKPYXKHOCTH MpOBefeHa npfmas, MNepecekamwas
G6/1bLIYI0 OKPYKHOCTb B Toukax B u C. [lepnenaukynsp
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Kk BC B TOuKe P nepeceKaer MEHbIUY OKPYXKHOCTb
s Touke A. Haéitu |PAPP+|PB2+|PCJ.

84. B noaykpyre u3 KCHLIOB JuaMeTpa NPOBEAEHH!
IBe mepecekaioumuecsi xopabl. JokasaTb, dYTO CcymMma
Npou3BeJ€HUA OTpe3Ka KaXJAof XOopjpl, NPHMBIKAIOMETO
K JHaMeTpy, Ha BCIO XOpJIy paBHa KBajpaTy AHaMerpa.

85. Ilyers a, b, ¢ 4 d — AMUHBI CTOPOH BIHCAHHOTO
yeTHIpeXyroJibHHKa (@ U ¢ — NPOTHBONOJIOXKHBIE CTOPOHHI),
ha, hp, he B hz;— paccTodHHA OT UEHTPa OMHUCAHHOIO
Kpyra A0 COOTBETCTBYIOIHUX CTOPOH. [l0Kas3aTb, UTO CCJH
LeHTP KPpyra — BHYTPH 4eTbIpeXyroJibHHKa, TO ah, - ch, =
= bhy+ dh,.

86. IIpoTuBOMOMIOXKHBIE CTOPOHBEI YETHIPEXYTOJIbHUKA,
BIIMCAHHOTO B OKPYXHOCTb, IepeceKkaioTcsi B Toukax P
u Q. Ha#itu pamHy orpeska |PQ/|, eciu KacaresbHble
K OKPYXHOCTH, MNpoBefeHHble W3 P u Q, paBHH a u b.

87. B okpy»xHOCTb pajuyca R BOHCAH YETHIPEXYTrOJib-
HuK. [lyerb P, Q U M — cOOTBEeTCTBEHHO TOYKM Mepece-
YeHHs JAHaroHajedl 5TOro 4YeThIPeXYroJibHUKA U IPOLOJ-
JKeHHH NPOTHBONOJOXHBIX cTopoH. Haiitu cTopoHBl Tpe-
yroabHuka PQM, ecau paccrosinus ot P, Q u M 1o
LleHTPa OKPYXKHOCTH PaBHH a, b u c.

88. UYernipexyroabHuk ABCD omucaH OKOJIO OKPYX-
HocTH. Touka Kacamus OKpPYKHOCTH €O CTOpOHOH AB
JeJIUT 3Ty CTOPOHY Ha OTpe3kd a M b, a TOuKa KacaHus
OKDY2KHOCTH CO CTOPOHOH AD JesuT ee Ha OTPESKH a H C.
B Kkakux npenenax MOMKeT MEHATHCS PAAHYC OKPYHKHOCTH?

89. OKpyXKHOCTb panuyca r Kacaercsi UBHYTPH OKPYHK-
HoctH pamuyca R. A —rouka kacanus. [IpsMasi, nepnen-
OUKYJApHas JIMHHH [EHTPOB, NepeceKaeT OAHY OKPyX-
HOCTb B Touke B, apyryio —B touke C. HafiTn paguyc
OKDY2KHOCTH, ONHCaHHOH OKOJO TpeyronabHuka ABC.

90. [IBe OKpYXHOCTH paguycoB R U r mepecekaiorcs,
A —opHa u3 Touek nepeceuenusi. BC — obuasi Kacaresb-
Hasg (B m C—touku Kacanus). Hafitu papuyc okpyx-
HOCTH, ONHMCAHHOH OKOJIO TpeyrosbHHKa ABC.

91. B uernipexyronbuuke ABCD paubl |AB|=a,
| AD |=1b; croponnl BC, CD u AD kacaioTcs HEKOTOpOH
OKPYXHOCTH, LEHTP KOTOPOH HaXxomuTcs B cepeiuHe AB.
Hafitu cropony | BC|.

92. Bo BnucanHom uernipexyrosbHuke ABCD naub
| AB|=a, |AD|=b, a>b. Haiitu cropony | BC|, ecnu
ussecTHo, utro BC, CD u AD KacaoTcsi HEKOTODOH
OKPYKHOCTH, LEHTP KOTOpOH Haxogutcs Ha AB.
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93. Ilan paBHOGenpenHsifi Tpeyronsuuk ABC, | AB| =
= |BC|, AD — 6uccekrpuca. [lepnengnkyasp, BOCCTaB-
JeHHbli K AD B Touke D, mepecekaer npogoskenue AC
B TOuKe E; OCHOBaHHS MEpHEHAHKYJSPOB, OMYLIEHHBIX
us BuD na AC,— M u N. Haiitu | MN |, ecu | AE|=a.

94. M3 Touku A mnop yroM o BHIXONAT JBa Jyua.
Ha oxgnom nyue B3sThl aBe Toukn B u By, a na apy-
rom —C u Cy. Hafitu aauny o6uieit Xopasl GKpy:KHOCTe,
ONHMCaHHBIX OKoJ0 Tpeyroabhukos ABC n AB,C,, ecnu
|AB|—|AC |=| AB,|—| AC,|=a.

95. Ilyctb O —uentp oxpyxuoctH, C—TOuKa Ha
OKpY®HOCTH, M — cepenna OC. A u B — TOuKkH Ha OKPYX-

i e~
HocTH Takue, yT0 AMO=BMC; A v B nexar no OojHy
cropony ot mnpsamo#t OC. Haiitu |AB|, ecmn | AM|—
—|BM|=a.

96. A, B u C—1pu Touku Ha onHoil npamoii. Ha AB,
BC n AC xax Ha ;uameTpax NOCTPOEHbl TpH HOAYKpyra
no OXHY CTOPOHY OT npsiMofi. LIEHTp OkpyXKHOCTH, Kaca-
fomeicss BCeX TpeX MOJNYKPYroB, HaXOAMUTCH HAa paccTos-
HuH d or npsaMoii AC. Haiti paguyc 310l OKPYXKIHOCTH.

97. B okpyxHocTH pamuyca R nana xopza AB. Iycrs
M — npousBo/ibHas Touka OKpyxHoctH. Ha nyue MA
OTNIOXKNM OTpe3ck MN, |MN|=R, a Ha nyue MB—
otpesok MK, paBHbi paccTosiHHmio OT M 10 TOuKw
nepeceyeHusr BRICOT TpeyronbHuka MAB. Ha#itu |[NK |,
ec/i MeHbllas M3 Ayr, cTAriBaeMbix AB, paBHa 2a.

98. Bricora, onmyueHHas M3 BepUIMHB NPAMOro yria
NPSMOYTOJNBHOrO TPEyroJbHHKa Ha THIOTEHY3Y, NeJuT
TPEyroJbHUK Ha JBa TPeyroJibHUKa, B KaXAbHl H3 KOTO-
pHIX BIHCaHA OKPYXHOCTb. OnpefenuTb Yribl H MJOLLAAL
TPeyrodibHUKa, 0O6pPa3s0OBAHHOTO KaTeTaMH HCXOJHOTO Tpe-
yroMbHHKA H npsaMofi, NpoXoxsiel yepes LEHTPH OKPYXK-
HOCTEH, €C/M BHICOTAa HCXOZHOTO TPEeYroJbHHKa paBHa A.

99. BricoTa npsAMOYrosbHOrO TpeyroJibHHKA, ONYILEH-
Hasi Ha TuNoTenysy, paBHa h. JlokasaTb, YTO BepIUHHBI
OCTPBIX YTJIOB TPEYTOJIbHHKA W MpPOEKUHH OCHOBAHHS
BBLICOTHl Ha KaTeTHl JiexaT Ha OXHOH oKpyxkHocTH. Onpe-
JeJMTb AJMHHY XODJHbl, BbICEKAaeMOH Ha MpsMOfi, colepxa-
uel BBICOTY, 3TOH OKPYXKHOCTBIO, H OTPE3KH XODPIbl, Ha
KOTOpHIE CHA JeJUTCSi THIOTEHY30M.

100. OxpyxHoCTh paauyca R kacaercsa mnpsmoi [
B Touke A, AB— nuamerp sto#i okpyxHoctd, BC — npo-
u3BosbHass Xopaa. [lycts D — ocHoBaHue mMeprneHauKy-
nspa, onymenHoro us C Ha AB. Touka E nexur Ha
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nporosxenun CD 3a Ttouky D, npuuem |ED|=|BC]|.
KacaTesibHEIe K OKPYXKHOCTH, Dpoxopsinue vepes E, ne-
pecekaloT npsiMylo B Toukax K u N. Ha#fitu aminy
orpe3ka | KN |.

101, Yepes ueHTp mpaBHJIBHOTO #-YTOJbHHKA, BIIHCAH-
HOTO B eJHHUYHYIO OKPYXXHOCTb, INpOBeieHa IpsiMas.
Haiity cymMMy KBaJpaToB paccTosiHHf Jo 3Tofi mpsamolt
OT BepLIMH N-YTOJIbHHKA.

102. HafitTn cymMmy KBazpatoB pacCTOSIHM OT TOYeK
KacaHHfl BINCAaHHOH B JAaHHBIA TPeYrOJbHHK OKPYKHOCTH
C ero CTOpoHaMH JO LEHTpa ONHCAHHOH, ecaH paiuyc
BIIHCAHHOH OKPYMKHOCTH paBeH r, Pajuyc ONMHCaHHOH R.

103. okasaTh, YTO OCHOBAHHS NepNeHIHKYJIAPOB,
ONyLIEHHBIX Y3 TOYKH NepeceyeHus AHaroHanel BHMCaH-
HOTO YeThIpeXyroJIbHHKa HAa ero CTOPOHB, SIBJSIIOTCST Bep-
IIMHAMH YeTBIpeXYroJbHHKA, B KOTOPHI MOXHO BIHCATh
OKpVxKHOCTb. Halitu paauyc 3Tofi OKpYXKHOCTH, ecau
H3BECTHH pajlyC AaHHOH OKPYXKHOCTH R, paccrogHue or
ee ILeHTpa A0 TOYKH NepeceyeHust AHaroHasedt d, a aua-
TOHAJH BIHCAHHOIO YeTHIPEXYTOJbHUKA NePNeHAHKYNAPHBL.

104. JlnaroHanu BMHCAHHOTO YeTHIPEXYTOJIBHHKA mep-
nesuuKyasipHel. JlokasaTh, 4TO cepemHHbl €ro CTOPOH
¥ OCHOBAHHS NEPNEHIHKYJAPOB, OMYIIEHHBIX Ha CTOPOHBI
M3 TOUKM MepeceyeHus [uMarcHaJjeif, JexaT Ha OXHOH
okpyxHOocTH. HafiTu pamuyc 5TOf OKpYKHOCTH, ecsu
pazuyc HaHHOM OKpYXHOCTH R, a pacCTosiHHE OT ee
LEeHTpa J0 TOYKH [IepPeceyeHHs AMaroHased 4eThipexXyroJfb-
HHKOB d

105. oka3aTh, YTO €CJH YETHIPEXYTOJBbHHK BIIHCaH
B OKDYXHOCTb pajuyca R, OJHOBPEGMEHHO OMMCAH OKOJIO
OKPY2KHOCTH pajuyca r, NpHYEM pacCTOSHHE MeXIY
IEHTpaMH 3THX OKpYy2KHOCTeli paBHO d, TO BBHINCJHSAETCSA
. COOTHOLLEHHe

L, 11
R+dp T R—=a  r*

ITpu 3Tom cymecTByeT GECKOHEYHO MHOTO YETHIPEXYIOJb-
HHKOB, OJXHOBPEMEHHO BIIHCAHHBIX B GOJBIIYIO OKPYIKHOCTD
¥ ONHCaHHEIX OKOJO MeHblef# okpyxuocti. (B kauecrse
ONHOH H3 BepIWH MOXHO B3fiTh JIOOYIO TOYKY 6oJbluei
OKPY2KHOCTH. )

106. a) K nanuoii OKpy>KHOCTH NMpOBEIeHHl 1BE Kaca-
renpubte. [lyetb A u B —1Touku Kacanus, a C — Touka
nepeceueHHs KacaTeabHbIX. [IpoBesieM npousBoabHYIO nps-
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Myio [, Kacalollyiocs RaHHOH OKPYXKHOCTH, He IpOXoAf-
myiwo uepes A u B. Ilycts u u v — paccrosuus o [ ot A

u B, w — paccrosnne no [ or C. Hafitn 'g%’, ecan ACB=a.

6) Bokpyr okpy:xHOCTH onucan MHoroyroabHuK. [Tycts
| — npoM3BONIbHASA NPAMas, Kacaiolasacs OKPYKHOCTH M He
coBnajawmllass HH C OXHOH M3 CTOPOH MHOrOYroJIbHHKA.
IlokasaTb, UYTO OTHOLIEHHE MPOU3BENEHHS PaACCTOSIHHA
OT BEpIIHH MHOTOYTOJIbHHKA J0 [ K MpPOH3BEAEHHIO PaccTo-
SIHHHA OT TOYEK KacaHusi CTOPOH MHOTOYTOJIbHHKA C OKPYXK-
HOCTBIO JI0 [ He 3aBHCHT OT HOJ0MKeHHs npamoft [.

B) ITycte A;A,... Ay, — OIHCaHHBLA OKOJIO OKPYKHOCTH
2n-yroJibHUK, [ — npoH3BOJIbHAA KacaTelbHas K OKPYX-
HocTH. JloKasaTb, 4TO mnpou3BelieHHe pacCTOAHHH 10 [
OT BEpLIHH C HEYETHBHIMM HOMepaMH H IpOH3BeJileHHe pac-
CTOSSHMA 10 ! OT BepIUMH € YeTHHIMM HOMEepPaMH HaXoAATcs
B MOCTOSIHHOM OTHOIUEHHM, He 3aBucsiem oT [ (mpeano-
Jlaraetcsi, 4to / He COIepXHMT BEpILIHH MHOTOYTOJIbHHKA).

107. B BuInyKsa0oM uethipexyrosbhuke ABCD naHh
|AB|=a, |AD|=0b, |BC|=p—a, |DC|=p—». Ilyctb
O —to4Ka mepeceueHuss AuaroHaneii. OGO3HaunM 4Yepes a

— TN
yron BAC. K uemy crpemutcs anmsa AO, ecau o cTpe-
MHTCH K HYJIOP

§ 2. 3agauyd Ha J0Ka3aTeJbCTBO

108. HoxasaTb, YTO €CJH OJHA CTOPOHaA Tpe-
YroJNIbHHKA JIEXKHT Ha (UKCHPOBAHHOH NpAMOH IIOCKOCTH,
a TOYKa NEepeceyeHHsl BBHICOT COBMNAjaeT C (PHKCHPOBAHHOH
TOYKOH, TO OKPYKHOCTb, OINHCaHHas OKOJO 3TOro Tpe-
yroJIbHHKa, TaKXe NPOXOJUT yepe3 PHKCHPOBAHHYIO TOUKY.

109. okasaTh, uYTO ONHMCaHHBI]I MHOTOYTOJIBHHK, BCe
CTOPOHHl KOTOPOTO paBHBI, fBJAETCS NPABHJIBHLIM, €CJU
YHCJIO CTOPOH HEYeTHO.

110. B tpeyroseunke ABC mnposemeHa Bmicota BD,
AN — nepnenmukynsp Kk AB, CM — nepnenaukynsp kK BC,
npuueM |AN|=|DC|, |CM|=|AD:. [okasats, uto M
u N paBHOyJa/leHBl OT BepLHHH B.

111. Jan wetsipexyroapuuk ABCD. Ha npameix AC
u BD Bsarel Toukn K u M rak, yro BK napaanenpsa AD,
AM napaanensia BC. Jlokasats, uto KM nmnapan-
JgenbHa CD.

112. B A ABC npcBenesa O6HCCEKTpHCAa BHYTpEHHeEro
yraa AD. Tloctponm KacatesibHYIO [ K ONHCAaHHOMY KpyTy
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e Touke A. JlokasaTe, uto npsmas, npoBefieHHas uepes D
napanJenbHO [, KacaeTcsl BIIHCAHHOR OKPYXKHOCTH.

113. B Tpeyroabhuke ABC nposejeHa npsMas, nepe-
cekatomas croponnl AC u BC B Toukax M u N Tak, 4To
|MN|=|AM |+ |BM|. [loka3sarb, 4TO BCE TaKHE MpsMbIe
KacaloTCsl OHOM M TOH K€ OKPYXKHOCTIH.

114. Jloka3aTb, 4TO TOYKH, CHMMETDHYHBIE LEHTPY
OMHCAHHOrO OKOJO TPeyroJbHHKa KpYra OTHOCHTE/IBHO
CepeiMH ero MeIuaH, J/exaT Ha BHICOTaX TPeyroJbHHKaA.

115. lokasaTh, YTO ecjl BHICOTA TPeyroJbHHKa B /2
pas GoJblue pajuyca ONHMCaHHOrO Kpyra, To mpsMas, coe-
IHHAMAA OCHOBAHHA NepIEeHIMKYJAPOB, ONMYIIEHHBIX H3
OCHOB2HHA STOH BEICOTHI Ha CTOPOHBI, €€ 3aKJIoyalollye,
NPOXONHT Yepe3 LEHTP ONHCAHHOTO Kpyra.

116. IMycte  ABC — npsiIMOYTOJIBHEI  TPeYTOJNbHHK

(C =90°), CD — Bricota, K — ToYKa NJOCKOCTH, A/ KOTO-
poit |AK ;=|AC|. JlokasaTb, 4YTO AHaMeTP OKPYKHOCTH,
onucauHod okoso A\ ABK, npoxonsiuuii yepes BepuiHHy A4,
nepneHAMKyaspen npamod DK.

117. Yepes sepmmny A Tpeyronbuuka ABC mpose-
ZeHa npsiMas napajuenbHo BC, Ha stofi npsaMofi B3siTa
Touka D taK, uto | AD|==| AC|+|BA|; otpesck DB ne-
pecekaer ctopoHy AC B rTouke E. JlokasaTe, 4yTo mps-
Masi, mpoBeleHHas uepe3 E napannensHo BC, npoxomur
yepe3 LeHTp BnucaHHOR B /\ ABC OKpYXKHOCTH.

118. JIBe OKDPYKHOCTH NPOXOAAT Yepe3 BepIIHHY yTJa
H TOUKY, Jiexalnyio ua Guccektpuce. JlokasaTh, 410 OT-
Pe3KH CTOPOH YIJ/a, 3aK/IOUEHHBIE MEXKAY OKPYKHOCTSAMH,
PaBHHL.

119. Ilycrs E — npousBosibHast Touka Ha ctopone AC
Tpeyronbiuka ABC. Uepes Bepuwnny B nposegem npous-
BOJIbHYIO npaMmylo . Tlpamas, mpoxopsumas uyepes E na-
pannensno BC, nepecekaer !/ B Touke N, a mpsMas,
napanjenbian AB,—B Touke M. Jlckasatb, uto AN
napajnensHa CM.,

120. Ha npotuBonosoxHbix cropoHax BC u DA
BHINYKJIOTO YETHIPEXYTOJbHHKA B3ATH TOUKH M u N 13K,
4TO

[BM| _|AN| _ | AB|
{MC| — {ND|~ [CD|

Hokasatb, uTo npamas MN napasnenpHa GHcCeKTpuce yraa,
o6pasoBanHoro cropoHamu AB u CD.
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121. [InaroHanu pasGHBAIOT BHITYKJBIA YeTHIPEXYroJb-
HHK Ha YeTeipe TpeyroJbHHKa. Pajuychl OKpYXKHOCTEH,
BNHCAHHBIX B 3TH TPEYroJIbHUKH, paBHH. JloKasaTh, 4TO
JaHHBIH YETBIPEXYTOJBHHK — POMO.

122. Jlnaronaly 4eThIpeXyroJibHHKa pasGHBAIOT €ro Ha
yeThlpe TPEYroJibHHKa paBHOro nepmmertpa. [lokasarb, uTo
JaHHBIH YeTHIPEX yTOJNbHUK — pOMO.

123. O uyetnipexyrosbuuke ABCD u3BecTHO, 4TO paju-
YChl OKPYXKHOCTeH, BIHCAHHEIX B TpeyroJbHUKH ABC,
BCD, CDA, DAB, pasubl mexay coboii. JlokasaTb, 4TO
ABCD — npsaMOyTOJ/IbHUK.

124. [lan npsamoyroJpubti Tpeyronsiuk ABC, yroa C —
npsvo#t, O-—UeHTp BNHCAHHOH OKpyXHOCTH, M — Touka
KacaHiisi BNUCAHHON OKPYXKHOCTH C THNOTEHY30H, OKpPYX-
HOCTb C LEHTpoM B M, npoxoxsiias uyepe3 O, nepeceka-
ercsi ¢ OuccekTpucamu yraoB A u B B Toukax ulL,
oramuHbix oT O. JlokasaTe, uto K U L — LEHTPH OKPYXK-
HOCTeHl, BNHCAaHHEIX B Tpeyroabuukd ACD u BCD, rpe
CD — Bricora TpeyroJbunka ABC.

125. Ha croponax BC, CA u AB tpeyronbiuka ABC
BO BHELIHIOO CTOPOHY mocTpoeHHl KBanpatht BCDE, ACFG,
BAHK. Tlycte FCDQ u EBKP — napannenorpammsl. [lo-
Ka3aTb, 4YTO TpeyroJbHuk APQ — pasnoGenpentbifi mps-
MOYTOJIbHBIH.

126. ABCD — npsimoyronbuuk, E —Touka na BC, F —
Ha DC, E, —cepeauna AE, F, — cepenuna AF. [lokasats,
uto ecin AAEF npaBuibHBIH, TO H TpeyroabHuku DE,C
u BF,C Takxe npaBHJIbHBIE.

127. Yernipexyronsauk ABCD Bnucas B OKpPYKHOCTb.
[Mycts 04, Oz, Og, Oy —HEHTPH OKPYKHOCTEH, BIHCAHHBIX
B Tpeyronsuukd ABC, BCD, CDA, DAB, a H,, H,, Hj,
H, —TOYKH nepecedyeHHss BEHICOT TE€X e TPeYrOJIbHHKOB.
Hoxasats, uto 0,0,030, — NpAMOYTOJILHHK, a YeTHIpex-
yronaeuuk H H,HsH, paBen uertsipexyroabHuky ABCD.

128. [lau tpeyrompunk ABC, D — npousBoJbHas To4Ka
MJIOCKOCTH. JIOKa3aTb, YTO TOYKH NepeceyeHHs BLICOT Tpe-
yroqibHuikoB ABD, BCD, CAD saBasiotca BepIUHHAMH
TPeyroJbHHKa, PaBHOBENHKOIO NaHHOMY.

129. /IBe OKpYy:XHOCTH mepecekaioTcsi B Toukax A u B.
[TpousBoJibHass NpAMas MNpPOXOAMT uepe3 B u BTOpPUYHO
mepecekaetT TNepBYI0 OKpyxHoctb B C, BTOpylo—B D.
Kacatenbubie K nepBoit okpyxuoctd B C, a KO BTOpOil
B D nepecekatorcss B Touke M. UYepes Touky mnepeceue-
uus AM wu CD npoxoautr mnpsaMas, napaanieibHas CM,
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nepecekaomiass AC B touke K. Jlokasath, uto KB kaca-
eTcsl BTOPOH OKPYKHOCTH.

130. Ha karterax AC u BC npsaMOYyroJIbHOTO TpeyroJb-
HHUKa BO BHEIUHIOIO CTOPOHY mnecTpoeHbl kBajpathl ACKL
u BCMN. [okasatb, 4TO YeTHIpeXyroOJbHHK, OrpaHHYeH-
HBIl KaTeTamu W npsameiMd LB u NA, paBHOBeNUK Tpe-
yroJbHHKY, o6pascBanHoMy mnpsiMbivd LB, NA u runo-
TeHy30# AB.

131. CropoHBEI BBIIYKJIOTO 4YeTBIpeXYroJbHHKa pasfie-
Jensl Ha (2n 1) paBHbIX yacTefi Kaxaas. CoOTBeTCTBYIO-
1IlHe TOYKH AEJIeHHS NPOTHBOMOJOXKHBIX CTOPOH CO¢JHHEHHI
apyr ¢ apyroM. JlokasaTh, 4TO0 mJOWAAb LEHTPAJBLHOIO
yeThlpexyroJbHuKa cocrasaser 1/(2n-+1)? gacte nJoma-
IH BCEro YeTHIPEXYTrOJbHHKA.

132. Ilpsmasn, npoxoxsiuas yepes CepPeAWHbl AUArOHa-
neit AC u BD uetnipexyrosmbhuka ABCD, mnepecekaet
cropoust AB u DC B Toukax M u N. [lokasaTh, 4TO
Spcu=Sans-

133. B napannenorpamme ABCD Bepumuw A, B, C
# D coemunensl ¢ cepegunamu cropon CD, AD, AB u BC.
HlokasaTb, 4TO MJOMafb YeTHIPEXYroJbHHKA, 06pasoBah-
HOTO STHMH NPSAMBIMH, cocTaBJsieT 1/5 muomagu napasne-
Jorpamma. )

134. JlokasaTb, 4TO MJOWAAb BOCbMHYTOJMIbHHKA, 06pa-
30BAHHOTO MNPAMBIMH, COEJHMHSIOIIMMH BEPILHHEI MapaJJe-
JlorpaMma C cepefiMHaMH NPOTHBOMOJOXKHBIX CTOPOH, paBHa
1/6 nuiowagu napaJsesorpamma.

135. Ha croponax AC u BC tpeyroavnuka ABC Bo
BHELIHIOIO CTOPOHY INOCTPOeHH JBa MapaJlelorpaMma
ACDE u BCFG. Tlpopomxenns DE u FD nepecekaiorcs
B Touke H. Ha cropone AB mocrpoeH mapaJesorpamm
ABML, cropoust AL u BM &koTOpOro paBHH H napad-
nesbHbl HC. Jlokasats, yto napasienorpamm ABML paBHo-
BEJIMK CyMMe Iapa/lyieJIorpaMMOB, [OCTpoeHHBIX Ha AC
u BC.

136. Yepes KOHUBI MEHBIUETO OCHOBaHHs TpANEUHH
npoBefieHE JBe MapajJe/bHbie MpsIMble, NepeceKaollye
Gonbinee ocHOBaHHe. [lHaroHasn Tpanmelmuu W 5TH NpsIMbIE
pasie/uiM Tpameluio Ha CeMb TPEeYroJbHHKOB H OJHH
natuyroabHuk. [lokasartk, 49To cymMma miomageii Tpex Tpe-
YrOJIbHHKOB, NpPHJEKAMHX K GOKOBBIM CTOPOHAM H MEHblIe-
My OCHOBAHHIO TpareluH, paBHa MJOLIANX MATHYTOJbHHKA.

137. Ilycts ABCD — napanjenorpamM, E JeXHT Ha
npsamofi AB, F—mna npamoti AD (B—Ha oTpeske AE,
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D —na orpeske AF), K —1ouka nepeceuenuss npsmeix ED
u FB. Jlokasats, uto yethipexyroabuukn ABKD w CEKF
paBHOBEJIHKH.

138. lan Ttpeyronwuuk ABC. Ha nayuax AB u CB
oTkaanpBatorcs  otpeskn |AK|=|CM|=|AC|. [oka-
3aTh, YTO PAJHYC OKPYZKHOCTH, ONHCaHHO#H okoJio A\ BKM,
paBeH PacCCTCSIHHIO MeXIY UEHTpaMH BIHCAHHOH H OTNMCaH-
Hoft okpyxHoctelt /\ ABC, a npsmas KM nepnenmuky-
JsipHa NpAMOH, CueNUHSIOWEH HEHTpbl BNHCAHHOH M ONHU-
CallHOH OKpPYKHOCTeH.

139. Uepes BepummHy TpeyrospHHKa NpoBeleHa Nps-
Masl, NEepHeHIHKYAsipHas NpAMOH, COeNHHSIOUEH HEeHTpPHI
BIHCAHHOH H ONHCaHHOH OKpyXHocte#i. Ilokasath, 4TO
5Ta NpsMas CO CTOPOHAMM JaHHOTO TpeyrojbHHKa o6pa-
3yeT 1Ba TPEYroJibHHKa, NS KOTOPHIX PasHOCTb PamHyCoB
OTNINCaHHBIX OKPYKHOCTEH paBHA PAcCTOSHHIO MEXKAY LEHT-
pamMH BIHCAaHHOH I ONHCAHHOH OKPY:KHOCTEH HCXOZHOTO
TPEYroJMbHUKA.

140. Tlyers P, Q m M — COOTBETCTBEHHO TOYKH mepe-
CeyeHHs JHaroHalledl BNUCAHHOTO UETHIPEXYTrOJIbHHKA H
TNPOLOJIKEHHH €Tr0 NMPOTHBONOJOXKHLIX CTOPOH. [lokasaTs,
YTO TOYKA MEPECCUYEHHS BBHICOT TpeyroibHHka PQM coena-
JaeT C IEHTPOM OKPYKHOCTH, ONHCAHHOH OKOJIO JaHHOTO
ueThIpeXyroJibHHKa (Bpokap).

141. IlokasaTh, 4TO eCJu B YETHIPEXYTOJbHHK MOXKHO
BIOHCAaThb OKDYKHOCTb, TO: a) OKPYKHOCTH, BIHCaHHHE B
IBa TPEYTrOJbHHKA, Ha KOTODHIE NAaHHBIH YeTHIPCXYroNbHHK
pasbuBaeTcsi IMaroHasblo, Kacalores ApYr Apyra; 6) TOUKM
KacaHMs 3THX OKDYXKHOCTEH CO CTOPOHAMH HYeThIPeXYroJb-
HHKa SBJISIOTCS BepIINHAMH BIHCAHHOTO YeTHIPeX YT OJIbHHKA.

142. Jlokasarb, uyto ecau ABCD — pnucaHHbIfi YeThHl-
PeXyroJbHHK, TO CyMMa pajHyCOB OKDYXXHOCTEH, BIHCaH-
HbIX B TpeyroJbHHkH ABC u ACD, paBHa cymme panuy-
COB OKPYKHOCTEH, BIHCAHHBIX B TpeyroqbHHKH BCD wu
BDA.

143. ABC — paBHOGenpeHHbiit TpeyroabHHK (| AB|=
= |BC|), BD—ero Bucota. Kpyr pamnyca BD katutcs
o npsmoit AC. Jloxa3sats, 4T0, NOKa BepmHHa B Haxonmmrcs
BHYTpU KpYTa, AYra CKPYXKHOCTH, PAcrOJIOXKEHHasi BHYTPH
TPEYrOJNbHHKA, HMEeT MOCTOSHAYIO AJHHY.

144. Tlo nBy™M nepecexkaiomuMcsl NPSMBIM C PABHBLIMH
CKOPOCTSIMH [IBHXYTCH ABe Toukd. JlokasaTh, uTo Haii-
JeTcs Takasd (MKCHDOBaHHas TOYKa INJIOCKOCTH, KOTOpas
BO BCE MOMEHTH BPEMEHH OT HHX PaBHOYJAAJEHa.
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145. [IBa BejocunmegucTa €NyT MO JABYM IepeceKaio-
IUMCH OKpYxkHOCTsiM. KaxIplit emer mo cBoefi OKPYKHO-
CTH C TMOCTOSIHHOH CKOPOCTbIO. BLlexaB OZHOBPEMEHHO H3
OIHOH TOUKM, TJe NEPEceKaloTCs OKPYKHOCTH H CHeNaB Mo
OZHOMY OGOpDOTY, BEJOCHNEZHCTHl BHOBb BCTPETHJIHCh B
3TOH Touke. JIOKasaTb, UTO CYWIECTBYET TaKas HEMOABHK-
Hasl TOYKa, PACCTOSHHS OT KOTOPOH JiO0 BEJIOCHIIEAHCTOB BCe
BpeMsi OJMHAKOBHI, €C/JAH OHU e[yT: a) B ONHOM HampaBbJe-
HHH (1O 4acoBOK cTpesike); 6) B pasHbIX HaNpaBJeHHAX.

146. JlokasaTb, 4TO e€cCJH H3 NPOU3BOJbHOK TOUKU
OKPYXKHOCTH ONYCTHTb MNEPNEHAHKYJSIPH Ha CTOPOHBI BIIH-
CaHHOro 21-YroJbHUKAa, TO NMPOU3BEJEHHS JIJIHH 5THX Iep-
MEHAUKYJSPOB yepe3 OAHH OYLYT paBHHI.

147. Tlycre A,A,... A, — BNUCaHHEIH MHOrOYTOJBHIK;
LEHTp OKDYXKHOCTH HaXORHTCS BHYTPH MHOT'OYTOJBHHKA.
ChcTeMa OKpYXKHOCTEH KacaeTcsi JaHHOH M3HYTpH B TOU-
Kax A, A,, ..., A,, TpHUEM OJHA H3 TOUYEK IEpEeceueHus
IBYX COCEJHHX OKDYMKHOCTEHl JI€KHT HA COOTBETCTBYIO-
el CTOpoHe MHOroyrosibHHka. JloKazaTb, 4TO €CJd n
HEUETHO, TO BCe OKPYXKHOCTH HMEIOT paBHBIE PaJHYCHI.
Jmna BHemHe# rpaHULbl 06be [HHEHHS BIHCAHHBIX OKPYXK-
HOCTell paBHAa IJIMHE JAaHHOH OKPYXXHOCTH.

148. [oxkasaTb, 4YTO €CJIM AJHHB CTOPOH TPEYroJb-
HHKa 00pa3yloT apH(MEeTHYeCKyI0 IpOrpeccHio, To:

a) pajaMyc BIOHCAHHOTO Kpyra paseH /3 BBICOTHI, omy-
IIEHHOH Ha CPeJHIOI0 CTOPOHY;

6) npsMmasi, COENMHSIONIAS LEHTP TSKECTH TPeyrob-
HHUKa C LEHTPOM BIHCAHHOTO Kpyra, napaJiieJgbHa Cpei-
He#l CTOpOHE;

B) OHCCEKTpHCAa BHYTPEHHETr0 yrja, HPOTHBOJEXKALIEero
cpepHeil CTOpOHe, MNepHeHAHKYJNAPHA NPAMOH, COENUHSIO-
el HEeHTPb! BMHCAHHOTO H OMHCAHHOTO KPYTOB;

r) AS BCeX TOYEK 5TOf GHCCEKTPHCH CyMMa paccros-
HHl JO CTOPOH TPeYroJibHHKA MGCTOSHHA,

11) LIEHTP BIHCAHHOA CKPYXKHOCTH, cepeauHbl HanGOJb-
well ¥ HauMeHbLIeH CTOPOH M BEpIUIMHA yTJIa, HMH 06pa-
30BAHHOTO, JieXkKaT Ha ONHOH OKPYXKHOCTH.

149. Teopema BpermHuefizepa (teopema xocu-
HYCOB JJisl ueThipexyroabHuka). Ilycts a, b, ¢, d — nocJe-
JoBaTe/IbHEIE JUHHBI CTOPOH YeTHIDEXYTOJbHHKA, M W 11—

AauEb ero auaroHanefi, A u € — sesmunnb JBYX MpOTH-
BOMOJIOXHBIX YraoB. Torja BHIMOJHSETCS COOTHOLIEHHE

m?n? = a%* - b2d? — 2abced cos (A +0).
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150. Teopewma [Itonemesn. Ilyem g, b, ¢, d—
nocJefoBarTeJbHble JJIMHBl CTOPOH BIHCAHHOTO YeThlpex-
yroJlbHHKa, a m H h — LJHHBL ero Auaronaneil. JlokKasath,
yTo mn =ac—bd.

151. Jlokasatb, uto eciu ABC — npaBuibHBIH Tpe-
yroJbHHK, M — npousBosibHasi TOYKA NJIOCKOCTI, He Jiexa-
mas Ha OKPYXKHOCTH, omucaHHo# oxomo ABC, To cyue-
CTBYET TPeyroJIbHHK, AJIHHBI CTOPOH KOTOpOro paBHbl | MA |,
IMB| u |MC| (teopema ITlomner). Haiizure yron
3TOr0 TpPeyroJbHHKa, JeXalyu#l MpPOTHB CTOPOHH, paB-

TN
ol | MB|, ectn AMC =

152. PaccMOTpuM OKpYKHOCTb, B KOTOPYIO BOMCaH
npaBubHBIA (27 + 1)-yrombHuK A;A,... Agp 41. [lyete A —
IPOU3BOJIbHAA TOUKA AYTH A;Aany;.

a) Jokasath, 4To cyMMa paccTosiHW#i oT A 1O Bep-
IIHH ¢ YeTHHIMH HOMEpaMM paBHAa CyMMe pacCcTOsHHiH oT A
IO BEepIUHH C HEYETHBIMH HOMEpaMH.

6) TlocTpoMM paBHEIE OKPYXKHOCTH, Kacaroulhecs JaH-
HOfi OJAMHAKOBHIM 00pa3zoM B Toukax Aj, Aj ..., A1
JokaszaTb, 4TO cyMMa [IJIHH KacaTe/lbHBIX, NPOBeJeHHBIX
n3 A K OKPYXKHOCTSIM, KacaloIliMCsl LaHHOH B BeplUHHAX
C YeTHBIMH HOMEPaMH, paBHA CyMMe JJIHH KacaTeJbHEIX, Npo-
BEEHHHhX K OKDYXKHOCTSIM, KacalolluMcsl JaHHOH B Bep-
LIHHAX ¢ HEeUYeTHBIMH HOMepaMH.

153. Teopema JleiGuwuua. Ilyctb M — npous-
BOJIbHASl TOYKA NJOCKOCTH, G — IIEHTP THAXKECTH TPEYroJib-
vuka ABC. Torpa BHIOJHAETCS paBEHCTBO
3|MGP=|MAP+|MB P+ |MC]—

—Y3(AB+|BC >+ [CAP).

154. Tlycte ABC — npaBusibHEI TPeyroJbHHK CO CTO-
poHO#l a, M — HeKoTopas TOYKa MJIOCKOCTH, HAaXOAAMAfACH
Ha paccrosiHuH d or ucHTpa Tpeyroabuuka ABC. Jloka-
3aTh, YTO IUIOWAAb TpPEeYTOJbHHKA, CTOPOHBI KOTOPOro
paBHbl orpeskam |MA|, |MB|, | MC|, suipaxaercsa ¢op-
MyJIoH S=—l-2§|a2——3d2|.

155. Ilponom«enuss cropod AB u DC BHOYKJOTO
yeTbipexyronbHuka ABCD mnepecekaioTcsi B TOUKe K, a
nponosxkenusi ctopon AD u BC —B Touke L, mnpnuem
orpesku BL u DK nepecekaworcs. [lokasaTb, YTO €CJH
BHINOJIHACTCS OfHO M3 Tpex cootHoweHHun |AB|4-|CD|=
— | BC|+| AD|, | BK [+ |BL|=|DK|-+|DL|, |AK|+
+(CL|=|AL|+|CK|, T0 BHNONHAITCA H ABA APYTHX.
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156. TTpomonxenus cropou AB u DC BuIEYKJIOrO
yeTerpexyrosbuuka ABCD mepecekaiotcss B roake K, a
npoponxenus cropod AD u BC—B Touke L, npuuem
orpesku BL'u DK nepecekaiotca. [lokasarb, YTO €CJH
BhINOJIHSAGTCA OXHO M3 Tpex coortHoweHu#l | AD|+|DC| =
=|AB|+|CB|, |AK|+|CK|=|AL|+|CL|, |BK|+
+|DK|=|BL|+|DL|, 10 BHNOJHSIOTCS ¥ HBa APYTHX.

157. Tycts S — myomags AaHHOTO TPEYroJbHHKE, R —
pamuyc OnmHCaHHOro okoJno Hero Kpyra. Ilycrs, nanee,
S’ — njomans TpeyrosbHUKa, 06pa30BaHHOTO OCHOBAHHAMH
nepneH UKyaApoB, ONYLUIEHHBIX Ha CTOPOHbI AAHHOTO Tpe-
YroJibHHKa H3 TOYKH, yAaJeHHOH OT LEeHTpa OMHCAHHOrO
Kpyra na paccrosnue d. IIoKasaTb, 4TO

r S
S =T‘1 -

| ©uep).

158. Jlan npou3sBoJbHEIA TpeyrombHuk ABC. Ha ero
CTOpPOHAX KaK Ha OCHOBAaHHAX BHE €ro MOCTPOEHbl TPH
paBHoGeApeHHHX Tpeyroabuuka AKB, BLC,CM A c yrnamu
npu BepiunHax K, L u M, paBubiMu o, P uy, a+fp+y=
= 2n. Takue e paBHOGeJpeHHbie TpeyroabHukn AK,B,
BL,C, CM;A nocrpoeHs BHYTpb TpeyronbHHka ABC.
JlokasaTb, 4TO YIAIEI KaXAOro H3 TpeyronbHukos KLM u
K.L;M; paBREI -5'25, %—, 32"

159. Ha croponax u4eThIpexyroJibHHKa BO BHEIIHIO
CTOPOHY NOCTPOEHH KBajpaThl. [[0Ka3aTb, YTO OTpe3KH,
COe U HSUOLLHE LEHTPH NPOTHBOMOJOKHEIX KBaJpATOB, PaBHb
N0 JJIHHE M B3aUMHO NepIeHIUKYJSAPHBL

160. lan npousBosbHEE Tpeyronbhuk. Ha ero cro-
pOHaxX BOBHE NOCTPCEHH PABHOCTOPOHHHE TPEYrOJEBHHKH,
UEHTPHl KOTOPBIX CJYXKaT BepIUMHAMH TpPeyroJbHHKa A.
LleHTpE PaBHOCTOPOHHHX TPEYroJILHHKOB, MOCTPOCHHEIX Ha
CTOPOHAX MCXORHOrO BHYTPb €ro, CAyKaT BepIUHHAMH ApY-
roro tpeyroipHuka 6. lokasaTh, 4TO:

a) TPEYroJIbHHKM A M § paBHOCTOpOHHHE;

0) LEHTPE TPEYrOAbHHKOB A 1 § COBMAAIOT ¢ HEHTPOM
TSKECTH HCXOZHOIO;

B) PasHOCTh MJIOLLAZeH TPEYroJbHHKOB A M 8§ paBHa
IVIOLLAAH UCXOAHOrO.

161. lan npousBosbubli Tpeyronsuuk ABC. Ha npsawvoii,
npoxoisuledi yepe3 BeplIHHY A W NepneHAUKYJISIPHOH CTO-
pone BC, B3siThl gBe ToukH A; u A, Tak, uto |AA,|=
=|AA;|=|BC| (A, 6mixe x npamoi BC, uem A,).



Ananoruuno, Ha mpsMofi, nepneHaukyaspHoii AC u mpo-
xonsnue#l uepes B, B3ATHl Touku B; W B, Tak, urto
|BB,|=|BB;|=| AC|. Ookasarb, uTec oTpe3ku A;B, u
AyB; paBHBI MO JJIMHE H B3aHMHO MEPrEHIHKYJAPHHL.

162. Ilokasarb, YTO CepemMHBI CTOPOH TPEYTOJbHHKA,
OCHOB@HHS BBICOT M CEepeluHBl OTPE3KOB BBICOT OT BEPIIHH
JI0 TOMKH HX IepeceyeHHs JiexaT Ha OJHOH CKPYKHOCTH —
«OKPYKHOCTH JIEBAITH TOueK» (Jilsep).

163. Tlyctb H —Touka mepeceyeHHs BLICOT TPEYroJib-
Huka, D — cepemnna kakoii-mm6o croponsl, K —onna u3
Toyek nepeceyenus mnpsmo HD c omucaHHOH OKpy-
Hocteto (D —wmexay H u K). okasars, uto D — cepe-
auHa ortpeska HK.

164. TTycte M — TouKa mepeceueHHs MeIHaH TPEYTroJb-
Huga, E —ocHOBaHWe Kakoi-mH60 BHICOTH, F —onHa wu3
Touek mepeceueHust npsiMolt ME ¢ onucaHHO# OKPYKHOCTBIO
(M —wmexny E u F). Hokasats, uto |FM|= 2|EM|.

B 3apauax 165—168 a, b u ¢ 0603HauaIOT AJIHHbI CTO-
POH TPeyroJIbHHKa, p — NoJaynepuMeTp, R — pamuyc onucan-
HOTO Kpyra, r— pajuyc BIHCAaHHOTO KpyTa.

165. Jlckasarh ciefyiouiee CCOTHOLUEHHE:

a?+b%+- ¢ =2p*— 2r2 — 8Rr.

166. IlokaszaTth, 4TO KBaApaT pACCTOSTHHA MEeXAY

IEHTPOM TS2KeCTH H IIEHTPOM ONMHMCAHHOIO KPyra TPeyroJn-
9o  a24-b24c?
HUKa paBeH R®———(F——

S

167. Joxa3aTh, YTO KBaJApaT PACCTOSHUSA MEK Y LEHTPOM
TSXKECTH TPEeYroJbHUKAa H [EHTPOM BIHCAHHOTO Kpyra
1
paBer -5 (p*+ 5r* — 16Rr).
168. Ilyctb d — paccTosiHne Mex 1y IEHTPAMH BOHCAHHOM
M ONMHCAHHOH OKPYXKHOCTell TpeyrosbHiKa. JloKasaTb, uyTO
d?=R?—2Rr (diixep).

169. [okasaTbh, YTO OKPYKHOCTb JE€BSATH TOYEK (CM.
sagauy 162) xacaercsi BIMUCAaHHOH B TPeyrOJbHHK OKPYK-
nocru (Pedepbax).

§ 3. I'eomerpuueckne mecra Touek. IpuHan-
JEXKHOCTb TOYEK NPSAMBIM H OKPYXHOCTAM

170. Tanst age Touku A u B. [lokasatb, 4To
MHOXKecTBO ToueK M Ttakux, uto | AM|>—|MBE=Fk (rpe
k—nanHoe 4uC/I0), €CTh NpaMas, nepneHAHKyaspuas AB.
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171. TlycTh paccrosHust OT HeKoTopolt ToukH M Lo
sepun A, B u C tpeyronbHuka ABC BbipaXaloTcs yHc-
Jamu a, b u c¢. Jlokasatk, 4To M npH KakoM ds=0 Hu
JJis1 OFHOH TOUKH IJIOCKGCTH PacCTOANHA [0 BEPIIH B TOM

ke nopsake He MOTYT Bhipaxarbcsi uHcaamd ) a®4-d,
Vbr+d, Ver4d.

172. [okasaTe, 4To JJ1fl TOTO, YTOGH! NepNeH UK YJIApHI,
onyuieHHsle U3 Touek A;, B;, C; Ha cropousl BC, CA u
AB tpeyronbhuka ABC, mepecekanuch B OAHOH TOuke,
HEO6XOAMMO U JOCTATOYHO, YTOOKI

| A;B* — | BCi ]+ |CL A} —| ABy [P +| BiC P — [CA; =0,

173. JIoka3aTb, YTO €CJIM NePHEeHUKY s PEL, ONYyIIEHHEIE
n3 Touek A, By, CyHa npamele BC, CA u AB cootBet-
CIBEHHO, MEepPeceKaoTcst B OJHOH TOYKe, TO U NMEPNEeHIUKY-
Jspbl, onyileHHbe u3 Touek A, B u C Ha npsivee B,Cj,
CiA; u A;B;, Takxe nepecekaloTcs B OJHOH TOUKe.

174. dan vetnipexyronsuuk ABCD. Iyctb Ay, BynC; —
TOUKH [IepeceyeHHst BHICOT TpeyroabHuKoB BCD, ACD
u ABD. [loka3aTh, YTO NEpNEHAMKY/SPH, OMYLIEHHbIE 13
A, B u C na npsambie ByCy, C;A; u AyB; COOTBETCTBEHHO,
mepecekaioTCsl B OHOH TOuKe.

175. Jlanu e Touku A u B. JloKasaTh, YTO MHOXKe-
c1B0 ToueK M TakuX, uto k| AM24-1|BM*=d (k, I, d —
JIaHHBIe yucha, k4=~ 0), ecTb WM OKPYKHOCTD C LEHTPOM
Ha npsMolt AB, M TOYKa, WJIH MyCTOE MHOXKECTBO.

176. Ilycre Ay, A,,...,A, — QUKCHpOBaHHBIE TOYKH, K,
ks, ..., Ry — NaHHBEIE unucaa. Torja MHOMXKECTBOM Touek M
TaKHX, 4T0o cyMMa Ry | AAM 24 ky| AsM > +... - kn | AnM |?
MOCTOSIHHA, GynerT:

a) OKPYXXHOCTb, TOYKA WM MYCTOe MHOXECTBO, eCJ/U
ky+ky+... 4+ k=05

6) npAMas WM BCA IJIOCKOCTb, €CaH Ryt ky+... -
+k,=0.

177. Haubl okpyxHocTh M Touka A Bue ee. Ilycrs
OKPYKHOCTb, Npoxoxswas uepes A, KacaeTcs JaHHOH
B IPOH3BOJILHOH TOUKE B, a KacaTenbHble K Heil, IpOBeJieH-
HHe yepes ToukH A u B, mnepecekaiorcsi B Touke M.
Halitu mMHoxKecTBO TOuek M. .

178. Haubl nBe Toukn A u B. Hafitu MHOXecTBO

‘ |AM |
ToueK M Takux, uTO Wl—-k;ﬁl.

179. Tpu Touku A, B u C pacnosioxxeHbl Ha ONHON
npsMoli (B—wmexay A u C). BosbMeM npoH3BOJIbHYIO
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OKPYKHOCTb C LEHTPOM B B 1 o6o3Hauum yepes M Touky
nepeceyeHUsi KacaTesbHbIX, npoBeneHHbIX H3 A u C K 3T0i
okpyxHocTH. Hafitu MHOxecTBO Touek M Takux, uTO
ToukH Kacauus AM u CM c oKpyXKHOCTbIO JIeXaT BHYTPU
orpeskoB AM u CM.

180. Jlauel nBe OoKpy:xHOCTH. HaliTH MHOMXKeCTBO TakKux
Touek M, YTO OTHOLIEHHUE JIHH KacaTeNbHbIX, POBEAEHHbBIX
3 M X NaHHEIM OKDYXXHOCTSIM, PaBHO NOCTOSIHHOH Besn-
yuHe R.

181. Ilycts npsiMas nepecekaeT OAHY OKPYIKHOCTb
B Toykax A u B, a npyryio —B Toukax C u D. [[okasars,
YTO TOUKH MEPEceuyeHHs KacaTeNbHBIX K IMepBOH OKpPYKHO-
CTH, NPOBEJEHHHX B TOouKax A u B, c KacatenbHbIMH,
NpOBEJCHHBIMUA KO BTOPOH OKpY:KHOCTH B Toukax C u D
(paccMaTpHBalOTCSi TOYKH, B KOTODEIX ME€pECceKaloTCs Kaca-
TeJIbHbIE K pa3HbIM OKPYXKHOCTSIM), JeXaT Ha OJHOH
OKDYXXHOCTH, LUEHTP KOTOpPO# JIEXHT Ha NPSAMO#, Npoxoas-
WeH yepes LEHTPH JAaHHBIX OKPYKHOCTEH.

182. BosbMeM TpH OKpYKHOCTH, KaXHas M3 KOTOPHIX
KacaeTcsl ONHOH CTOPOHBI TpPEeyroJbHHKA H MPOAO/KEeHMH
IBYX HPYTHX CTOpOH. JloKasaTh, 4TO NEepPNeHIHKYJAPHI,
BOCCTABJIEHHBIE K CTOPOHaM TPeyroJibHHKa B TOUKAaX Kaca-
HHA 3THX OKPYXKHOCTeH, mepecekaloTcsi B OIHOH TOYKe.

183. Han  tpeyronsnuk  ABC.  Paccmorpum
BCEBO3MOXHBIE mapbl Touek M; W M, TakHx, uTO
|AMy|:|BMy|:|CMy|=|AM,|:|BM,|:|CM,]|. Joka3ats,
yTo Bee npameie M;M, mnpoxoasT uepe3 GUKCHPOBaHHYIO
TOYKY MJIOCKOCTH.

184. Paccrosnus or Toukd M no BepiuuH A, B u C
TPEeYroJibHHKa paBHbI COOTBETCTBEHHO 1, 2H 3, a OT TOUKH

M,—3, V'15, 5. Ioxasats, uTO npsamas MM, npoxoaur
yepe3 LUEHTP Kpyra, OMNHCAHHOTO OKOJO TPEYroJb-
HMKa.

185. Ilycre A,, B, C; — 0cHOBaHHS NEPIEHAUKYSPOB,
onymweHHHX H3 BepumH A, B u C tpeyronbuunka ABC
Ha npamyto /. Jlokasath, 4TO meprneHAHKYJApbl, ONYLIEH-
uble u3 A;, By, C; coorBercreenHo ua BC, CA u AB,
nepecekaioTcs B OAHOH TOuKe.

186. [lan npaBuibHbIA TpeyronbHHK ABC H npou3BoJib-
Hast touka D; Ay, By u Cy — UEHTPHI OKPYXKHOCTEH, BMHU-
caHHBIX B Tpeyroabhuku BCD, ACD u ABD. [okasars,
YTO MEPNEeHIHKYIApH, onylleHHble u3 Bepuwnd A, B u C
ua B,C,, CiA; u A;B;, COOTBETCTBEHHO, MEPECEKAIOTCA
B OLHOH TOuYKe.
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187. JlaHE! TpH MOTAPHO MePeCceKaloULHeCT OKPYKHOCTH.
JIlokasaTb, YTO TpH OOLGME XOPABI 3THX OKPYXHOCTeH
NPOXONAT Yepe3 ONHY TOUKY.

188. Ha npsmeix AB u AC Bastel Toukn M u N
COOTBETCTBEHHO. [[0Ka3aTh, 4yTO 06L1as XOpAa ABYX OKPYXK-
Hoctedl ¢ guamerpamu CM u BN npoXomut uepe3 TOUKY
nepeceuenus Bricor A ABC.

189. Ha mnuockocTH HaHa OKPYXHOCTh M Touka N.
[Mycts AB — npousBoJibHas XOpa OKPYKHOCTH. O603HaYUM
yepes M Touky nepecedenusi npsiMoi AB u KacaTenbHOH
B Touke N K OKpYKHOCTH, omucaHHOH oxomo /\ ABN.

" HafiTu MHOXecTBO Touek M.

190. Buytpun okpyxkHoctd B3sita Touka A. Hafitu
MHOKECTBO TOUEK MEepECEYeHUsT KacaTeNbHBIX, MPOBEJEHHBIX
K OKDYXHOCTH B KOHIAX BCEBO3MOXHBIX XOpJA, [POXO-
IAIKX Yepe3 TOUKYy A.

191. PaccMoTpuM mNpoHM3BOJBbHEIA TpeyronbHUR ABC.
Iycrs A;, By, Cy—Tpu Toukn Ha mpsMuix BC, CAu AB
COOTBETCTBEHHO. BBejem cJjepyiolye o603HAYEHHSA:

R —lACL  |BA| |CB|
GBI " TACT * TBA[’

R* = sin @ sin B/A/Tl sin C/BE
= — — P
sinC,CB  sin A,AC  sin B,BA

JokasaTth, 4T0 R = R*.

192, Teopema YeBH. [asa Toro 4to6bl HpsMble
AA,, BB,;, CC, nepecekanuce B onHOH Touke (WIH Bce
TpH GBLUIH TMapaje/bHbIMH), HEOGXOAUMO W HOCTaTOYHO,
uyto6el R=1 (cM. sanauy 191) u mpu sToM H3 Tpex Touek
A,, B;, C, HeueTHOe uyHcIO (T. €. ONHA WJIH BCE TPH)
JIeXKaJlo Ha CTOPOHAX TPeYroJbHHKA, a He Ha NpojoJKe-
HHSIX CTOpOH.

193. Teopema Menenas. [aa Toro uToGhl TOYKH
A,, B,, C, 7nexamu Ha ojHOf mnpsamolN, HeOGXOXAHMO H
JOCTaTO4HO, 4To6B R=1 (cM. 3amauy 191) u npu atom
u3 Tpex Touek A;, B;, C; ueTHoe uucao (T. €. HyJb
HJIM JBE) TOYEK JIeXKaJo Ha CTOPOHAX TPeyroJbHHKa, a
He Ha UX NPONO/DKEHHSAX.

194. [lokasaTe, 4YTO €CJHH TpPH npsMbe, I[1POXOASIIHE
yepe3 BepUIMHBI TPEYroJibHHKA, IepeceKkarTcsd B ORHOH
TOYKe, TO H MpAMbIE, HM CHMMETPHUHBIE OTHOCHTENBLHO
COOTBETCTBY!OLUIUX GHCCEKTPHUC TPeyroJibHKHKA, TAaK:Ke nepe-
CEKaloTCst B OMIIOH TOYKE HJIM HapasJesibHbl.
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195. Ilycte O — mpousBosibHasi TOuKa INJIOCKOCTH, M
H N — OCHOBaHHS NepleHAHKYJSPOB, ONMYIEHHHX H3 TOY-
Ku O Ha GHCCEKTPHCHl BHYTPEHHEro W' BHEIUHero yria A
AABC, P u Q aHajoruuHo ompeneneHsl mis yraa B, R
u T—npna yraa C. Hdokasars, yto npambie MN, PQ u
RT nepecexkaioTcsi B OZHOM TOUKE WJM NapaJiiebHHL.

196. Hdaun TpeyronbHik ABC. Ha paguycax BOHCanHOH
OKDYKHOCTH, IIPOBEJECHHBIX B TOYKH KacaHU, B3ATHI TOUKH,
HaxoisllMeCsi Ha pPaBHBIX pacCTOSIHHSX OT ee ILEeHTpa;
3TH TOYKH COCAUHEHE! C NPOTUBOMOJIOKHBIMK BepILIHHAMH.
JloxasaTh, 4TO MOJIYYMBLIHECS TPH MpSIMbIe MepeceKaloTcs
B OJHOH TOuKe,

197. [Ina Toro uytobwl puaroHaau AD, BE wu CF
BIIMCAHHOIO B OKPYXKHOCTb IuecruyrosbHuka ABCDEF
[iepeceKaliucb B OAHOH TOYKe, HEOGXOAHMO H JIOCTAaTOYHO,
yTOObl  BBINOJHAJIOCL paseHcTBo | AB|-|CD|-|EF|=
=|BC|-|DE|-|FA|.

198. Ilycts u3 ToukH A, B3ATOi BHE OKpPYXHOCTH,
NpoBeeHEl K OKPYXKHOCTH JBe Kacarejbubie AM u AN
(M n N —ToukH KacaHusd) u ABE CeKyilue, H NycTb P u
Q — TOYKH MEpeceyeHHs OKPYKHOCTH C NMEepBOH CeKylieH,
a K u L —co Bropo#t. [okasare, uto npsamsie PK, QL
u MN nepecekaioTcss B OJHOH TOYKe HJIM MapaJulesbHbL.

[onyunts oTCloAa cnoco6 mOCTPOEHHS € MNOMOLLbIO
ORHCH JIMHEAKH KacaTe/IbHOH K JaHHOH OKPYXHOCTH, IPOX0-+
Iduedl yepes ZaHHYIO TOYKY.

199. Hokasartb, uro:

a) GHCCEKTPHCHI BHEIUHHX YIJIOB TPeyroJibHHKa Mepe-
CEKaIOT MPOXOJIKEHHA [IPOTHBOTIONOKHBIX CTOPOH TPEYroJib-
HHKAa B TPEX TOUYKaX, pPAacNoJIOXEHHBIX Ha OLHOH pAMOH;

6} kacateqbHBHIE K ONHCAHHOM OKOJMO TPeyroJbHUKa
OKPYKHOCTH B BEpLIHHAX TPeyroJbHHKa IePEeceKaioT ero
NPOTHEOICJIOXKHBIE CTOPOHBL B TpPeX TOUKaX, PAaCHOJIOXKEH-
HbIX Ha OfHOH mNpsMoOH.

200. OKpY:XKHOCTL MepecekaeT CTOpoHYy AB TpeyroJb-
nika ABC B toukax C; u C,, cropony CA —B Toukax B,
u B,, ctopony BC —B Toukax A; u A,. Jlokasars, 4rto
ecan ‘npsmble AA;, BB; u CC, mnepecekaioTcd B OUHOH
TOYKe, TO U npsmele AA,, BB, u CC, TaKkXke Iepecekaiorcs
B OJHOH TOYKe,

201. Ha croponax AB, BC u CA tpeyroabnuka ABC
83aThl T04kH C;, A; u B,. Ilycte C; — TOUKa nepeceyenus
npsameix AB uH A;B;, A, —TouKa mnepecedeHus Mnps-
mbix BC u B;Cy, B;—t0uka nepeceueHus npamux AC
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n A,C,. Joxasats, urto ecnn npamue AA,, BB, n CC,
nepecekaloTcs B OJHOH TOuKe, TO TOUKH A,;, B, u Cg
JleaT Ha OJHOH npsAMOH.

202. INpsimasi nepecekaer ctroponst AB, BC u npogod-
xeHue cropoHsl AC tpeyroabuuka ABC B Toukax D, E
u F. Jlokasarb, uyTo cepennnsl orpeskos DC, AE u BF
Jexar Ha ofHo# npamoi (npamas Iaycca).

203. Hau Tpeyroabuuk ABC. OnpenennM Ha CTOpOHe
BC Touky A, cnepyrouum o6pasom: A; — cepefrHa CTOPOHBI
KL npaBuibHOro mnstuyroipHuka MKLNP, y Kotoporo
pepimnHbl K u L sexar Ha BC, a BepwnHel M u N —Ha
AB u AC. AnanornunbiM oGpasoM Ha ctopoHax AB u AC
onpenenennl Touku C; u By. Iokasarb, yto nmpsivele AA;,
BB, u CC, nepecekanTcs B OIHOH TOUYKe.

204. Yepes ¢ukcHpOBaHHYIO TOYKY A BHYTPH OKPYK-
HOCTH TMPOBEJIEHbl JBE NpPOM3BOJbHBEIE XopAn PQ u KL.
Hafitu MHOXecTBO Touek mnepeceuenus mpsaMmeix PK u QL.

205. A, B v C— Tpu paHHBIe TOYKHM Ha npsmoi. D —
NpoU3BOJIbHAA TOYKAa MJIOCKOCTH, He Jexaulas Ha 3TOH
npsimoi. Tlposexem uyepes C npsiMele, mapaisenbnbie AD
1 BD, po nmepeceuenuss ¢ npsmeimi BD u AD B
Toukax P u Q. HaliTh MHOXKeCTBO OCHOBaHHI meprneHau-
KyJaspoB M, onyumenHeix us C Ha PQ.

Ha#itu Bce Touku D, pna kKotopblx M — ¢puKCHpO-
BaHHas TOYKa.

206. Ha cropone AC tpeyro/ipHuka ABC B3ATa TOYKa
K, a na meguane BD —rtouka P Tak, 4TO IVIOULaib Tpey-
ronbHika APK paBHa miomaaun tpeyroibHuka BPC,
Haiitn MHOXeCTBO Touek mepecedyenns npsamuix AP u BK.

207. Yepes pnannyio Touky O BHYTPH NAHHOI'O YrJa
NPOXGHAT ABa Jyua, obpasyiouiye AaHEbIH yroda o. ITycte
ONMH JIy4d TepecekaeT OIHY CTOPOHY yrsa B Touke A, a
IpYro#l JIyy nepeceKaeTr APYrylo CTOPOHY yrJa B Touke B.
Hafitn MHOXeCTBO OCHOBaHHH NEPIEHAHKYJISPOB, ONYIIEH-
HeIX u3 O Ha npamyio AB.

208. B oxpyxHOCTH TpOBENeHH JBA B3aUMHO MepreH-
aukynspueix nuamerpa AC n BD. Tlycrb P — nponsBoiib-
Has TOYKa OKpyxKHocTH, PA nepecekaer BD B Touke E.
[Mpsmas, npoxonamas uepes E napamiensHo AC, nepe-
cekaercsa ¢ npaMofi PB B Touke M. Ha#ith MHOMKECTBO
Touek M.

209. Jdau yroJs, BeplIHHA KOTOPOro —B TodKe A, H
touka B. IlponsBosibHas OKPYKHOCTb, NPOXOAsILAs Yyepes
A u B, nepecekaer cTOpOHEI yria B Toykax C u D (oTIHYHBIX
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or A). HaliTH MHOXKECTBO LEHTPOB THAKECTH TPEYrOJbHH-
ko ACD,

210. Oana BeplIMHa MOPSMOYTOJNbHHKA HAaXOAUTCH B
JlaHHOM TOYKe, JBE [ApYyrHe, He MNpHHaJ/eXKalue OXHOH
CTOPOHE, —Ha JABYX 3alaHHbIX B3aUMHO NEpHEHIHKYJsp-
HBIX npaMbIX. HaATH MHOXKECTBO YeTBepPTHIX BEPLIMH TaKHX
NpAMOYTOJIbHHKOB.

211. Ilyetb A —opHa ©3 J[BYX TOYEK. NepeceyeHus
ABYX NaHHBIX OKDYXKHOCTEH; depes APYTyIO TOYKY mepe-
CeYyeHHs NPOBENeHa NPOU3BOJIbHASA NPsMasi, NepeceKamas
OJHY OKPYXHOCTB B TOouyke B, a gpyryio—B Touke C,
OTVIHYHBIX OT OOMHUX TOYEeK 3THX OKpYyxKHocTel. Haiitu
MHOXECTBO: a) LEHTPOB OKPYXKHOCTeH, ONMHCAHHBIX OKOJIO
ABC; 6) uentpoB Ts:kecTefl TpeyroJbHika ABC; B) T0uek
nepecedeHus BhICOT Tpeyroasuuka ABC.

212. Tlycte B u C — 1Be QUKCHpOBAHHBIE TOYKH NaH-
HOH OKDYXXHOCTH, A — nepeMeHHasi TOYKa 3TOH Ke OKPYXK-
HocTH. HaliTH MHOXECTBO OCHOBaHuM NepreHIHKYJ/ISIpoB,
onmylleHHb X H3 cepeaunnl AB Ha AC.

213. HaliTH MHXKO0€CTBO TOYEK NepeceyeHHs AuaroHanelt
NpsIMOYTOJIbHHKOB, CTOPOHBI KOTOPHIX (HJIH HX NPOAOJIKE-
HHS) TIPOXOAAT 4Yepe3 4YeTHIpe AAHHBIE TOYKH MJIOCKOCTH.

214. lanbl nBa Kpyra, Kacaiomuecsi APYyr Apyra us-
HyTpH B Touke A. KacatesnbHasi K MeHblueMy Kpyry nepe-
cexaer GOMbLIYIO OKPYXHOCT B Toukax B u C. Haiitu
MHOXECTBO UEHTPOB OKPYKHOCTeH, BIHCAHHBIX B Tpey-
rosibHEKH ABC.

215. Hanbl yucaa o, B, y u k. Ilycts x, y, 2— pac-
CTOSIHMS OT TOUKH M BHYTpH TPeyroibHHKa [0 €0 CTOPOH.
JlokasaTb, uTO MHOKeCTBO Touek M Takux, uto ax- Py--
+yz=~Fk, wmi nycro, Wid OTpPe30K, WJIH COBIAjaeT CoO
MHOXKECTBOM BCE€X TOUYEK TpeyroJIbHHKA.

216. Hafith MHOMXecTBO TOYEK M, pacrosOXeHHBIX
BHYTPH NAHHOTO TPeyrosbHHKa M TaKHX, YTO PAcCTOSHHA OT
M [0 CTOPOH HR4HHOrO TpPEYyroJibHHKa paBHBI CTOPOHaM
HEKOTOPOrO TPEYTOJNbHHKA.

217. JlokasaTb, YTO €CJH CYIUECTBYET OKPYKHOCTb,
kacatowasacs npameix AB, BC, CD u DA, To ee ueHTp H
cepenunbl AC u BD nexar Ha oIHOH mpsMOH,

218. [launl 1Be nepecekaiomuecs oKpyxHoctH. Haiditu
MHOKECTBO UEHTPOB MPSMOYTOJLHHKOB C BeplIHHAaMH Ha
3THX OKPYHOCTAX.

219. Buytpu kpyraoro Gu/umapia B Touke A, oTJHu-
HOHM OT LeHTpa, JIeXHT ynpyrufi 1lapuk, pasMepaMH KOTO-
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poro MOXHO mnpeHeOpeus. Yka3arthb Bce ToukH A, u3
KOTOPHIX MOXKHO TaK HaNpdBHTb 5TOT 1IApHK. 4TOGB! OH,
MHHYsi LeuTp OnanMapia, nocie Tpex oTpaxeHmit ot rpa-
HHIBI OONan B TOYKY A.

220. Yepes TOYKY, JeXKAUyl0 HA PABHOM PaCCTOAHMH
OT [BYX JaHHLIX NapaJjesbHbX NpAMBIX, [pOBENEHa Nps-
Masi, nepecekaiollasi 3TH HpsMeie B Toukax M u N.
Haiity MHOXecTBO BepiuHH P paBHOCTODOHHHX TpPEYroJib-
HuKoB MNP.

221, Haunl ase Toukn A u B u npsavas [. Hafimn
MHOMKECTBO UEHTPOB OKPYXHOCTEH, MNpPOXOAAIMX uepes
A u B u nepecekaiomux npsamyioo [.

222. aubl ase touku O u M.

a) OnpemejuTb MHOXKECTBO TaKHX TOYEK MJOCKOCTH,
KOTOpble MOTYT CAYXHTB OJIHOH M3 BEpIHH TpeyroJbHHKA
C ILEHTPOM ONHCAHHOFO Kpyra B Touke O H LEHTPOM TH-
MecTH B Touke M.

6) OnpenenuTs MHOMECTBO T4KHX TOUEK MJIOCKGCTH,
KOTOpble MOT'YT CJIYKHTb OfHOH M3 BEpUIMH TYMNOYFOJb-
HOTO TPeyroJbHUKa C LEHTPOM OMHCAHHOTO Kpyra B TOUKe
O u UEHTPOM TAKECTH B ToUke M.

223. B okpyXHOCTb BAHCaH MpPaBHJbHBIA TPEYrOJbHHK.
- Halith MHOXKECTBO TOMEK nepeceueHHs BHICOT BCEBO3MOX-
HBIX TPEYrONbHHKOB, BIUCAHHBIX B 3Ty XKe OKPYXHOCTD,
ABE CTOPOHBI KOTODHIX NapajjiesibHbl ABYM CTOpPOHaM JaH-
HOI'C NPaBHIBHOIO TPEYFOJbHHKA.

224. HafitTh MHOXKeCTBO LEHTPOB BCEBO3MOXKHHIX Nps-
MOYTOMBHHKGB, ONHCAaHHBIX OKOJC JaHHOTO TpeyroJb-
nuka. (Ilpsamoyrosbmnk OyneM HasbiBaTh OMUCAHHEIM,
ec/iH OfHA BEpIIHHA TpPEYroJbHHKA COBMAjaeT € BEpLUH-
HOH mNpsMOYrosbHHKa, 4 JBe JApyrHe JeXar Ha JBYX,
He COfiepXalux 3Tofi BeplHHBl, CTOPOHaX MNPAMOYroJb-
HHUKA.)

225. Jlausl ;Ba KBanpaTa ¢ COOTBETCTBEHHO napas-
JesibHbIME  ctopoHamu. OmpenefuTb MHOXKECTBO Touek M
TaKux, 4YTo A JmoGoi ToukH P wu3 nepsero KBaapaTta
Hafijercss Touka Q H3 BTOPOTO TaKas, YTO TpPeyroJbHHK
MPQ npaBunbHbiid. IlycTe cTopoHa nepBoro Ksaapara
a, Bropore b. Ilpy KakoM COOTHOLIEHUH MeXAYy & H b
HCKOMOE MHOXKECTBO HE NYCTO?

226. BHyTpH HaHHOrD TPEYroJbHHKA HafiTH BCe TakHe
TOYKH M, IJ1a Kaxnoil H3 KOTOpblX Asis JoGoi TOukH N,
JeXKalel Ha rpanule TPeYTroJbHHKA, MOXKHO HaHTH TaKyio
TOYKY P BHYTPH WJIM Ha €ro rpaHuue, 4To IVIOMaAb Tpey-
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rosbHHKa MNP He wMeHbiie 1/6 niowaiu RaHHOTO Tpey-
TOJIbHUKa.

227. Haun nse Toukn A u /. Halitu MHOXKeCTBO Touek
B takux, 4rto cymecrByeT TpeyrosbHuk ABC ¢ ueHTpom
BIIMCAHHOTO Kpyra B TOuKe /, BCe YIJbl KOTOPOTO MEHbIIe
a (60° <a << 90°).

228. Touku A, B u C pacrosioxeHbl Ha OJHOM NpAMO#
(B—wmexny A u C). HaliTu MuoxecTBO ToueK M TakuXx,

T TN
uro ctg AMB +ctg BMC=k.

229. Hann pee Toykn A u Q. Hailtu MHOXKecTBO
TOUeK B TaKkuX, UTO CYIIECTBYET OCTPOYTOJNbHBINA Tpeyros-
HHK ABC, nns KOTOpOro Q — LEHTP TSHIKECTH.

230. ane nBe Toukn A w H. HaliTH MHOXeCTBo ToO*
ek B TakuX, 4To cymectByeT TpeyroabHnk ABC, nns
kotoporo H — Touka mepeceyeHHs BBHICOT H BCE YIJIbI KO-
TOpOro GoJblue o (& << /4).

281. Ha niockoctu maus aa saysa. HaiiTu MHOMKecTBO
TOYEK MJIOCKOCTH, PaBHOYJANEeHHHIX OT 3THX ayue#t. (Pac-
CTOSIHME OT TOYKH 1O Jyya paBHO pacCTOSHMIO OT 3ToH
TOYKH J0 Ompkaiued K Hell TOUKH Jyua.)

232. Jloka3aTh, YTO WEHTP TSXKECTH TpPEYroJbHHKA,
TOYKA MEPECEYEeHUs] BLICOT M LEHTP OMHCAHHOrO Kpyra Je-
KaT Ha OIHOH npsamolk (npamas Jisrepa).

233. Jlokasarb, YTO OCHOBaHHS MEPHEHAHKYJSPOB, ONy-
[IEHHBIX H3 MPOH3BOJNBHOH TGUKH OKPYXKHOCTH, ONHMCAHHOMH
OROJIO TPeyrolbHHKAa, Ha CTOPOHB TPEYrolbHHKA, Jexar
Ha ofHo¥ npaMolt (npamas Cumcona).

234. JlokasaTb, 4To yron Mexnay npsMbiMu CHMCOHa,
COOTBETCTBYIOUIHMH ABYM TOUKaM OKDYXXHOCTH, M3Mepsiercs
MOJIOBHHOM IYTH MEXAY 3THMHA TOYKaMH.

235. Ilycte H — TOuKa nepeceyeHHss BBICOT TPEYroJib-
HHKa, F —TMpoM3BOMbHAS TOYKA OMUCAHHOH OKPYXKHOCTH.
Hokasatb, uto npamass CuMcOHa, COOTBETCTBYMOLlasi ToY-
Ke F, MpoXoIuT uepe3 ONHY H3 TOYEK NEPECEUEHHS Mps-
moit FH ¢ OKpPYXHOCTBIO JIeBSTH ToYeK (cM. 3ajaun 162,
233).

236. [Hokasate, utc Ha npsMol JilJepa TpeyroJn-
uuka ABC cymecTByeT Takasi Touka P, 4TO pacCTOsIHHS
OT LEHTPOB TsxKecTH TpeyraobnukoB ABP, BCP, CAP
COOTBETCTBEHHO 10 BepumH C, A H B paBHH Mexny
cobo#t (cM. sajmauy 232).

237. ITycrb P — Takas Touka BHYTpH Tpeyrosbiuka A BC,
gyto yraist APB, BPC u CPA pasubl 120° (npeanonaraem,
yTo yrasl TpeyronbHuka ABC wmenpie 120°), Joxasarts,
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uto npsmble diinepa Tpeyronsuukos APB, BPC u CPA
nepecekaloTcsl B OJHOH Touke (cM. 3agauy 232).

238. B okpyxHOCTb BrucaH yeTbipexyroJsuuk ABCD.
[Tycte M —TouKka nepeceyeHHs! KacaTeJbHBIX K OKPYX-
Hoctn B Toukax A u C, N —Touka mepeceyenns Kacarelb-
HBIX, OpOBeleHHHX uyepe3 B u D, K — Touka mepeceuyeHus
Guccektpuc yrioB A u C ueTbIpeXyroJbHHKa, L — TOUKa
nepeceuenus OucceKTpuc yroB B u D. Jlokasatb, 4TO
€CJIM BBINOJIHAETCS OJHO W3 YTBepKAeHuil: a) M mpuHamie-
xut npamoit BD; 6) N npunapiexur npsmoii AC; B) K
nexutr Ha BD; 1) L nexutr ua AC, TO BHIIOJHSIOTCA
OCTaJIbHble TP YTBEPKAEHHS.

239. [lokasaTb, 4TO 4 mnpAMble, KaXAafd H3 KOTOPBIX
NPOXOJHT Yepe3 OCHOBAaHWA JBYX MeprneHAUKYJAsSPOB, Omy-
LIEHHBIX H3 BEpIIMHBI BIHCAHHOrO YETBIPEXYroJNbHHKA Ha
HE COfiepKalllie ee CTOPOHHLI, NepeceKaloTcs B OAHOH TOUKe.

240. AB 1 CD — pBe xopjpl OKpYyxKHOCTH; M — Touka
nepeceueHust MepHeHAHKYJSAPOB, BOCCTABJIEHHHIX K AB
B Touke A U K CD B Touke C; N —TouKa nepeceyeHHs
nepneHAHKYyaapoB, BoccTaBaeHHBIX K AB 1 CD B TOuKax
B u D. [oxkasarp, uyro npsmasa MN npoxomuT uepes TOUKY
nepeceuennss BC u AD.

241. Jlana OKpyXHOCTb S M KacaTeJbHas K Heil /.
ITycts N — Touka Kacanusi, NM — nuamerp. Ha npamoit NM
B3sita (ukcHpoBanHaa Touka A. PaccMOTpUM NPOH3BOJIb-
HYI0 OKDYKHOCTb, IPOXOASAULYIO uepe3 A, ¢ LEHTPOM Ha /.
IMyets C 1 D —TouKkH mepeceueHust 3TOH OKPYKHOCTH C /,
a P u Q—roukn mnepeceuenus npameix MC u MD ¢ S.
Jloxasatb, uTo XOpAb PQ npoxoasT uepe3 HHKCHPOBAHHYIO
TOYKY MJIOCKOCTH.

242. JlaHbl TpH TNOMApHO HeNepeceKalolUXCs Kpyra.
O6o3nauuM uepes A,, A,, A3 TpH TOUKH NepeceyeHHs obLux
BHYTPEHHIX KacaTe/lbHbIX K JOObIM ABYM M3 HUX, a yepes
B,, B,, B;—cOOTBETCTBYIOIHE TOUKH [EPECEUCHHS BHEI-
HHUX KacaTeJIbHBIX. JIOKa3aTk, 4TO 3TH TOUKH Pacno/aramTcs
Ha uyeThipeX MpAMBIX N0 TPH Ha KaxuaoH (4,, 4,, Bs; A,
B,, As; By, A,, Ay By, By, Bj).

243. [lnameTp CKPYMKHOCTH, BNHCAaHHOH B TpeyroJb-
HHK ABC, npoxoisIMH yepe3 TOUKY KacaHHsi CO CTOPO-
Ho#i BC, mepecekaeT XOpHy, COENMHSIOULYIO IBe ApYrHe
TOYKH KacaHHus, B Touke N. Hokasatb, uto AN peaut BC
1nonoJam.

244. B tpeyronbuuk ABC BnucaHa okpyXHOCTh. [TycTh
M—rtouKa KacaHHs OKPY2KHOCTH co cTopooit AC, MK—nua-
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merp. [pamas BK nepecekaer AC B touke N. [lokasats, uto
|AM|=|NC|.

245. B tpeyrosbuuk ABC BnucaHa OKpYXKHOCTb, M —
TOYKa KacaHHUsl OKPYXKHOCTH co cropoHoit BC, MK — nua-
Merp. Ilpamas AK nepecekaeT OKpYXKHOCTb B TOuKe P.
Jloxasatb, 4TO KacaTesibHasi K OKPY?KHOCTH B TOuke P Je-
JuT cTopoHy BC monogaw.

246. TIpsiMasa | KacaeTcst OKPYXKHOCTH B TOUKe A, mycTb
CD — XopZa OKpYKHOCTH, NapanienpHas [/, B — npou3BoJb-
Has Touka npsamod [. Ilpsmeie CB 1 DB BTOpHYHO Iepe-
CeKaloT OKpyxkHOCTh B Toukax L u K. [Jokasatb, 4TO Ips-
masi LK pennt orpesok AB momosam.

247. Jlanbl Ase nepecekawomuecs okpyxHocTH. ITycrs
A —opHa u3 Touek HX mnepeceveHus. V3 npousBoJbHO#
TOUKH, Jexalllefl Ha NMpooJRKeHHH oOuieH XOpxbl HNaHHBIX
OKpY2KHOCTeH, NpOBEeNeHbl K OJHOH H3 HHX JBE KacaTellb-
Hple, Kacawomuyecss ee B Toukax M u N. Ilycts, nanee,
P u Q — Toukn nepeceyenus (oTimyHeie ot A) npsameix MA
1 NA co BTOpo#t OKpyxHOCTbIO. [loKasaTb, YTO mpsAmas
MN nemwut orpesok PQ momojam.

248. Ha Bricore BD Tpeyrombuuka ABC kak Ha Jua-
METpe MOCTPOeHa OKPYKHOCTh, MepeceKalomas cToporsl AB
u BC B toukax K wu L. Ilpsmbie, KacatoliHecs OKpYyK-
noctd B Toukax K u L, mepecekarorca B Touke M. [lo-
Kasath, uto mpsmMas BM pemut cropony AC monoJam.

249. Tlpsmvas [ neprnenaukyasipHa oTpesky AB u mpo-
xomut uepe3 B. OKpyXHOCTb C LEHTPOM Ha ! mpoxoput
yepe3 A u mnepecexkaer / B Toukax C u D, KacaresbHbie
K OKpYyxHOCTH B Toukax A u C nepecexkaiorcsi B N. Jlo-
KasaTb, uro npsivasi DN pequt orpesok AB monoJawm.

250. Oxono A ABC omucana OKpyxHOCTb. [IlycTs
N — Touka mepecedyeHHsl KacaTeJqbHBIX K OKDYXKHOCTH, MpPO-
Xoaawux yepes Touykd B u C; M —Takas 104Ka OKpyX«
noctH, uto AM || BC, K — Touka nepeceuenns MN H OKpYyx-
nociu. Jokasare, uto KA nemur BC nonosam.

251. ITyctb A — npoekuus LEeHTpa JAHHOH OKPYKHOCTH
Ha npsamyio /. Ha stoii mpsivoit B3ATH ewle ABe TOuKH B
u C TaK, uto |AB|=|AC|. Uepe3 B u C nposejent ise
NPOH3BOJILHEIE CEKYIILHe, MEpPeCceKalomiHe OKPyKHOCTb B TOY-
kax P, Q u M, N coorserctBenno. IlycTb npsiveie NP
u MQ nepecexaor npamyio [ B Toukax R u S. Jlokasars,
uto |RA|=|AS]|.

252. Jlan nmoaykpyr c auamerpom AB. C —Touka Ha
noaykpyre, D — ocHOBaHHe NEPHEHAUKYAsPa, ONYLEHHOTO
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u3 C na AB. PaccMoTpuMm TpH OKPYKHOCTH: nepBas
OKPYKHOCTb, ¢ LeHTpoM O, Kacaetca ortpeskos AD, DC

N’
i ayru AC; Bropasi, ¢ ueHtpoM O,, KacaeTcsi OTpe3KOB

N
DB, DC u nyru BC; tperbs, ¢ uentpom O, BIHCaHa
B TpeyronsHuk ABC. Jlokasathk, 4t0 O3 COBIajaeT C cepe-
IuHo# otpeska 0,0,.

253. Ilycte ABCDEF — BruCaHHHI IIECTHYTOJIBHHK.
O6osnauum uepes K Touky mepecevennss AC wu BF,
a uepes L —rtouky nepeceyesus CE u FD. Jlokasarts,
yro puaroHamu AD, BE u npamaa KL nepecekaiorcs
B onHoi touke (ITackanp).

254. ABCD — BnHcaHHBI 4eTHIpeXyronabHUK. Ilepnen-
IMKyJasp K BA, BoccTaBieHHBIi B Touke A, nepeceKuer
npsamyio CD B Fouke M; mepnenaukynsp k DA, Boccra-
BJIEHHBIH B Touke A, nmepecekaer npsiMyio BC B Touke N.
Hoxkasarb, yto MN npoXoguT yepes LEHTp Kpyra.

255. Ha kaxpno#t cTopoHe TpeyrosibHHKa B3SITO MO
IBEe TOYKM TakuM o6pasoM, YTO Bce IIECTb OTPE3KOB,
COEJIMHSIOMHUX KaXIYI0 TOUKY C NPOTHUBONOJOXKHONR Bepiu-
HOM, paBHBI Mexay coGoff. JlokasaThb, 4TO CepeluHBbl 3THX
IIECTH OTPE3KOB JeXKaT Ha ONHOH OKPYKHOCTH.

256. B tpeyroanuuke ABC Ha ayyax AB u-CB orno-
keHut oTpeskH | AM|=|CN |=p, rie p— noaynepuMerp
TpeyrosbHuKa (B nexut mMexkny A u M u mexnay C u N).
ITycte K —T04Ka onHcanHOH okoso A\ABC OKpYXKHOCTH,
IMaMeTpasibHO NpoTHBONONOXKHAsA B. JlokasaTh, uTO mep-
NeHAUKYJAp, ONnylueHHuH M3 K Ha MN, mpoxoput uepes
LEHTP BIHCAHHOH OKPYXKHOCTH.

257. M3 HCKOTOpOH TOYKH OKPYKHOCTH, ONHCAHHOM
OKOJI0 PaBHOCTOPOHHero TpeyronbHuka ABC, mnpoBejeHb!
npsivele, napannensisle BC, CA u AB u mnepecekarolye
CA, AB u BC B Toukax M, N u Q. Hokasath, yro M,
N 1 Q nexar Ha OfHOH NpSAMO.

258. Touku A u A,;, B u By, C u C, cHMMeTpuuHbI
OTHOCHTeNbHO NpsiMOii [, N— npousBospbHasi Touka Ha [.
Iokasatb, uto npsivele AN, BN, CN nepecexkaioT cooT-
BeTcTBeHHO npsimbie B,C;, A,C,, A,B; B Tpex TouKax,
PAcIOJIOKEHHBIX Ha OJHOH mpsmoi.

259. Uepes TOUKY NEPECEYEHHS BHICOT TPEYTOJbHHKE
NpoBeJieHbl J1Be B3aHMHO MepNEeHAUKYJApPHbIE MpsMBIe.
Jlokasatb, 4YTO cepelMHBI OTPE3KOB, BBHICEKAEMBIX 3THMH
NpsMBIMM Ha CTOPOHAX TPeYroNbHHKa (Ha NPAMBIX, o6pa-
SYIOIMX TPeYroJbHHK), JieXKaT Ha OJHOH NPAMOH,
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260. Iloxasarb, 4TO TpH NpsSMBIE, CHMMETPHUHBIE TPOH3-
BOJIbHOH NPSIMOHM, MPOXoJAMIell yepe3 TOYKY NEpeceyeHus
BHICOT TPEYroNIbHHKA, OTHOCHTEJIBHO CTOPOH TPeYroJbHHKA,
nepeceKkarTcss B OJHOH TOUKe.

261. JlaHel gBa paBHHIX Hemepecekaroluxcs Kpyra.
Ha 1Byx ofmmx BHYTpPeHHMX KacaTeabHbIX OGepem JBe
Ipou3BOJBHEIE TOUKH F u F’'. M3 ofenx To4eKk K KaxKIoMy
Kpyry MOMHO MpOBECTH ellle MO0 OXHOH KacaTeJbHOH.
IMycrb KacatTenbHble, nposeleHHble H3 Touek F u F'
K OIHOMY KpYTy, BCTpeuaiotcsi B Touke A, K apyromy -
B Touke B. TpeGyercs nokasath, 4TO:

1) npamas AB napannenbHa npsAMOH, COEMHHSIOLLEH
LeHTPhl KPYroB (B cCJyyae HepaBHBIX KPYTOB MPOXOAMT
yepe3 TOYKY NepeceueHHsl BHEIUHHX KacaTeJ/IbHbIX);

2) npsMasi, coeauHsiouwas cepeaunst FF' n AB, npo-
XOIHT 4Yepe3 cepelHHY OTpe3Ka, COENHHSIOUIEr0 LEHTPhI
JAaHHBIX KPYTOB.

(dra 3agnavya Oblja mpenjioxeHa YUTaTeNsAM KypHaJja
«BecTHHK ONBITHOH (M3HKH ¥ 3JIeMEHTAapHOH MaTeMaTHKH»
npogdeccopom B. EpmakoBbiM. )KypHan 3TOT H3AaBaJjCH
B Poccun B mpoiuiom Bexke. 3afaua Obl1a onyOJHMKOBaHa
B 14 (2)-M HOomepe xypHana 3a 1887 r. 3a pemwenue
3ajayn yuTaTeNAaM Obula ofellaHa MpeMus — JMTepaTypa
[0 MareMaTHKe.)

262. Haun tpeyronsuuk ABC; AA,, BB; n CC,—ero
phicoThl. JloKasaTh, yto mnpsmeie SfJepa TPeyrosLHHKOB
AB,C,, A,BC,, A,B,C nepecekaiotca B Takoi Touke P
OKPYXHOCTH AEBSITH TOYeK, AJIA KOTOPOH ONMH M3 OTpes-
koB PA,, PB,, PC, paBeH cymMe IBYX APYFHX OTPE3KOB
(Victor Thebault, American Mathematical Monthly;
cMm. sajaun 162, 232).

§ 4. TeoMeTpHueckne HepaBeHCTBA M 3ajauH
Ha MaKCHMyM-MHHHMYyM

263. IlokasaTb, uTo ecad B TpeyrojabHuke ABC yroa B
. AC A 1 2
TYNo# H |AB|==l 5 l, TO C>?A.

264. JokasaTb, YTO OKPYKHOCTH, ONHCAHHAs OKOJIO
TPEYro/JbHHKA, HE MOXKET MPOXOAMTH Yepe3 LEHTDP BHEBIH-
caHHOH OKPYKHOCTH. (BHeBNHCaHHAs1 OKPYKHOCTb Kacaercs
CTODOHH TpPeYroJbHHKAa M MPOLOJIKEHHI LBYX JApYrux
cTropoH. Jlns  Kaxzgoro  TpeyroJibHHKa  CyLiecTBYeT
TPU BHEBMHCAHHBIX OKPYXKHOCTH.)
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265. B TpeyronmbHUKe U3 BepilHHL A BHIXONAT MEAHaHa,
GiiccekTpuca u Boicora. Kakoit yroa 6Gosblue: Mexay
MeMaHOH H GHCCEKTPHCOH HIH MeX1y OHCCEKTPHCOR H
BBICOTOH, ecan yroan A paBeH a?

266. [doxasaTb, YTO ecsaH MeJuaHhl, HPOBEIEHHBIE H3
BepwmH B u C Tpeyronbhuka ABC, nepneHiHKYJSPHB,
To ctg B+4-ctgCz=2/3.

267. Iau tpeyrombuuk ABC, | AB|<<|BC|. dokasars,
YTO ANSi POM3BOJILHOH TOUKH M Ha MeiuaHe, MpOBEIEHHOMH

— e
u3 BepumHel B, BAM > BCM.

268. Vi3 BHemHe#t TOUKH A K OKpPYIKHOCTH NPOBEJEHHI
nBe xacateibHble AB u AC, u cepemusnl nx D u E coenu-
Hedbl npsamoii DE. JlokasaTh, 4yTO 3Ta NpsMas He Iepe-
CeKaeT OKDYMXHOCTb.

269. JlokasaTb, uTO ecaqM MpsiMaf He TepeceKaeT
OKPYKHOCTb, TO IJ1 JIOOBIX ABYX TOYEK NPSMOH paccros-
HHE MeXJly HHMH 3aKJIOUeHO MeXIY CYMMOH M pasHOCThIO
LJIUH KacaTelbHbIX, NPOBeJeHHBbIX B3 3THX TOYEK K OKDPYXK-
HoctH. [lokasate oGparHoe yTBepKIeHHe: eCliM AJIA KaKuX-
TO ABYX TOYeK NpSMOH Hallle yTBepxKieliHe He BHINOJ-
HfleTcs, TO NpsiMasi NepeceKaeT OKpPYKHOCTb.

270. B tpeyrombuuke ABC yrabl CBSI3aHbl COOTHOLIE-

HueM 3A —C <<zm. Yron B pasjelleH Ha 4YeThpe paBHHIE
YaCcTH NPSIMEIMH, Hepecekaromwnmu cropory AC. [Jokasars,
YTC TPeTHHl U3 OTPe3KCB, Ha KOTOPLIe pasjeseHa CTo-
pona AC, cuuras or BepwuHbl A, menbue | AC|/4.

271. Ilycrs a, b, ¢, d—QJuHBL TIOC/IENOBATENbHBIX
CTOPOH YeThlpexyroJibHuka. Jlokasatb, Y10 ecau S —ero
niowane, T0 S<<(ac+ bd)/2, npuyeM paBeHCTBO HMeeT
MeCTO TOJBKO [Js BIHCAHHOIO YeTHIpeXYroJbHHKAa, NUAro-
Ha/lH KOTOPOI'O NepHeHIHKYASIpPHEL.

272. Jloxas3aTb, 4YTO €CJW JJIMHBI GHCCEKTPUC TPeyroJb-
HHKa MeHblle 1, To ero mJomagb MeHblle 1/3 /3.

273. okasath, uto TpeyronbHuk ABC G6yper octpo-
YTGABHEIM, [pSAMOYTOJbHEIM HJIH TYIOYTOJNbHEIM B 3aBHCH-
MOCTH OT TOro, OyneT JH BhIpakeHue a2--b2-4-c?— 8R?
TNOJIOKHUTEJbHO, PaBHO HYJIO MM OTpHuUaTesbHO (@, b, c—
CTOPOHBI TPeYroJbHHKA, R — pamuyc oOmucaHHOro Kpyra).

274. Jloxa3aTh, 4TO €CJH JJIHHBI CTOPOH TPeyroJbHHKA
cBsi3aHbl HepaBencTBOM a?-b%>5¢2, T0 c—jgJuHA Hau-
MEHbIIEH CTOPOHBI.

275. B tpeyronbnuke ABC yron B — cpepnuil no BeJiu-

unne: A<<B<C; I—uentp BuucaHHOii OKpYHOCTH,
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O — uéHTp onHcaHHON OKPYXHOCTH,  — TOUKa mepeceue-
uug BhICOT. [lokasare, uro [/ sexut BHYyTpH /\ BOH.

276. Tpeyroapunkn ABC u AMC pacrnoJioxeHbl Tak,
yto MC nepecekaer AB B TOuKe 0O, npHueM ]AMH—
+ |MC|=|AB|+|BC|. Moxasats, uyto ecmu |AB|=
=|BC|, to |0OB|>|0M|.

277. B tpeyronpuuke ABC Touka M JeXuT Ha CTO-
pone BC. lokasars, uto (| AM|—|AC|)|BC|<<(|AB|—
—| AC|) | MC]|.

278. Tlycts a, b, ¢ — nymHbB cTOPOH TpeyroabHuka ABC,
M — npousBosibHass Toyka mnJuockocTH. Hafith MHHHMYM

BLIpaKeHUs
|MAR+|MB 4| MCP.

279. CropoHbl yraa, BeJHUMHA KOTOPOTO O, fBJISIOTCSH
60pTaMH 6unnnapna. Kaxoe HauGoJibliiee YHCJIO OTpaske-
HUIl OT GOPTOB MOMKET CHeJaaTh 6u.mnap1mbm map (pas-
MepaMH 1llapa MOXKHO INpeHe6peusn)?

280. Uertnipe nepeBHH pacroJOKeHbl B BepllHHAX
KBajpaTa CO CTOpoHOH 2 kM. [lepeBHH COeIHHEHBl AODPO-
raMH TakuM 00pasoM, 4TO M3 KaXKJI0H MOXHO MNpOHTH
B Jo6yo Apyryn. Moxer ju ofasi JJIMHA JOPOT GBITh
MeHbllle yeM 5,5 Km?

281. Touka A pacroJio:KeHa MexXJAy IBYMf Mapal-
JIS/IbHBIMH TIPSIMBIMA Ha pAacCTOSIHMM @ ¥ b OT HHX. 3ra
TOUKA CJYKUT BEpIUMHOH YIJla BeJHUYHHBLI O BCEBO3MOX-
HBIX TPEYTONBHHKOB, Be ApYyrue BEepLIMHbI KOTOPBIX JieKaT
noc OJHOH Ha NaHHBIX nNpsAMuX. HafiTi HauMeHblee 3Haye-
HHe IJIOWAAH TaKHX TPEYyroJbHHKOB.

282. Jlana OKpyxXHOCTb pamuyca R, O —ee ueHrp,
AB — nuamerp, Touka M —mHa pazguyce OA, npuuem
; ;jg i‘ = k. Uepes M npoBegena npousBosbHas xopaa CD.
Uemy paBHO HauGoJsbillee 3HayeHHE MJIOMANN YeThipex-
yronbiuka ACBD?

283. BepimHa yria Be/MUHHBI 0 HAXOAUTCS B Touke 0.
A — pukcupoBaHHas Touka BHYTpH yraa. Ha croponax

T

yraa B3s1el Toukd M u N tak, uto MAN =8 (a4p<
<< 180°). Hoxasats, urto ecou | AM|=| AN/, To nnowanp
yeTbipeXyroibiika OMAN pocruraer MakciMyMa (cpemu
BCEBO3MOXKHBIX UYeTHIPeXYTOJAbHUKOB, TOJNYUAIOMHXCA NpH
uamenenun M u N).

284. YuntbiBasi pesynpTar npeiblayLieil 3ajauy, pelinTh
caenytomyto. Buytpu yraa ¢ epuunoii O B3sita Touka A.
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ITpsamas OA o6pa3yeT co cTOpoHAaMM VrJa yriael ¢ H .
Hafitu na cToponax yraa Toukm M u N Takue,

uro MAN =f (p-+¢y-+Pp<<180°) u nnomwanp yerwipex-
yrojeHuka OMAN makcnmasbHa.

285. Jlan tpeyroabHuk OBC (50\(5 =a). Jas kaxjao#
Toukn A Ha cropoHe BC onpenemum Touku M u N Ha

OB u OC Tak, uto6ui MAN =P (a+Pp<<180°) n mio-
mwanp yetbipexyroabauka OMAN Geuna Gr1 MaKCHMAJbHOH.
HokasaTh, YTO 3Ta MaKCHMaJbHad IJIOLIaNb JOCTHraeT
MHHHUMYMa LJf Tak#xX Touek A, M u N, 118 KOTOpBIX
|MA|=|AN|, a npamas MN mapannensua BC. (Takue
TOYKH Halipyrcsa, ecau yraet B u C A\ OBC He mnpesoc-
xoxat 90°4-§/2.)

286. Tlyctb ABCD — BNHCAHHBIH YeTHIPEeXYTOJBHHK.
Ilnaronans AC paBHa a u ofpasyeT yrie o 4 f§ co cTo-
poamu AB u AD. [lokasarb, uTe nJoagb Yerbipex-
YrOJMIbHHKA 3aK/oueHa MeXAYy BeJHYHHaMH

a® sin (- P) sin p a? sin (a4 P) sin o
2sinea H 2sin§ ‘

287. Jlan yroa BeJuuuHBl € ¢ BepuiHHOfl B Touke O
u Touka A BHYTpH Hero. PaccMOTpIM  BCEBOAMOKHBIE
yeTeIpexyrolbHnkH OMAN, v ketoprix Bepumuel M u N

T
pacroJIOXXeHEl Ha CTOPOHAax yraa H Takue, 4o MAN =
= B (24P >180°). Hokasatb, 4TO €CJH CPEiy 3THUX ye-
THIPEXYTONBHHKOB HaMJeTcs TakoH BBIMYK/BIH Yersipex-
yronbHuK, 4t0 | MA|=| AN |, To 3TOT HYeThPeXyroAbHHK
HMeeT HHaMeHbIIYIO oAb CpelNH BCeX paccMaTpHBae-
MBIX YeTHIPeXyrOJLHHKOB,

288. BuyTpu yria c BepumHO#t O JaHa Touka A
takas, yto OA o6pasyeT yrasl ¢ H ¢ CO CTOPOH4MH NaH-
Horo yraa. Ha#ith Ha croponax yrsa Toukh M u N Tta-

KHe, UTo MAN = B (4P > 180°) u niomans yeTsipex-
yronbaika OM AN MHHMMaNbHA.

989. Jlan Tpeyrombunk OBC, BOC =a; gns Kaxiof
tToukn A Ha cropone BC onpenemum Toukd M u N na OB

1 OC Tak, 4to6hl MAN =P W NJ0Wank YeTHpeXyroabHHKa
OMAN 6nyia 6l MuHMMaJbHOH. [lokasaTh, YTO 3Ta MH-
HHMaJbHAf MJomans OyAeT MaKCHMaldsHON I TaKux
Touek A, M u N, nas koropuix |MA|=|AN| u nps-
mass MN napannenpna BC. (Eciu Tako#f Toukn A Her,
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TO MaKCUMyM GYAeT AOCTHraTbCcs B KOHUe cTOpoHel BC
IJISi BBIDOMKAEHHOTO YeThIPEXYrOJIbHUKA.)

290. Haiitu pamuyc HanGosbiero Kpyra, KOTODBIH
MOKHO NOKPHITh TpeMsl Kpyramu paguyca R. Pemntb 3afauy
B ofleM clyyae, KOTjJa pajuychbl paBHbl R;, R,, Rs.

291. MoXHO /M MOKpLIT TPeMsi eJUHHYHBIMH KBajpa-
TaMH KBajpaT CO CTOPOHOH 5/4?

292, Yemy paBHa HauGoJibllasi MJIOLIAAbL [PABHIBHOIO
TPEYro/IbHHKA, KOTOPLI MOMKHO NOKPhITb TpPeMsl NPaBHJb-
HBEIMH TpeyroJIbHHKaMH CO CTOpOHOH 17

293. B Ttpeyrosbuuke ABC na cropodax AC u BC
B3ATH TOUKH M u N, u Ha orpeske MN — Touka L.
[lycts  niowagu tpeyroasuukos ABC, AML u BNL
COOTBETCTBeHHO paBHHl S, P u Q. /lokasaTb, 4YTO

VS=vVP+7VQ.



OTBETbI, YKA3AHHSA, PELLEHH Y

PA3JEJ I
17. DBuccekTpuca pasbuBaer TPeyrolbHHK Ha JBa,
al . o bl . o
NJIOMaJH KOTOPHIX COOTBETCTBEHHO - sl -, - Sil 5-, a MJIomags

2 2' 2 2"
nuxab'°3n a . o bl.czc=ab><
BCero TPEYroJbHHKA - §in & SHawHT, - sin 3 4 5 sin 5 5
X sino.

19. BospMeM OKpymHOCTb, Kacawuylocsa cropon AB, BC u CD.
Ecin sTa OKpYXHOCTb He KacaeTcsi croponsl DA, To, mpoBeisi Kaca-
tenpHylo DA, (A;—Ha AB), nonyunm A DAA;, y KoToporo IJHHA
OJIHOH CTOPOHH paBHa CyMMe JJIHH JBYX APYTHX,

20. TlpoBepst yepes BepIUMHBI TPeyroJbHHKa MpsMHE, Mapajenb-
HEle MPOTHBONOJIOXKHEIM CTOPOHAM, NOJYYHM TPEyroJbHHK, /sl KOTO-
pOro BHICOTHI HCXOIHOI'O TPeYTOJNbHHKA $BJAIOTCA NEpHeHAHKYIspaMu,
BOCCTaBJICHHEIMH K CTODPOHaM B MX CepelHHaXx.

o1, 4E8 g ; ]/3}{%. 23. V§2—l(a+b——]/a2+b2).

2

m2 V'3 c+a la—b| 1 o h
24, 7 25. 5 28. 5 29. -—2—(a—-b) sin . 30. 5 X
xtg2<n—4_a>. 31. 30°. 32. “Qb 33. 90°. 36. r2(2Y3+3).

_— 1

37. IV a@i—a). 38. 5 (S1F+Sa).

39. Ecmu a>b, 1o GuCceKTpHCa NepeceKaeT GOKOBYIO CTOPOHY
CD; ecau a << b, TO— OCHOBaHHE BC

2ab 1—k I —

40. ats 41. arccos pop. 42 = V 362 2ab—a?, 43. a2

1q/8 T V)R o, @ la—b|
“ 5 }/_2 45. (V'$;+V'S,)*. 46. 90 + 5. 4T =75 X

R 2
X V@B 4. arcsm<1—i;.>. 49. (6—m): 2m: (6—m). 50. ‘38—x

— _ 2 .- 23
x (V-1 [@Vi-Da—4] 51 T (6Vi-6—n). 52 %—x

a, V3 lyr—s d 4
x(3—+7>. 53. ~2-Vb @ 54 2. 85. 5 S. 58. Eemia<

<90°, B<<90°, To yrasl A ABC pasnm 90°—a, 90°—B, a-+B;
ecan o >90° B <<90°, To «—90°, 90°-B, 180°—a—fP; ecan
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a<90° p>90°, 10 90°+ca, B—90° 180°— o —B.

9. / e — 48 g 36 V- ._._S_____.
5 l m2—4S, 60, 61. 25 . 62 TEE=T)

63 B paBHo6enpeHHom TPeYroJibHHKE ¢ YIVIOM TPH BepUIHHE 71/5
GHCCEKTPHCA yIVIa TPH OCHOBaHHM JEIMT TPEYroJbEHK Ha jBa Tpe-
yroJibHHKa, OAMH H3 KOTOPHIX MONOGEH HCXONHOMY.

OTser. ‘-/—f);iR
64, R® [Ctg_?___(n a)] 6. 5 V/10. és. _"&;T_;O;_‘*'!l.
B 21 4,2 10
67. 22 (2V/3+3). 68, - _j}—rh - 0 2(5-?-‘1]/@' e ‘11{11:
71. 2. 72, ﬂ&%b—ﬂ' 73. ‘;‘ tg %——“g“>- ™ as:s(ajﬂ)
75, R“z;az. 76. g;; 77. a ,~g—§+;—> 78. 1121_23 79.%><
X (y+p—a). 80. ac.;_bd. 8t. 2sin2<:sin2ﬁ' 82. -L{L:-LIX

X Vadd = (b—a). 83. 2 (R*+a2).
84. BosmoxHE JABa ciyuas: o0a LeHTpa PaclojioxkeHHl [0 pas-
Hble CTOPOHB! OT 0611.(61! XOpAbl B N0 OJHY. CoOTBETCTBEHHO AB€ napbl

orseros: a (V341), alfi(]/3+l) u a(Y3=1), aKQ-(V3——l).

86. 3—V7. 87. V'13. ss. arccosl—ji]—/-l—-:ﬁ. 89. 2.
3 2 T
2 2(9Y 3.
90. 3—‘81— 91, 4R2, 92, u—]/;——i). (BoaMoxnumul, BooGiie Trosops,

JABa TpeyroJsibHHKa, HO Yy OJHOro H3 HHX D,Be BE€PLINHBI JIe}KaT Ha

NpooJKEHUAX Juaroxasnei.) 93. 7%2‘ 94. 2L, 95. V7. 96. -§-)<

x (¥V3—1). 97. V10. 98 %3—1 100.% 9%6—5413.

. sinf . a+4p g
101 3:4. 102 o " ctg—7—. 103, 1—61/25a + 2+ 10ac co$ B.

3 4V737(R—r) a2 4 b2 — 2ab cos a
104. TS' 105. SR —r =R 106_m
3 V b2+ a2+ 2ab sin —;4
107. ~c 108. . 109. S cos? .
10 a
2 cos o

10, VIR=@. 111, o 112 VAT P2 condetgal. 113,

T 3 ) 2 2
24 22 4 i — arcsi
V 4 b2 4 593 abcosco, 114. arcsin L 80 arcsin —.

61



- a cos (o -+ B) a sin (@)
1s. a2 (¥V2-1). 116 s Qa+B) cos (2a+B)

a

2cos - +3 —
17.80-80080) Gg g 3T g Z VSGTS)
2 6cos 5 +1 Vasi—$3
150
120. 2c0s ¥ 1/ (Ra— R (Rysin? & + Ryco 2, 121 222
2 ) 9 2 7
a
2 2 77
122 ‘ﬁ.{_ T 123. Va®+b°—ab,
' 4 ., B a+f’
sin? 9 cos? 3

V@ Tab. 125. 15° 75°. 126, RL/Q’. 127. 2V6. 128 V2.
129. %(2]/5_*_3). 50, 2ROsimasing o 3V3(V13_1).

© o osin(a4-p) 321 -
182, 1,1 133, -2 134. 90°. 135. 30°, 138, 207
. sk B . 16R . . .- . . . ) .-
187. M. 138, 41/ =B 39, abtga
3 3—cosf Vartggat(p—a2*

(B tpeyronvuuke ONP orpeski KP u NM sBasioTCA BHICOTaMH,
nostoMy OA Takxe BbICOTa.)

140. 6) HcnoabsyiiTe pe3yapTaT NyHKTa a). 3aMeHHTe NOBOPOT
BoKpyr O; ZIBYMsi OCeBEIMH CHMMETPHSIMH, B3fiB B KauecTBe OCH BTO-
po#t cummeTpHH mnpsiMyio 0,0, a MOBOPOT BOKPYr TouKH Oy — ABYMst
CHMMeTPHAMH, B35IB B KaueCTBe OCH nepBofi cuMMeTpuu npsamyio 0,0,.

a
OrseT ecmn a-+f<<2nm, To yras GyRyT PpaBHH —-,

'2'1

n—a';ﬁ; ecin o+4-f > 27, TO VrJH, COOTBETCTBEHHO, u—%,
p a+p
T—gr—g -

3ameuanne. Ects a- B=2%, 10 nmocaefoBaTenbHOE NpHMe-
HeHHe JaHHEIX II0BOPOTOB, KaK Jerko yGeAHTbCS, 9KBHBAJIEHTHO na-
paJliieJILHOMY IepeHocy,

ML 2 _
PA3JIEJ II

1. BosbmeM Ha mnpsamolt BA Touky A; Tak, uTo
| A1B | =] Alcl)E‘lKH/A\l, A, D u C nexar Ha ORHOM OXPYMXHOCTH
T T
(DA,C=90°— AiC =DAC). Cnegosatensuo, A,AC=A,DC=290°,
—

a 3Hayut, u BAC=90°.
2, 3ameTHM, YTO OKPYMXKHOCTb, NPOXOAfAWLAs Yepe3 TOUKH Kaca-
HHAS, SBJAETCS BIHCAHHOH B TPeyroJLHHK C BEPLIHHAMH B LEHTpax
okpyxHocrefi, [lpupaBHHBass BHpaeHHsl LI IVIOUWAH TPEYTOJib-

HHKA, MoayueHHele mo QopMyJe IepoHa M Kak Npou3BeieHHe NOMY-
MepHMETPA Ha PaBYC BIHCAHHON OKPYKHOCTH, HafijeM re=1.
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3. Hoxaxute, 4To NaHHHH TPEYroJbHUK — NPSIMOYTOMbHENA.
OTBeT: Z-
4. Ecny |ED!==| AE '=x, 10 ! BE |==a—x. 3anucaB Teopemy
KOCHHYCOB 11 A BDE:
a? 2 1
% . —_x)2 - —_—x) =
X 9 + (a x) 3 a (a x) 2 ?

7
HalileM x = -= 4.

15
L _ 13
OTBeT: ,CE]—I—sa.

5. O6o3nayns KaTeTh 4Yepe3 X M y, MOMYYHM CHCTeMY ypaBHeHu#

{ a=xyV§

x4y’
4b% =x2-+y2,
M3 KOTOpOA HafizieM xy.
2 P 8p?

OTBeT: E_‘tg._‘/&w.

6. Iycrs (pmc. 1) ABCD—rtpanenus, |DC|=a, O—ueHr
okpyxHoctd, AD—GokoBasst cTopoHa, KOTOpPasi TOYKOH KacCaHHsA
pasneneHa Ha otpesku | AK |=d, | KD|=b. B A AOD yron AOD
npsmoli, Bhcota OK-—pamuyc OKPYMHOCTH, CJeNOBATEeNbHO, 7 =

=] 0K i==Vl—73. Ananoruyno, A COB—TaKkXe NPAMOYrOJbHBIH Tpe-
YroMibHEK; ecqB M —Touka KacaHusi Ha ctopoHe CB, 1o |MB| =

N 2 bd
—TCMT T a5
OTBeT: S=a—"-—q-(—d;2)—l/b_d.
a—b
Vi 4
1 77 K
M
Puc. 1. Pue. 2.

7. Mycmp (puc. 2) ABCD — naunas 1Baneum (BC | AD). Ilpose-
nem uepes C mpaMylo, napaisenbnyilo BD, ofosnauum yepes K Tou-
Ky nepeceueHHss oTofi npsamoit ¢ npsMoii AD. [lnomame A ACK
paBHa miowand Tpameunn, cropousl AC # CK paBHB Iuarouansm
Tpaneunn, Menuana CL paBHa paccTosiHHIO MeX1y cepeinHamH AD
u BC. Tlpogomxum CL ¥ BOSbMeM Ha NPOROJKEHHH Touky M Tak,
uto |LM |=|CL|. Tloayunm A CKM, paBHOBequKu#i Tpaneuun
ABCD, co cropoHamu, paBHBIMH €e QHaroHajfiM M yIBOGHHOMY pac-

63



CTOSIHHIO MeXNAy CepeiuHaMu ocHoBaHuH. B HawmeM ciayuyae CTOPOHBI
ACKM—3, 5mu 4.

OrBeT: S=6.

8 Ilyere |AM|:|MC|=k. ¥YcnoBHe paBeHCTBA paAMyCOB
OKpyXKHocTell, BIUCAHHBIX B Tpeyrosbuukn ABM m BCM, osuauaert,
uTO MX TJIOLIaJH OTHOCATCH, Kak nepuMerphl. OTcCiofa, NOCKOJMBKY

OTHOLIEHMe MJomiajge#i paBHo k, nonyuum ; BM ;=131k _kl 2. U3 sroro
12
paBeHcTBa, B YaCTHOCTH, CJejyeT, uTO - << k<< 1. 3amuceiBag Ana

13
rTpeyronbHnkoB ABM u BCM TeopeMbl KOCHHYCOB (OTHOCHTENBHO
yriaoB BMA un BMC) u ncKmodas U3 3THX ypaBHEHHH KOCHHYCHI
22

YIJIOB, MOJNYUMM IS k KBaZpaTHOE ypaBHEHHE C KODHSMH 5 o3
22
23°

9. U3 ycnoBnsa caenyer, 4To BhICOTa K CcTOpoHe AC paBHa ABYM
IHaMerpaM BIMCAaHHOW OKpyXHOcTH, T. e. 4. Eciw M, N u K—
Toukn KacaHus ¢ AB, BC u CA, 10

S P—
v ABC_ 508

Ecan | MA|=| AK|=x, | KC |=|NC|=y, To, BHpaxkas miomaib
yepes MNOJYNEPHMETP H PaAMYC BIHCAHHON OKPYXKHOCTH H uepes
OCHOBaHHe H BHICOTY, MOJYYHM

BH+x+y)=(x+y) 2, x+y=3.
Orser: |AC|=3.

VuurtsiBasi orpaHuYeHHsl AAs k, NOJyuaeM OTBET: k=

=V9=3.

s

10. Ecm Q;—}S, TO HCKOMOe paccrosiHue G6ylner —§§><

x (V'S=VQ). Ecan xe Q<~i—s, TO BO3MOXKHHI [Ba OTBETa:

4 e
Pys+va).

11. O6o3nauum uepes M Touky mnepeceuenust npsamex AB u CD,
a uepe3 O; n Oy —UeHTPH JaHHBIX oKkpyxkHocrefi. Ilyers | BM|=

=|x!, |MC|=|y|, npuyem 3HakH x u y BbiGepem Taxum o6pasom,
YTOGH! BBHITOJAHANHCh COOTHOIIEHHS

l BC !2=xa+yzy t AD ;2=(x+2r)2+(y+2f)2’
10,0 2= (%++1)2 4 (g +1)%
TMonyuum cucreMmy
x2+y‘3=k2 (x+2r)2+k2 (y+2r)2’
{ 42 = (Pt (y+r)?

1 —5k2
oTKyla X4-y==r T N03TOMY
G+ @w+2)—xy | _ , L]—k?
SABCD=! 3 =7 ET+t =087 |
OTeeT: S=23r2 _1:.‘_132
T  S= T |-
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12. Tlycets (puc. 3) Oy, O, w O—uneHTPH OKpyXHocrel, M,
M;, M—ToukH WX KacaHHS CO CTOPOHOH yraa, ry, ra ¥ r—paiH-
yChl OKPYXHOCTeH (ry <<r,).
- Ilposenss uepes 0, mpsmyio,
napaaensuyio M;M,, no ne-
peceuerusi ¢ O,M,, noayuum
NPSIMOYTOJILHBIH TPeyroMbHHK
C THNOTEHY30H r;-}-ry, KaTe-
TOM rg—7; H NpPOTHBOJEXKA-
M OCTPHIM  YIJIoM  oi/2.
IMpoBexss uepes O mnpsawmyio,
napannenbayio MM, mnoay-
4EM ZBa JPYTHX NPSMOYIOJbL-
HEIX TPeyroJbHHKa.

Halina ¥3 3THX TpeX TpeyrosibHHKOB otpesku | MyM,!, | MM |

u | MM, |, sanumem ypaBHenue | MyM,y | =| MM |+ | MM, ]|.
. z
l—sm—é«
OrtBeT: ——a—l-l .
l+sin——2—

13. Ecn C=a, 10 ICN|=—g—cosoz, |CM §=% cos o (o << 90°);

cnefoBaredbio, A CMN nono6en A CAB ¢ xo3pduiuneHTOM Mofo6us

coso _ cose ¢ a?4-b*—c*  (a®4-b2—cYc
—g o nostony | MN{=[AB| == =5 —omp—="0g -
14. Ecau Bmcora |CD|=h, 10 | BC|= hA , |AC |= h“
sin B sin A
[lo ycnosuio h —L=h, otkyaa sin A— sin B=sin A sin B,
. sjnﬁ sin A
2sinA;Bcosi;l;§=»é—[cos(ﬁ——ﬁ)—cos(ﬁ—{—é)], 2 sin %)»x
><sin£=—l- (cos ¢ cos é), 2 sin? —C-+4sin ? sin £——(1—{-cos’, ) =
2 2 2 2 2
= (. JT0— KBajpaTHOe ypaBHEHHE OTHOCHTENBHO Sin %—:
L, C 9. C ®
2~ P oin . ot —
sin® + 2 sin o sin3 cos? 5 0,
OTKYIa .
. C .
sm—é—_1~—sm—2—.

15. Ecnu octpuiii yron pomGa paseH o, TO IHAroHalu pomGa
6yayT paBHnl 2r sine ¥ 2R sino. C xpyro#ft CTOpOHEI, OTHOIIEHWe
o r
IHaroHajel ectb TaHreHC MOJIOBHHB 3TOrO0 yrJa, T. €. tg7=-§,
2Rr
R24-r*°

OrBerT:

sin o =
8R3r$
REFro -
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16. Ectm M u N —ocHoBaHHsI NepIeHAUKYJSPOB, ONYIUEHHHIX
u3 B Ha cropoHm!l yria, To yeTnlpexyroJibHUK AMBN — BnucaHHHI,
npuyeM AB—1HaMeTp OKPYXKHOCTH, omucaHHOH# okono A MBN, tak

gto MBN=n—q, ecin B—BHYTPU NaHHOrO YIjla WJIH BepTHKaJb-

Horo K HeMy, H MBN =a B ocrajbHbIX clyyasX; | AB|= pempontl
21 52 1 9ah cos a.
OTtBeT: |AB ;=Va +bsi;1'-§ab COSOL, ec/ii B nexXHT BHYTPH

V¥ 2 —2abcoso

IaHHOrO yIJia WJIH BEPTHKANBHOro K Hemy; | AB)| prm

B OCT4JbHEIX C/ydasiX. i
17. OGosunauum | AC |=b, |BC,=a. Umeem b=—2- a=

sinC
hy 2ab cos—C—-
=_2_ [= cM. 3afauy 17, paspen I). CregoBaresbHo,
progr ars ¢ y17,p )
2hah cosg- A
a’td 2 C haohy

T S (hythy) | OTEVRE ST T TR, Ry
18. Ilycrs (puc. 4) O, —ueHTp BTOpPO# OKpyxHocTH. HI3 yciaoBus
CJefyer, UTO ee pajHyc paBeH OJHOMY M3 KaTeTOB; MYCTb KaTeT
- |CA|=R; rtax Kak R—paauyc
—
ONHCaHHOH OKpyxkHOCTH, TO CBA =
=30°, |[CB|=RV3.
Ecmn  O—cepegua  AB, ToO

TN

0A0,=30°. Eciu A, — BTOpas Tou-
—

Ka mnepeceuenus, T0 O0A4,0, =

—
= 0A0,=30°. CnenoBarennto, 06-
el XOpZe 3THX KPYrOB COOTBETCT-
Bylor Ayru B 150°, a ofmas yacts
COCTOMT M3 JBYX CEerMEHTOB, COOT-
BeTCTBYIOWHKX AyraMm 150°, muomanb
KaXJOro H3 KOTOpLIX paBHa

5 2
Scern = 13 ”RS_B‘"

4
3V3
5m—3°

19. Ilyctb CTOpoHAa TpPEYroJbHHKA ¥ H CTOPOHHI, BBIXOJSIIHe M3
ofieli TOUKM OKPYMKHOCTeH, 06pa3yloT ¢ mpsaMo#t, mpoxonsiieX uepes

Puc. 4.

OTrBeT:

HeHTPH, yriau & B B, o 4= B=60% Torza cosa == 5%, cosff = _2x7
(umn HaoGopor), Haiins sina u sinf, us ypasHenns cos (& & p) =
= 5 nomyuuM
s RV
VRL{—rzA— Rr’
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20. IlposeseM npsamyio BA u ofosHauuM yepes D BTOPYIO TOUKY
nepeceueHus ¢ MeHbefi OKpyxHoctsio. PacemorpuM ayru AB u AD
(MeHbIIHe, YeM TOJYOKpPYyXKHocTb). ITockoJbKY oflnasi KacaresbHas
K OKPYXHOCTSIM B TOuKe A ob6pasyer ¢ AB u AD pasHbe YIiH, TO
H ILeHTpaJbHLEE YIVIEL, COOTBETCTBYIOUIHE STHM AyraM, pasHH. Ciepo-

| .

'—_r._ —_— ..{_ — . =
patesvio, g =R 14DI=4%, | BC|=V|BD[-[BA]
- +r
=a R .

21. Pemenne 3ajaun aHaJIOTHYHO DELICHHI0 NpegbiAyimed.

R—r

OTBeT @

22, 3amernM, uto 0,0,040,—napajjenorpaMM C YIrJaME o H
n—a (0,04 1. AC u 0,03 I AC, suauutr, 0,04/ 0,0, "K:PL I.).
!

Ecau K —cepeguna AM, L—cepeguna MC, 10 | 030, '= sinocl =
_ LAC| _ B
=sena’ Ananornuto | 0,05 | = Teng? CIEAOBATENLHO,
s _}AB}-IBDIsinoz_SABCD
010,050, 4sina T 2sin?a

OrtBer 2sin2o.

23. TToraxure, 4yT0 GHCCEKTPHCHl NMapaJfesiorpaMma NpH nepece-
YeHHH 06pasyloT NPAMOYrOJNbHHK, AMAaroHaJH KOTOPOro NapaJiefbHul
CTOpOHaM TMapajjiefiorpaMMa M paBHH DasHOCTH CTOPOH Ilapasiesio-
rpamma. CliefoBaTesibHO, €CJH @ H b — CTOPOHBI MNapaJjiiesiorpamMa,

o.— yroJ MeXAy HHUMH, To S=absina, Q= 5 (a—0b)?sinca, T~
_ 2ab
T (@—bp

OTrBeT:

S+Q+V@E+F2Q5
< X

24, Ecim x—njomags TpeyroipHuka OMN, a y—naomans
Tpeyrosbuuka CMN, To

[ON| L Ss = 8153 [AM|  S;+x _ S:+Se

0A] ™8~ 8 "7 TMCTT Ty T Skxty’
8183 (S1+S2) (Ss+S2)

S (83— S1Ss) ’

25. Ilycts B Tpeyrosbuuke ABC yroa C npsamo#t, M —TouKka
nepeceueHds MenuaH, O — UEHTP BOHCAHHOH OKPYKHOCTH, 7-—ee pa-

i~
auyc, CBA=q; Tora

OTKyAa y =

, a noa
|AB;=r<ctg—2 +ctg<z —-—\)=

2)
ey e
A 1 1 V2’
sm—2- sm(z-—2) cos(—‘—l—a> 5



|CM = | AB| = Y2 ,

3[2 cos (—}— oc) —V§]

|CO|=rVZ, (OM|=r, OCM=a—3.

b1
3anncriBas TeopeMy KOCHHYCOB fisi A COM, o6o3nayuB Co8 (T — a)=

= X, NOJYUHM
8 8x
1=2 — — _
+9(2x—V2)* 3(2x—=V72)’

4Y6—3V72
T

OTKyza X =
O TBer: YraslTpeyrolbHAKa PaBHHI % =+ arccos ﬂfﬁ%@

26. ITyctb OTpe3KH MexnaHb HMeloT AJuHY a. OG03HAuUHM uepes X
MEHBIUHA H3 OTPESKOB, Ha KOTOpHE PasjiesieHa TOUKOH KacaHMs CTo-
poHa, cooTBercTByiowas MeiHaHe. Temepb BCe CTOPOHH MOXHO Bhb-
pasuTe d4epes a u x. CTOPOHBI, 3aKJIOyaioUlHe MeJHaHY: aV2+x,
3aV2+x, TpeTbs CTOpOHA: 2a V2-|-2x. Hcnosabsys dopMmyay nju-
Hbl MeJHaHBbI, TIOJYYHM

s 2(aV 242 4+2BaV2+x)—(20V2420)°
= 7 ,

9a
aV?2
OTKYAA X =—F—.
Orser 10:5:13.
27. Myers |BC|=a, C>B, D w E—cepenunnn AB u AC.
P —T
Yersipexyronbiuk EMDN —pnucansbiht (Tak kKak MEN =MDN =

=90°, | MN |=a, ]ED|=—%, MN — fuameTp OKPYKHOCTH, OIH-

T —_T—
canHolt oxkojno MEND. CneposareabHo, DME=30°, CAB=

—=90°— EMD =60°, CBA = EDN —=FEMN = _‘3 EMD =15,
T
ACB=105°.

Orser: A=60°, B=15°, (=105 umm A=60°, B=105°,
C=15.

28. O6o3naunM q;rea K u M roukn nepeceuenuss npsmoRi EF
¢ AD u BC. Tlyctms JEXKHT Ha npojoskedud BC 3a Touky B.
Ecan | AD |=3a, | BC|=a, T0 H3 nojo6Hsi COOTBETCTBYIOIUX Tpe-
yroabHukoB caepyer, uro | DK |=| AD|=3a, |MB|=|BC|=a
(puc. 5, a). Kpome Toro, | ME|=|EF |=|FK|. Ecnu h— BbicoTta

Tpaneuud, To paccrosiue oT E po AD Gynmer —3—11, SAEDK=
1 2 ha 1 ha 1
=9 3= Saror=y Saepk=F = 3 S
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Ecan we npsmas EF nepecekaer ocHoBaiue BC B TOouke M, TO

1
BM]=-§a (puc. 5, 6). B arom cnyuae !If/’];(ll-.-_—.m %=_6- 4 pac-

Puc. 5.

crosinne or E no AD G6yzer %h, TaK 41O SAEFD"—"IQ‘SAEDK"—‘

1 6 9
4 3a 5 h;-20 S.

9
D) S uan 50 S.
29, TTycts O — ueHTp BnHCaHHOH OKpyxHOCTH, M — cepenuna BC,
K, L, M —TOuKH KacanH§l BOHCAHHOH OKPYKHOCTH co cropoHamH AC
AB u BC rtpeyrosbuuka. O6osnauum | AK |=|AL|=x, |CK]|
= |CN |=y, |BL|=|BN|=2, y+z=a. Ilo yciosuo |OM |

S ——— 2
=—g——r. CnenosatenbHo, | NM | =V TOM 2—|ON ¢ = ]/%——ar

OrBeT:

’

a a2 )
M OJHH H3 OTPe3KOB y HJH 2 DaBeH —2——]/T—ar, a jpyro#t

a a?
7—|— ]/T—ar, yz=ar. TlpupaBHsieM BbIpa:KE€HHS ANA NJOWALH
TpeyroJbHHKa 1o ¢opmynam I'epona u S=pr:

VEFyFome =(+y+2) r = xar=(s+a) 2 = x=—2—,
ar a?r
Takum obpasom, S= a—r+a>r=a—r‘

30. Jlokaxewm, uro eciu C; u C, (puc. 6) HaXOAATCH 10 APYryio
cropony ot BC, ueM BepmuHa A, TO UEHTP OKPYKHOCTH, ONHCaHHON
okono A CC,C,, naxoputcs B Touke O Ha cropoHe AB, npH 3TOM

|BO|= i | AB |. TlpoBeas Bricory CM u3 sepmunbl C, Mbl NOJYy4HM,
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uro BC,CM — npamoyronbuuk. 3Hayut, nepneHIHKYJSAP, BOCCTaBJEH-
Hbifi X CC, B cepepune, npoxogut depes 0. YuutniBas, uro C;,Cp | BD

g 5, " |0102|=~é—iBD5, AoNy4YuM, 4TO
neprnengukyasip kK C,C, B ero cepe-
04N — nuHe Taxxke npoxopur uepes O. Te-
I~ nepp Jerko HaifileM HCKOMBHIE pa-
M, N\ G muyc:

2 r=V[CMP+[MO =
3a2 | a2 4,/
A 7 c =VT+E“IV‘3‘
Puc. 6. 31. Pas6epure fBa cayuas:

1-i1, Korja OCHOBAHHSA MePreHIuKYy-
JIipOB HAXOAATCA Ha CTOPOHAX MapajJiesiorpamMma, u 2-%, KOrja OAHH
H3 NepNeHJHKY/IAPOB He NepeceKaeT CTOPOHH, HAa KOTOPYIO OH OMyLieH.
B 1-M cnyyae MBH NPHXOJMM K INDOTHBOPEYHIO, a BO 2-M INOJIYYHM,
2ab .
4YTo COS & ——m .
32. Buipasus yroa PQN uepe3 yrawl TPeyroJbHHKAa H YUHTHIBaf,
T —_ o T T T
yto PMN -+ PQN =180°, naiinem PMN =60°, orciofa NPQ=QMN=
—T TS
=30°, PNQ=PMQ =30° T. e. TpeyroibHuKk PQN — paBHoGelpeH-

HBIlt ¢ yrsamMu npu cropoHe PN no 30°, | PQl={QN !=T/—§—.

33. M3 ycaoBuss ciepyer, uro ABCD—tpaneuus (BC| AD),
AC —Guccektpuca yria BAD; suauut, | AB|=|BC |; aHaJOTHYHO
|BC|=|CD|. Ilyctb |AB|=|BC|=|CD|=a, |AD|=b. Pac-
—a

3 =2r,

.

b
CTOAHHE MEXJy CepefiiHaMu JAnaroHaJjelt 2r, ciefoBaTe/IbHO,
IposeseM BeICOTY BM M3 Toukn B Ha AD,

b—a
2

Cneposarensuo, a=' AB |=2rV 2, b=4r+2rV 2.
Orser: S=4r2(V2+1).
34. O6osnauum yraet A, B u C uepes a, 8 u y. Tlycrb H — Touka

nepeceyeHnsl BhICOT, O —IEHTP OKPYKHOCTH, NPOXojsiuel uepes A,
H un C. Torpa

[ AM | =

=2, |BM|=2r.

o~ o~
HOC =2HAC =2(90° —v),
— T
HOA =2HCA =2 (90°—a).

—_
Ho AOC =180°—f (rax xkak BAOC — Bnucauusiit), 2 (90°—7) -
+2(90°—a) =180°—B, 360°—2a—2y=180°—P, 2B=180°—§f,
V3

B=60°, | AC|=2R Si"B=2T=V§‘
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[AM]
| MC|

S T
Scen =M, Sf:; =k 1. e ="

85. O6o3HauuB OTHOLIEHUE

=)\, GyneM HMeTh SMCP=-%:-,

1AC|  |BC| (412
Sapc= T™MCT TCNT Scun= - (l. +m)

= O (r4a0g = a4 10 Q= (T34 PP,

36. Ecan 0 LEHTP OKpyXHocTd, To muomaze A OMN B
a e~
iR P Gonbmwe mnnomamy A KMN. Ecan MON=a, TO

2
-I;—smoc_a-_—‘i—res, sina_szaSR), cosa==+ Y T—snta.

OrTBer: }MN|=R‘/ (1"'}/ 1 R4(:282R)2)

R*(a—R)

3anaua uMeer pemieHue, ecnH S <<

2a
37. Ecau B/A?= ﬁ= 20, TOo mo TeopeMe CHHYcOB Haftnem
| AE | = 2m'sm2oc | | AF|= [AE| _ 2m sin 2c _
sin 3a cos o sin 3o cos &
9 2m sin 2e 7
T PN illoioboniiad == =
axkuM o6pasoM, —- T S 3acosq’ OTKYAa cos 20 i S aBc

=m?ig 2a=ﬁ‘_7VJ_

38. Touku C, M, D u L nexar Ha ofHo#t OKDPYXHOCTH, CJefo-
T TS —T
BaTesibHo, CML = CDL =30°. TouHo Tak xe CMK =30°; Takum o6pa-

30M, fM?r—'BO" 0 A LMK —npasunbunft, | KL |= vgg. Mo Teo-
peMe KOCHHYCOB Haiiliem, uTto cos ICK = — % TMockonbKy DCB =
—T—
= LCK —120°, nafizeM | DB|.
2—-V3
OrBet: |{DB|= —
=3

39. Mycte A —Touka nepeceueHus npsMpix BC m KM. Uersipex-
yronouuk  ONBC — BnncanHbiit TOC\B ~ONB =90°), caefoBaTe/b-

e~ —~
Ho, O0BC = ONC = 5 ToyHo Tak e BNHCAHHLIM SIBJSIETCH

YeTHIPEXYTONLHHK CMAO H CTA0 =TMO = %, T. &

7]



A OAB — paBHOGeipeHHBIH,

, a
co| ‘/-R3+b2—2Rbcos—2—
~ .

si hd sin

in % 5

40. Toukn E, M, B u Q (puc. 7) niexar Ha oaHOH OKpYXHOCTH
¢ aumamerpoM BE, a Toukn E, P,
D u N —Ha OKPYXHOCTH C JHaMeT-
pom ED.

—_ N
Takum o6pasom, EMQ=EBQ =
e e e
=180°— EDC=EDN =EPN , aua-

—_T T
aornudo EQN =ENP,t1.e. A EMQ
nogo6ed A EPN ¢ koapduiueHToM

nofo6us Vk. (das nosHOTH peiue-
HHUs HeoGXOJHMO paccMoTpeTb H
IpyrHe cjyyad pachojioXeHHf TO-
YekK.)
Orser: dVE.
Puc. 7. 41. TlpojomxuM Henapajjeb-
Hple CTODOHBI TpameluH O mepece-
yeHMsl, Mbl MONYYHM TPH MOJOGHHIX TPeyrosibHHKa, mpuyeM Koahdu-
LHEHT NofoGHst MeXIy CPEAHHM U GOJbLWMM TPEYrOJbLHHKOM H MeXAY
MEHbIIMM H CPELHHM OJHH M TOT 3Ke. OG603HaUUM 3TOT KOIODHIHEHT
yepe3 A, Gosmbuice OCHOBaHHE —uepe3 ¥, paguyc Oousiburel OKpYXKHO-
ctd —uepe3 R. Torpa orpeskH, napannenbHele X, GyLyT COOTBETCT-

|CB|=] AC|=

BeHHO AX U A2x, GOabass GOKOBasi CTOPOHA HIDKHe# Tpameuun 2R -
. c
sropoil paauyc AR. 3Haumr, R+AR=—2-. [To ceoiicTBy omucanHOro

YeTHIPEeXyroNbHUKa X+ Ax=2R 2R g— . W naxkonen, onycrus u3

KOHIIAa MeHbLIEro OCHOBaHHSI Bcefl TPameuuWu NEPNEHAHKYJISp Ha
Gosbluee OCHOBAaHHe, IMOJYYHM MPSMOYFOJBHbIN TPEYroJbHHK C KaTe-
TaMu ¢, ¥—A2x u runoteHysoil d. Takum o6pasoM, HMeeM CHCTEMy

[ x(1+x)=2R9-";—‘1,
(- =V&E—-2,
R(I+N=1,

d—VE—&

OTKyla A= .

—Va&—c E—c
OTBeT OCHOBaHHS paBHHI d ng c H d+Vg i .

42, OnycTuM H3 LEHTPOB OKPYXKHOCTell MepleHAUKYJSAPHl HA ORHY
H3 GOKOBEIX CTOPOH H TpOBefeM Yepe3 IEHTP MeHbIueH OKDPYXHOCTH
npsAMylo, napajjejbHyl0 3Tolt cropoHe, ITonyuuTcst MPSIMOYrOJbHEL
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TPEYTONbHHK C THIOTeHY30H R--7, opHuM KaTeToM R—i H OCTPEIM
yIJIOM NPH 3TOM KaTeTe o, PABHBIM OCTPOMY yIay INIpH OCHOBaHHH
Tpaneuud. TakuM obpasom,

R—r

R+4-r"

cos oL =

Bosbiiee ocHOBaHHe PaBHO
o onq/ 1+cosa 9/ R
Menbiee ocHOBaHHE PaBHO
o T—cosa T
2’tg—2~-—-2f m=2f V-’E-

43. BosbMem Ha cropose AB touky K Tak, uro | BK!—=|BD]|,
a Ha nponomxennn AC—Touky E TaK, uro | CE |=|CD/|. Ilo<axem,

uto A ADK nopober A ADE. Ecam A, B u C —Bennimust yriioB
A ABC, 10

DKA =180°—DKB = 1soo-<9oo_-§->=90° 52’—,
A/DE=180°—653—% — 180°— —‘;‘— - -g— =90°+%.

Takum oGpasom, A/KF = ﬁ Kpome Ttoro, no yciosuio DAE =
=DAK .
Oreet |AD|=YV ab.
44, B o6o3HaueHHSIX npejbiAyllell 3ajaun
|AD 2=( AC|+|CD|)(|AB|—|BD|)=
=|AC|-|AB|—|CD|-|BD|+( AB|-|CD|—| AC|-| BD).

Ho cnaraemoe B Cko6Kax paBHO HyJIO, NOCKOJIBKY (cM. 3anady 9,

|AB| _ |BD|
paspexa I) TAC] =TCDT"
45. TlponoskuM BN u CN 1o BTOPHUHOrO NepeceyeHHs cO BTO-
poii okpykKHoCcTbIO B Toukax K m L coorsercrBenHo. | MN |=| NK]|,

— T
Tak kKaK ANB=90° 1 MK ecTb XopXa OKPYXHOCTH C IEHTPOM B A.

- T T

LNK =BNC =BND (rak Kak paBHbl COOTBETCTBYI0MWHE AyrH). Takum
oﬁ;;;som, |LN |=|ND|=b, | MN |-|NK|=|MN 2=ab, |MN |=
= ab.

46. 3amerum (puc. 8), uro PQ | CB. Ilycts T—Touka nepe-
ceuennst MN n PQ, L u K —ocHoBanus NepneHAHKYJsAPOB, OMYyLIEH-
Hex u3 C W B Ha npamyio MN (L u K JjexaT Ha OKpYXHOCTAX,
nocrpoensblx Ha CN u BM Kax Ha guaMeTpax). Mcronb3ys CBoHCTBa
nepeceKaoLUXCs XOPA B OKPYKHOCTAX, NMOMYYAM

|PT|-|TQ|=|NT|-|LT|,
|PT - [TQ|=|MT|-|TK|.
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Ho | LT |=|CD|, ! TK |=| DB (rak kak CLKB — fipaMOyro/bHHK,

a PQ 1 CB). Takum obpasom, | NT|-|CD|=|MT|.|DB|, :NT|=
ICD |

=71Dpp|* ™ ¢ "pamai PQ penur CB m MN B OnHOM H TOM e

OTHOmeHHH; 3HaumtT, PQ mpoxoaur uepes A, a D ecTs OCHOBaHHE
BBICOTHL.
IBD| 1

[pc| V3

a

Ny k

¢ 7 [/}

OrBeT:

'Q
Puc. 8. Puc. 9,
47. Tlycts (puc. 9) FC/=2oc, B'Z,=2ﬁ. Torzna
|AC|=2Rcosa, |CL|=2R sin(a+p),
]CM |=|CL | cos (90° —B) = 2R sin (- B) sin B,
AM |=| AC-|—|CM |=2R [cosa—sin (= }-B) sin f] =
=2R[cosa—»é— cos o +%cos(a+25)]=2Rcosﬂcos(a+ﬂ)
H, HakoHen, |AN|=a=|AM |cosa=2R cosa cosf cos(a-f).
C npyroit cropousl, eciu K, P u Q—cepegunn A0, CO n CL coor-
BETCTBEHHO, TO [KP]:-%—!AC[:Rcosa, 1PQ|=§—, @_—_—
=de+ﬂﬁ=a+180°—f&=a+lso°{-2a — 2B =180°—c —
— 28 H, no TeopeMe KocHHycos, | KQ ]3=T+R‘-’-cos2a+R2cosocx

x 008 (a+28) ==+ 2R? cos a cos p eos (@B = -+ Ra.

Orsem V£;+Ra.

48. Mycre npamete AM n AN nepecekaior npsimylo BC B 1OU-
kax D u E. Jlerko Buperb, 4T0 TpeyrosbHukn ABD u ACE pasHo-
Genpennble (6ucceKTpHca sBJsercss Bhcoroft), T. e. | DE | paBHserca
nepnMZTB[}; TpeyroibHaka ABC, a MN — cpeRuas JIHHHS B TPEYroJib-
HHKe .
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49. OGosnaynM OIHY H3 TOYEK MEPECEyeHHst, HYepe3 KOTOPYIO
npoxonat npsimas, uepes C. Ilycrb B,, By, Bg—OCHOBaHHA MepheH-
RUKYJspoB, onymeHHx u3 0y, O,, Og Ha npsMywo, a K # M — Toukn
nepeCeYeHHs MNpPAMBIX, NapajyeabHuiXx A;As, npoxopsumux uepes Oy
u Oy, coorBeTcTBeHHO € OyB, n O3B;. [Nockoabky By u By — cepenuHs
xopn A;C u CA,, | ByB, i=§ | AyAg|. Ecan a—yron Mexzy nps-
MbiME A; A3 U 0103, TO

| A4l _ 2(ByBs| _, 0,K
1010, | 10,04 | 10104

=2 cos o}

aHAJIOTHIHO
[ AsAy |
[ 0204 |

OoTCioia CleAyeT HCKOMoe paBeHCTBO.
50. Mmeem
1

|MA| S,y 3 !MB. RA|snMBA
|MC|=SMBC=

=2 cos a;

|

—
| MB |-, BC| sin MBC

[

_|BA]® |BC| sin|MBA|
'BC? snmpc  1BAI

—T N . —
Ho sin MBC=sin BAC, sin MBA=sin BCA, ano Teopeme CHHYCOB

BC | | BA| IMA{ |BA?
= . CnenoBartesbHO, ~ g = k2
sn BAC  sin BCA IMC| — |BCP?

(AM2  AC| |AN 2?2 AD|
IMB ™ |BC|' [NB]?" |BDJ’
Ecau K —Touka nepeceuennss MN u AB, T10

51. M3 sagaum 50 caexyer, uto

|AK| _ Sayy _ | AM]-|AN|sin MAN _

KBl Sgmn | MB|-|NB|sin MBN
[AC] 14D] _ op
|BC| TBD] ]/(a—l)(ﬂ—l)'

52, Ilycts K, L, M u N —Touku xacanus cropon AB, BC, CD
u DA c okpyxHocTbio. OG03HauuM uepe3 P Touky nepeceuenns AC

s —
1 KM, Ecnti AKM=¢, To KMC =180°—¢. TaxkuM o06pasom,

1 .
|AP| _ Spey _ 9 ! AKIIKMisine 4
| KM[- | MC|sin(130—g) 1M

a
= = =.—_.
| PC| Sxmc b

Ho B TaxoM e oTHOmeHHH pasfequt AC u npsMas NL. 3Hauut, npa-
mete AC, KM u NL nepecekaiorcst B ofHoli Touke. TIpamenss Te ke
paccyxjeHus K AHaronamd BD, mbl noayuumm, uto BD Takke mpo-
xoguT uepes TouKy P. Mckomoe otHOwenue pasHo a/b,
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53. Ilyctb P ¥ Q— TOUKH nepeceuennsi coorseTcrenHo BK u AC,
AB u DC. Tlpsimass QP nepecexaer AD B Touke M, BC —B Touke N.
Hcnonb3ys mogo6He COOTBETCTBYIOIMHX TPEYroJbHHKOB, MOXEM 3arlH-
cath CJeAYyIOllHe paBeHCTBa:

|AM| _ |BN| _|MK|_ |AK|—|AM|

[MD|~ |NC|  7TAM| [AM] '
oAM= AM|__ AM]_ x_x
Ecnu |AM|=x|AD|, 10 MD |~ TAD|—[AM |~ 1—=x' T—%
—x A
= , OTKya X= P
Otserm: 1AM!=L
" JAD| AT

1 1
= [=—-——— -
Ecau A P , 10 [AM| AT | AD|. Takum o6pasoM, B3fB CHa

yana K copnagaomelft ¢ D (A=1), noayuuMm B kauecrse M; cepe-
xuey AB; Base K coenapaowedl ¢ M, Halizem, utro M, orienser 1/3
or AD, u T. &.

54. Tlycts | KM |= KN|=x, |AD|=y, |DB|=z. Toraa/CD|=
=V yz, y-+2=c. Panuyc Bnucannoit 8 A AKB OKDYXHOCTH paBeH

'§!CD ]=~;— Vy—z Bruipasum maomaxs tpeyroibHuka AKB mo ¢op-
mynam TepoHa u s==pr. [Tonyunm ypaBHeHHe

VG m =t y+2) 5 V-

YuuteiBag, 4to y--2=c, HalingeM x=c/3.
55. IlpoBeneM uepes A, mpamyio, napaanenbuyio AC. Ilycts

R—touka mepeceuenus 3arofi mpsmoit ¢ AB. U3 Toro, uto =g§i=
1

_ 1By 1 JAC |AR| _ _ &

=TAC =%’ TCB] k, Haiizem TAB[ —GEIT Touno

Tak e, nposefs uepes C, npamyio, mapasienabnyio AC, Jo mepece-

[CS| &

[CBI — (kT D

ToukH R, Ay, C, m S jexar Ha omHoit npsamoii, mapaasenbHoit AC.

Takum o6pasom, cropornt A ABC u A A,B,C, napanienshs. Tenepb
HETPYAHO NOJAYYHTb, 4TO | A3C, |=|RS |—|RA3 | —|CsS |2=! 1,30 | X
+1

X l-—ﬁ ); NO3TOMY KO3)DHIHEHT NOXOOHS paBeH

.

yenus ¢ BC B Touke S, NOJYyYHM, 4YTO IMostomy

&+
56. Bocnosbsyemcs cneuyigmeﬁA(popmynoﬁ AAsl IJoMWAnH Tpe-
yronpHuka: S=2R%sin AsinBsinC, rae A, B u C —Beanunssl
yraoB TpeyroanHuka. Torja naomans tpeyrosibHuka A,B,C,, rae 4,
B, m C,—ToukHM mnepeceueHuss GucceKtpuc A ABC ‘¢ onucasHoit
OKpYKHOCTbIO, OyJeT paBHa

opran A+B  B+C C+A . ¢ A B
S8, =2R?%sin 5 sin —g—sin—; =2R COS & COS 5 €08 5
H

-§-=8 sin é sin A~ sin é-
Sy 2 2 2"
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C zpyrofi croponst (puc. 10) wumeem: | BC|=2Rsind,

B A sin B+é
é ) R -
(ctg ?+ctg§>=2R sin A, r——.—2—=2R~2sin %cos%,
smgsin?
A B ¢C r. S 2r
sin 5 Smi sin 5 = iR’ TakuM 06Gpa3om, S—l =X

57. Ilyctb O —ueHTp NONO6MSI BNHCAHHOTO W OINMCAHHOTO Tpe-
YronbHHKOB, M; u M,— Be CXOACTBeHHble BepIUHHBI (M; JeXHT Ha
cropone AB), oTpesok OA mnepecekaeT BNHCAHHLI TPeyroJbHHK

Som,a _ oM,

B Touke K. Torpa Spu o =ASy, Som,a=MS2, S O0M
OM ;A 2

_ 1 — Som,.k
=V 5 oy Soma=Mr V' 8;S,, rre A=-—#—. Paccumotpes

WecTh TaKWX TPEyroJbHHKOB M CJOKHB HX [JIOMAAH, NOJNYYHUM
SABC=VS132~

58. Ilycts O —IeHTP OMHCaHHOrO Kpyra, /H — TOUKa nepeceueHns
Buicor A ABC. Tlockoabky npsmas OH mnepneHiuKyJaspHa GHCCeK-

TpHuce yraa A, To OHa mnepecekaeT cropoHbl AB u AC B TaKHX TO4-
kax K u M, uto | AK|=| AM|. Takum oGpasom, | AO |=|0B| u

A0B = 2¢ (cunTaem, uto yroa C — ocTphili), 0AK=90°—C —HAM.
3uaunr, AOAK=AHAM un |0A|=,HA|=R (R—paauyc onu-
cantoro kpyra). Eciu D —ocHoBaHHe NepreHanKyasipa, - ONYIIeHHOro

us 0 Ha BC, 10 |OD i=~;.} AH| = R_2_ Ciefosatenbho, €os A =

— 1
= cos DOC = 5 H A = 60°.

59. IlokaXuTe, uYTO TPEYroNbHHUK GYNET OCTPOYrOJbHEIM, MpsMoO-
YroJbHHIM HJH TYNOYTONbHEIM, €CJH DacCTOsHHe MeXAY UeHTPOM
onucaHHOl OKPYXHOCTY H TOUKOH mepeceueHus BLICOT GyneT COOTBeT-
CTBEHHO MeHblIle, PABHO HJIH GoJsblue MOJIOBHHB HauGosbluel CTOPOHHL.

OTBeT yrab TpeyroinHHKa pasHel 90°, 60° u 30°
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60. Ycnosue S, ppy =S, pcx O3HaUaeT, uTO

- |BD|-|BM =|BK|-|BC, )
(IBA|+|AC))|BM|=|BK|-|BC|..

Tposenem uepes M npsmyto,\ napajmnensnyio AC; nycte L —TouKa

nepeceucHus sTo#f npsamofi ¢ BA. ,D,oxa)xem, 41O ILM l—] KL I3 OT-

cioga GyNeT c/1efoBaTh, YTO HCKOMBIH YroJ BKM = BAC =—. [lo-
CKOJbKY A BLM v A BAC nopoGeH, TO
v = BML | BM |

"Be] | ACh |BLI=lgey | 4B,

Tenepe Halizem u3 (1) jBK| u nocuntaeM | KL|=|BK|—|BL: =
[BA +1AC| _I1BM]| | BM |
Bc] | BMI— gy | ABl=1gp7
moM jene | LM |=|KL|.
OtBeT /2.
61. [ycts |AD|=a, | BC|=>5. Onycrum u3 O nepneruxymasp OK

na AB. Teneps MoXxHo Haiitn | BK i=VEE = |BE|=V¢—15—b—,

|AC|, 1. e. Bca-

'MK]=Za—b—V¢_i5 ” =Vab———"_ 2(a+b), |EK[-]BE|-|—[BKI—

2ab ab .
F= b_—-———-—— = —— 22—
Vab @=HEFy’ | OK | ath Jlerko nposeputs, uto |OK |
=|EK|-|MK]|.

Orser: EOM=90°.
62. 3amerum, uTo ToukM A, M, N H O Jexart Ha OIIHOH oxpyx(

HoctH (pHuc. 11). CiezoBatenbHo, NMO::OAN 90° — AON 3ua-
yut, npu nosopore OA BOkpyr O
Ha yron ¢ nupsmMas NM no-
BEpHETCA Ha TaKo#l ke yroJa q)
M (B EpyroM HampasJ/IeHHH), a 0
repeMenieHHn A 1o npsMo#h A
A npsiMas NM nepevemaercs na-
pannenbHo camofi ceGe. Orciona
C/IeAyeT, YTO HCKOMBIi yroJa pa-
BEH O.
63. Ecniu O; —1LeHTp MeHb-
_—

7 wef oxpymaocm, a BOA=<p, TO
\ BAO=90°— 91 , CO,A=90°+,
Il —

. CAFI=45°—»SP— Takum o6pasom,
Puc, 11.

—T T LT
BAC=BAO—CAO,=45°.
OrBeT: 45°
64. IlocTponM Ha AB BHYTPH KBajpaTa NpaBUJLHHIH TPeyrob-

mnk ABK. Torza KAB==60°, KCD=15°, 1. e, K copmagaet ¢ M.,
OrBem 30°
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65. Ecaim BAC=2c, T0 Jerko HafifieM, 4to KMC=MKC =
=30°+a, 1. 6. |MC|=|KC|. Ipogomxum MK po nepeceuenns
¢ oKpyxHoctblo B TOouke N; A KMC nogoGeH A/K\AN, 3HAYHT,

| AN |=| KN |=R—panuyc oxpyxHoctn (Tak Kak AMN =30°).
- Toukn A, K um O nexar Ha OKDYXHOCTH C LeHTpoM B N,

—_T —
ANO =60° -caenosarensio, AKO==30° unu 150°, B 3aBHCUMOCTH OT
TOro, Tyno#t uau octpmit yron AMC.

OteeT: 30° mam 150°.

66. IlpoBepem (pHc. 12)? GucceKTpHCYy yryia A u npojomxuM BM
Xo mepeceueHnsi ¢ Heo B Touke N. Tak Kak |BN |=|NC|, o

ﬁ\’?: 120°; 3Haumr, ¥ yran
—T —T
BNA, CNA rtakxe mno 120°

— —
NCA = NCM = 20°, . e
ANMC = ANCA, MC| =
=|AC|, A AMC — paBnoGeg-
peHHHIH.

OrBeT: 70°

67. OnuumeM oxoso A MCB
oKpyXHoCTh (PHC. 13) u mpogou-
M BN [0 nepeceueHHs ¢ Helo Puc. 12.
B Touke M;; |CM,]=|CM |, rak
KaK_yribl, B2 HHX ONHpaiomuecs (80° u 100°), B cymme paor 180°;

MCM =MBM=20°, 1. e. NC—Guccektpuca yrna M,CM, u

A M,CN = A NCM; NMC= NM,C =CMB=25°.
OtsBeT: 25°,

Puc. 13. Puc. 14.
—
68. Bossmem Ha BC Touky K (puc. 14) Tak, uro KAC=60%
MK | AC. Tlyers L —Touka nepéceuenns AK u MC; A ALC —mnpa-
.BubHEE, A ANC —paBHOGejpeHHb# (mofcunMTalite yrabl), 3Hauwr,
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A LNC Ttak:ke paBHOGeApeHHBHIH, If‘N\=20°. Tenepn HaififeM yrin
NLM uw MKN —ouu no 100° Ttak kak A MKL npaBujbHbHI, TO

yraet KLN u NKL—mo 40°, 1. e. |KN|=|LN| u A MKN =

NN T
= AMLN, NML=KMN =30°.
OTtBeT: 30°

TN T
69. Bo3bmem (puc. 15) Touky K Tak, uro6nl KBC=KCB=30°,
u o6o3HaynM depes L Touky nepeceuenus npambix MC u BK. Tak
Kak A BNC paBHOGenpeHHEIH

Petng ) —NN P

(NBC=NCB=50°), To KNC=
=40°. Touka L ectb TouKa Ie-
peceueHHsi GHCCEKTPHUC TPeYroJb-
Auka NKC (LK u LC—6uccek-
tpHucel). CrepoBarensHo, NL Tak-
Ke Ouccektpuca yraa KNC n

P

LNB=60° BN, B cBOIO oOue-
penb, OuccekTpuca yraa MBL;
Kpome Toro, BN | ML; 3Ha-
yuT, BN penutr ML nonoaam u

— T —_T
MNB=BNL=60°, a NMC=
Puc. 15. = 30°.
OreeT 30°
70. ITyctb O —ueHTp BnHCcaHHOH OKpyxHoctH, ToukH C, O, K

. o~ A
H M nexar Ha ogHON okpyxHoctH: (COK =5 +7=90°~——2-=

—_T . N
= KMB=180°—~KMC; ecnu xe Touka K —Ha npojo/mxeHnn NM,
TO 50?= C/M\K . Takum oGpasom, 6K?=O/M?=90°.

71. OGo3HauuM yepe3 K TOUKY NepeceyeHHS OKPYMXKHOCTH C LEHT-
pom B u panmycoM | AB| u OKPYXHOCTH c LeHTpOoM F H paguycom
| AF |. Torza 74K\C =180° —%’— , A/K?=180° ———}; YYHTHIBas ycCJIO-

T B
BHe, NOJIYYHM, 4YTO CKE=180°—?; 3HauuT, K JIEKHT Ha OKpyX-

NN T
HoctH ¢ ueHtpoM D wu pamuycom |CD|, Tlosromy KBF=ABF,
1

KBD=CBD; =. . FED= 1 ABC=%.
.2 By
OrBet 31 o g

72. Ecau P JnexuTt Ha ayre Af, Q—mHa pyre Af, TO JJAS YTJIOB
PAB= P, 64?=1p NOJyYHM [BA COOTHOIIEHHS: \
{ sin? (€ — ¢) =sin ¢ sin (B+C — ¢)
sin? (B— 1) = sin ¢ sin (B+C — )
[ 1—cos 2 (€ —q)=cos (B4 —2) —cos (B+C),
| 1—cos 2(B—) =cos (B+C — 2y) —cos (B+0),
80



3anumeM PasHOCTb STHX PABEHCTB:
sin (B+C—9—19) sin [(B—C)+(@—9)] =
=sin (B+C—@—1) sin (p—1),
oTKyaa (mockoabky 0 < B+C—@—p<m) noayunm, uto B—C +
+@—P=n—(©@—1).
—a
OrBeT:

ﬂox aKem (puc. 16), uto A CMN nopo6es A CAB. I/ImeeM

MCN CBA Ilockonbky  ve-

THpexyronbiuk CBDM Bnucan-
HBHIH, TO 4
|CM| _ sin CBM _sin CDM
[CB] ~— ¢
sin CMB sin CDB
—
_ snDBA _|AD| _|CN| ,'\

~ snaDB |ABI 4B
T —_
3nauut, CMN =BCA, T. e. uc-

a
KOMBEI yroJ pPaBeH HJIH —- HJH

2 Puc. 16.

o
0—-—
180 5 -
—T
74. Mlycts  ABC=120°, BD, AE, CM —o6uccektpucet A ABC.

IToxaxkem, urto DE — Guccekrpuca yraa BDC, a DM — Guccektpuca
yria BDA. [Ins 3TOro JOCTaTOYHO IOKa3aTh, YTO

|BE| _|BD|
[EC| ~ DC]
(aHaNOrHYHO ANA TOUKH M). Ho 3TO BLITEKaeT H3 COOTHOIWEHHH
|BE|__|AB|
. IE | T JAC)?
|BD|=__2}AB|-|BC|cos60°= [AB|-|BC|
| AB|+| BC| |AB|+|BC|
(cM. 3apauy 17, paspea I) u
__|AC|-|BC|
D¢ I=1aBT+7BC T

75. O6o3nauum @ =a, B/D? =¢@. [lo ycnoBuo D/A?=
— — — N
= 120°—a, BAC=30°+a, ADB=30°—a, DBC=60°+a. Ilo
TeopeMe CHHYcOB RJas TpeyroabHukos ABC, BCD, ACD noayunm
BC|  sin(30°+a) 1
AC | sin (60° 4~ 2oc) ~ 2c0s(30°4)?
DC| _ sin (60°+ o)
BC singp '
AC| _ sin(30°—a+9)
DC| ™ sin(120°—c)
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IMepemHOXast 5TH paBeHcTBa, GyaeM HMETh

sin (30° — &+ @) =sin (30° + a4 @) —sin (30°+a —@) =
= sin (30° — & -+ @) + sin (30° 4 & — @) = sin (30° + a4+ ) =>
= cos (@—a)=sin (30°}a-t+q) =
= sin (90° — @} @) — sin (30° +- a4 @) =
=2 cos (60° + @) sin (30° — @) =0;
TakuM o6pasoM, @==30°.
76. Idoxaxure, uto ecad O B O; — UEHTPH OKPYXHOCTeH, ONMHCaH-
HBIX cc;xo.rxo A ABC B A ADB, 10 A A0O; noxoGen A ACD.
TBeT: QR.

77. Ecin K — cepeauna AB, a O —uentp xpyra, | AB|=2R=c,
TO
|CM2=|CD |*+|DM 2=|CD *+| DK |*=
=|AD|-|DB|+R*+4-| DO *=(/0A|—|DO|)(|OB|+|DO|)+R*+
+1D0 2=(R—|DO|) (R+|DO )+ R¢+| DO [>=2Re,

3naunt, |CM|=RV?2 =—g— V2.

78. Tlycte KM — otpesok, mnapasnenvHnit BC, N u L—TOuKH
KacaHusl BNHCaHHOM OKpyxXHocTH co cropoHaMP AC m BC. Kax us-
BeCTHo (cM. 3agauy 18, Cpaau.en I), | AN |=| AL |=p—a, rie p—
noaynepumerp A ABC. Ipyroit crtoposH, | AN |=| AL |—noay-
nepumerp A AKM, nopo6uoro A ABC. CnenoBaTesbHO, pp;a___%

?
a?
a—b’

p=

2

OrBeT: 22 .
a—b

79. JlokaxuTe, 4TO €CM @, b, ¢— JJIHHE CTOPOH TPEYTOJLHHKA,

TO MepHMETPHI OTCEKaeMBIX TPeYrobHHKOB 6yayT 2 (p—a), 2 (p—b),

2 (p—c). CnenoBaTte/IbHO, €ciH R —pajuyc ONHCAHHON OKpPYKHOCTH,

TO R1+R2+R3= P;a+P—b+P—c>R=R.

P P
OrBeT R=R,+R;+R;.
T~ .
80. Ecii BAC=oa, T0 {AMI=LS%%Z|, |AN[='—S%%l, T. e

|AM|:| AN |=| AC|:|AB|; Takum
o6pasoM, A AMN nopoben A ABC c

1
Ko3apdunueHTOM NOXOGHS e no3-

_18C|
Tomy |MN |= per =2R.
81. Ilycrs (puc. 17) Oy u Op—
LeHTPH MepeceKalolHXCs OKPYXKHOCTeH.
OGosnauum HMX pagHycH uepes X H y,
|OA |=a. TlockonbKy TpeyroJbHHKH
AOO; u A00,, xak ciaepyer U3 YCio-
BHSl, DaBHOBEJMKH, TO, BBIpaXas HX
‘ naowass no dQopmyne Iepona, yuum-
Puc. 17, TeIBast, 4to | 0;A |=x, |00, |=R—%,
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10,4 | =y, 00,=R —y, uafinem
V (R+ad (R—a) (R¥a—2) (@+2—R _
2 2 2 2

_1/ R¥a R=0 RTa—)@+H—R _,
2 2 2 2
= a2 — (R—2%)2=a2 — (R — 24)3,

OTKYAa, MOCKOJNBKY X 5=y, NOJNYYuM X--y=R.

82. Tlycte AB u CD — paHnwpe xopzael, a M--ux TouKa nepece-
YeHHUS.

a) Ilyru AC u BD B cyMMe COCTAaBJSIOT NOJIOKPYXHOCTH; Cle-
noBatessHo, | AC 24| BD [2=4R?2; TakuM 06pa3soM,

| AM 24-| MC 24-| MB 24 MD [2=| AC |2+ | BD [2=A4R?,

6) | AB 2| CD [2=(| AM |4-|MB |2+ (| CM |+-| MD |)2=
=|AM {24 |MB {24 |CM2|+|MD, 2+2|AM] {MB|+2|CM|.-IMD|=
= 4R?4-2 (R®—d?) -2 (R?— d?) = 4 (2R*—?).

83. Ecau M —Bropas Touka mepeceduenus BC ¢ menblueid OKpX/I
HOCTbIO, TO |BM |=|PC| (M— Me)xny BuP), |BP|=|MP|+|B
{BP|-| I-—RZ—-r2 |MP 2+ | PA 2= 4r? [PA12+|PBP+
+IPCI2—IPA|“+(IPBI—-!PL‘)2+2'PBI !PCI-—( PAPR+|MP )+
+2( PB|-|PC)=4r242 (R2=r?) =2 (R*+1?).

84. OGosnaumM (pHc. 18) nJaHHBI OTPe3KOB XOp1, Kak Ha pH-
CyHKe, JIHaMeTp —4uepe3 2r; HCNOJMb3Yysd TO, YTO YIJIBI, ONHDaIOMIHECs
Ha JUAaMeTp, NPSAMEIE, a XYy ==uv, NOJYUHM

x(x+y)tu@to)y=x2txy+uw-tut=
=(u+0v)2 12— 2= (u+v)?+-mi=4r2

85. Ecin o, B, v, 6—nyrn, OOTBETCTBYIOIME CTOPOHAM a, b, ¢
u d, TO J0Ka3blBaeMOe PaBEHCTBO COOTBETCTBYET TpKI‘OHOMé’I‘pH‘leCKOMy

ee._-._v_ﬁ_é,_,_ (2v\_
sin 5 €08 -+ cos 5 Sin g =sin5-cos= --cos 5 sin HIH sm\
= sin (.ﬁ_-;_).
{4 3
2r
Puc. 18. Puc. 19.

86. I[lycts (puc. 19) ABCD —BnucaHHbH qempexyfo.nmmx
Onuwem oxoo A ADP okpyxkaocts. OG03HauUMM uepes M TOUKY

nepeceyeHHs 3TOH OKpyXHOcTH ¢ mpsmoH PQ. Vimeem DMQ DAP =
T

= BCD. CrenoBaTenbHo, uerhjpexyronbiuk CDMQ— snucanusii.

TlockosbKy, MO YCNOBHIO, KacaTefbHple, NpOBeAcHHbe u3 P H Q
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K HCXOJHOH OKPYMKHOCTH, PaBHH a H b, GyseM HMeTb
' QM |- [QP |=!QD - |QA =P,
[PM|-|{PQ|=|PD|.|PC|=a?
C/OXHB 3TH PaBeHCTBAa, MOJYYHM

| PQ2=a2+b2, |PQ|=VaF B

87. Otpesok QM paseHn (cM. 3anauy 86) V(bz—R2)+(ca——R2) =
=Vb2+cz—2R2. IMycte ABCD — paHHbIi 4eTHIpeXyroJbHUK, Q —
Touka nepecedeHust AB u CD. JIns HaxoxjieHHs AJAuHB PQ onuumeM
oxpyxHocTb OK0JI0 A QCA, o6o3HauuM TOUKy mepeceuenus QP c atoft

okpyxHocTblo yepe3 N. Ilockosbky AWP-—-—X(?Q=A?P, TOYKH A,
B, N u P rakxe jexar Ha OXHOH OKpyXKHocTH. MMeeM

[QP|-|QN |=|QA|-|QB|=b2—R?,
[PN|-|PQ|=|CP|-|PA|=R?—a?
Briuuras BTOpO€ paBeHCTBO H3 MepBOro, NOJYyYUM
|QP P=b24-a?— 2R

AHaJsorauto
| PM B=c2+4a%—2R2,

88, Pajuyc BNHCAaHHOR OKPYXHOCTH 3aKJjloueH MEXAY BeJHUH-
HaMH PagHycoB ABYX NpelelbHEX ciaydaeB. OH He Moxer GHITh MeHbLUe
panMyca OKDYXHOCTH, BIHCaHHOH B
TPeyroJibHUK co cTopoHamu a-+b, b+,
¢+a, xoropuiii paBeH S/p, rae S—
MJI0ILA/lb, p — MOJYNIePHMETP TPeyroJb-
HHKa; TakuM o6pasom,

,>§_= V(a—i—b—l—c)abc .

<7/
N _
g p a-t+b+c
V_ abc
=V arofc

C apyro#t CTOpOHH, paauyc MeHblue pajgu-
yca OKp yIKHOCTH, H306p axKeHHOfl Ha pHC.
20 (Ha 3TOM PHCYHKE NIpOTHBOMNOJIOXKHBIE
Puc. 20. KacaTeJbHble TNapaJsielbHel, Touka C

«yGeraer» B GeCKOHeuHOCTb). [ToCcKOJIBKY

s yrios o, § H Y, OTMeueHHBHIX HA PHCYHKe, BHITOJNHSETCSI paBeH-

T b
CTBO oc+|3—l—‘v=7 H tga=%, tgﬂ=-’;‘» tg'y=3, rpe p—pa-
1

Auyc H306paxeHHOH OKPYXHOCTH, OyleM uMeth tg(a-+B)=

ey’
c a
et _» T

HJIH 2 = OTKyAa p=Vab+bc+.ca. Takum o6pasoM,
l_b?
abc e

V-m Lr<< l/ab—i—bc+ca.
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89. ITycte M —Touka nepeceueHns npsmoil CB ¢ Jmuuiﬂ LeHT-
S~
poOB  JNaHHBIX OKpy:Hocrell. OGosnaumm | AM|=x, ACB=g,
x
2= 2= i = - .
| AB 2=2rx, | AC|2=2Rx, sin@ TAC]
pyxHOCTH, onucanHo# okoso A ABC, 0 p=

Ecnmn p—paguyc ok-

|AB| | AB|-|AC|__
2sing 2% -

_V 2rx2~x]/ RE_ 1/
OtBet: VRr.

90. ITycrs (puc. 21) (fA\O =@ (0y, Oy—UeH1pbl OKPYXKHOCTEll,
A —nanGonee ypanenHas ot BC TouKa mx nepeceuenusi). [lokaxewm,

qroﬁé = fg— . (IIJm npyroft Toukn yroa 6yzer 180°— —(g ) B ca-
MOM JeJle,
T —_ Pty — T~ T
BAC =180°— ABC — BCA == 180°— (30°— ABO,) — (90° — ACO,) =
—T TN —_ Py —_ —
= ABO,+ ACO, = BAO,+ CA0,=0,40,—BAC=¢9p—BAC.
IMycts | 0,0, |=a. IlpoBens O,M|BC (M —na 0,B), noayuum
| BC|=|0,M|=VT0,0, F—[OM[=V &= (R—r).

2 2 2
U3 A 0,A0, naitnem cos(p=8__'ll2%r_a-; TaKHM O06pPas’oM, pamdyc
OKPYKHOCTH, ommcaHHoii okojo A ABC, pasen
|BC| _V@—R®R=—nt __ Va&-—R=1* __yp.

P 1 —cos = R24r2—a?
2 o) _ :
sin g 2]/ 5 V2 ]/1 SR

Orser: VRr (nJ1s1 06OHX TPEYTOJAbHHKO?).

Puc. 21. Puc. 22,

91. DO u CO—6uccextpucet yraos ADC u DCB. OGosnauum
yepes o, P M Y BENUUHHH COOTBETCTBYIOWAX yryoB (puc. 22). Ho
a+28+2ya=2n, snauur, a--P-y=m; orciona crepyer, uro

[70?=7, Z'/OF=B u A AOD nono6en A COB, otkyAa

|AD| _ |OB| 401108 < LABE
TA0] =Tcay’ |APIICBI=]40|-|0B|="——
OTrBeT: Tb—.
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92. U3 yc/oBus sajiayd Clenyer, 4to GHCcceKTpHckl yraios C u D
nepecekaiorcsi Ha cropoHe AB. O6Go3HauMM STY TOUKY NepeceyeHus
yepes 0. OnumeM oKomo A DOC oxpyxkmuocts. ITycts K —Bropas
TOYKa mepeceyeHust SToHl OKpyxHocTH ¢ AB. Vimeem

EK\A=ECF=-;- D/CF=-;- (180°—l)/117()=—;- (DKA+ ADK).

Pt —_——
3uaunt, DKA=ADK u | AD |=={ AK |. Ananornuro | BC|=|BK|;
cienosareasto, | AD |+{CB|=| AD|, b4 |CB|=a,
OrBeT. a—b.
93. ITycts P —touka nepeceuenusi npsiModt DE ¢ AB, K —Touka

wa AB rakas, uto KD|AC. A AKD— pasnobespennui (KDA =
T~ e

= DAC=DAK). 3naunt, KD—Mezuaia B IpPSMOYrOJbHOM Tpe-

yro/IbHHKE H lMN'=%IKD{ =%[AP1=—;—|AE]=—1—a.

94. Ilycrs (puc. 23) BTOpofi TOUKOM NepeceuyeHHs OKpy:KHoCTed,
onucauHeHXx okolo A ABC m A AB,C,, 6yrer A,. U3 ycnoBus cie-

— — N
Ryer, uTO | BBy |=|CC,|, xpome toro, ABA;=ACA, v AB,A; =
= AC;A,. Cinenoareasno, A A BB;= A A,C,C. 3nauur, |A;B|=
—_— TN N — T
=| A4,C|, Iyce ABC=p, ACB=v, ABA,;=ACA;=¢. Tak Kax

4

Puc. 23.

A A;BC papHOGefpeHHHH, TO AI/B\C = Aﬁ T. e Blo=y—0,

¢=?_2-B H, €CJIH PajHyc OKPYKHOCTH, omucaHHo#i okono AABC,

’

pasen R, 1o 1AA,1=2RsinV‘2f' o a—='AB —|AC|=
[+

=2R(sin7—sinﬂ)=4Rsint;i}cosﬁ-_-{z-—-"—’:mAA,I sin 57s CAeNO-

a
BatesIpHO, | A4 |= o

2 sin —2-
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95. 3ametum, uro Toukn A, O, M, B nexar Ha OZHON OKpYX-
P S~ N
HocTH (AMB usmepserca noiycymmoit gyru AB H Ayrd, CHMMETpHY-

S T T —
Hoit AB orHocurensHo OC, t. e. AMB=AO0B). Hanee, oryioRuM
| MK |=| MB| na AM, torna A AKB nogo6er A OMB.

OrBet |ABl=2a.

96. Ilycts | AB|=2r, 'BC|=2R, O;—cepeauna AB, Oy—ce-
penuHa BC, Oz—cepenuna AC, O—ueHTp 4eTBepTOH OKpYXKHOCTH,
papuyc Kotopoii x. U3 ycnosus crnenyer, uro | 0,03 |=R, | 030, =
=r, |0,0i=r+x, |0,0|=R+4x, |030|=R-}-r—=x. Ilpupapuu-
Basi BhHIpaXKeHHs LJs IUomaneli TtpeyroapHukos 0,003 u 0,00;, mno-
JayueHHBle To ¢opmyJe ['epoHa M Kak NOJYNpoM3BEJeHHE COOTBETCT-
BYIOIETO OCHOBAHHS Ha BEICOTY, NMOJYYHM JBA yPaBHEHHS:

VRENTR—D 7= ; Rd,

— ]
VR+r+%) Rrx = 5 (R4-r) d.
Boss;)m ypaBHeHHsi B KBajpaT M BHIYHTasi OJHO W3 ApPYroro, HahgeMm

K=,
2
d
OTrBeT -+.
2
97. Ilyctb P —ocHOBaHme TepPHeHAUKYJIspa, OMylleHHOro u3 N
Ha npaMyio MB; torna | MP '=R cos &, ciiejoBarelibHo, | MP | paBHO
paccrosgHmo oT ueHtpa O ro AB, HO paccrosHHe OT BEpIUHHH Tpe-
yrolbHHKa JO TOUKH NepeceueHHs BHICOT BABOe G6OJiplIe, YeM pac-
CTOSHHE OT LEHTPa ONHCAHHOTO KPyra A0 NPOTHBOMNOJOKHON CTOPO-

s, 7. e, | MP| = o | MK|.
Orcioga ciexyer, uto ecnd M Haxoautea Ha GoJbuieil M3 Ayr,

P TN
1. e. AMB=a, 10 | MK |=R; ecan xe AMB=180°—a (1. e. M —
Ha wMeHbmell Ayre OkpyxHocrd), 10 | NK |2=R24-4R%cos® o -
-+ 4R2 cos? & = R? (1 4- 8 cos? c).
R, eciin M — Ha GoJblueit ayre OKp y:KHOCTH,
Orser: |MK|={ RYTF8co®a, eciu M—Ha Menbuueit 1y-
re OKpPYXHOCTH.

98. Ilycts ABC — nauusiit Tpeyroipudk, CD —pricora, Oy u 0y —
HeHTPHl OKpYXKHocrell, BnucaHHBXx B A ACD u A BDC, K u L—
TOUKH nepecevenus npsmeix DOy u DO, ¢ AC m CB. Tak kak
A ADC nopo6en A CDB, a KD u LD — GHCCeKTPHCH NPSIMBIX yIJIOB
3THX TpeyrosbHHKoB, 10 Oy B O, jenat coorsercrenHo KD u LD
B ojuHaKoBoM OTHOomweHnH. 3HauuT, KL |0,0,. Ho uernipexyrosibHHK

CKDL —snucannsifi  (KCL=KDL=90°). Cnenosarensio, CKL =
—— N e~ T
=CDL = —4—,CLK =CDK = T TakuM o6pasoM, npamas 0,04

L)/
ofpa3yeT C KareTamMd YIVibl B e Eciu M 8 N —TouKH nepeceyeHns
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0,0, ¢ CB u AC, 10 A CMOy= A CDO, (COz-——oGuLaa, 0,CD =

N
= O,CM, TDO =5 = CMog). 3uaunr, |CM|= NC|=h.
h2 o n
OTBeT: NIOMANL TPEYTONbHHKA PaBHA 5, VLI 1, 4, o

99. OGo3HaueHHss NOHATHH H3 puC. 24. CKDL — npamoyrodse-

—TN —
HHK, [TockombKy LKA==90°-o, LBA=90°—q, TO YeTHIPeXyrob-.
HHK BLKA — BnucauHmii,

tg(p=——=_—-—_=—sin2o;. (l)

Ecnn R— paguyc OKpy:XKHOCTH, TO

1KLL __h

R_m_2sin(p’ @

TockoabKy ﬂ)?= 2p, T0 |[ON '-=Rcos ¢ =
soBanHch paBeHctBa (1) u (2)),

|OM |=| ON | sin (90°—20) =h

H, HaKoHell,

| PQI=IQM |=VB=TOME = |/ ;e — 1 ctgt 22 =

—h]/—(l-x-ctgz ) —ctg? 2= h]/4< sm22a) clg? 20 =

hY5 .
_h]/4+1_———, 1PQ=hV5.

Ecan temeps orpesku |PD| u |DQj Xopasl 0603HauMTL uepes x M
Y, 10 X+ y= hV5, xy=~h2, oTKyzna

-L—_— _h_ (ucnojib-
2tgp  sin2a ,
cos 20,

m—=hctg2a

P HafJeM, YTO HCKOMbIE OTPE3KH XODAbI
1 —1
oA N 6yayT paBHH V52+ V52
20 (A3
LKSX___ @
0f— 7Y g
M 0
g
[ £
/4
g AN X
Puc. 24. Puc. 25.

100. ITycrs (puc. 26) P B Q—ToukH KacaHMs Kacare/bHBHIX,
nposeseHHEX u3 E. Iokaxewm, uto | EP |=| EQ|=|BD|, B camom
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Jevie,
|EP?=(ED+|DC|) (| ED|—|DC )=
=|ED|*—|DC*=|BC*—|DC*=|BD 2
(no yenosuio | ED |=, BC'). O6o3nauum
{KN|=x, |PN|=|NA|=y, |EQ|=|EP|=|BD|=z.
Torpa | KE |=x+y—z. Numeen

1

1
Sxen =5 | KN |-|DA|=5x@R—2),

C Ipyroff CTOpOHHI,

v

Sken=Skon + Seok — Seon =
=-]2- Rlx+x4y—2z—y—2zl=R(x—2)

(O — uentp oxpy:xHoctu). TakuM o6pasoM, —; X(2R—2)=R (x—2),

x=2R.

OrBeT: 2R.

101. 3aMeTHM, uTO €CJH Mbl PACCMOTPHM CHCTEMY H3 N BEKTO-
pOB, MMEIOUMX HAYajo B LEHTPe NPaBHJLHOIO M-yrOJIbHHKA, 8 KOHLBI
B ero BepIIHHaX, TO CyMMa 3THX BeKTOPOB paBHa Hyjo. B camom
Jene, ecl¥ Mbl NOBEPHEM BCe 5TH BeKTOPH Ha Yroa 2%/n, To HX
CyMMa He H3MEHHTCH, a, ¢ Jpyroffl CTOPOHH, BEKTOP, PaBHBIA HX
CyMmMe, TOBEDHETCH HAa 3TOT Ke YyroJ. 3HauuT, H CyMMa MpoeKu#ui
STHX BEKTOPOB Ha JiOGYI0 OChb PaBHA HYJIIO.

BepHeMcs K Hamelt 3agaue. Ecin ¢ — yron mexjy nauHo# nps-
Moii (o60o3HauMM ee uepes /) W DJHHM H3 BEKTOPOB, TO OCTalbHBIE

BEKTOpH GyAyT 0GPa3oBHBATh YIJIH «p—l—%, Q)-I—Q?nﬂ, ey 94
+ (n—1) g'?- Ksagpar paccrosuus or k-i BepmuHH Jo ! Gyxer

on l—cos(2(p+ké;—t->
sin? <q)+k71-> = \ 5 .

4n
Ho BesnuHHBI COS 2(p+k71— MOXHO paccMaTpHBaTb KaK NPOEKLHH

Ha | cHcTeMBl n BEeKTOpoB, ofpasyouye ¢ / yribl 2cp+k-4n£, k=0,

1, ..., n—1. Tlpu n HeueTHOM 3TH BeKTOPbl 00pasyioT MNpPaBHJbHbLIA
N-YroJIbHAK, NIPH N 9eTHOM GyNeT ABaAL NOBTOPEHHHIH 1/2-YrOJbHHK.
OrBeT: n/2.
102, Ilycte O—ueHTp onucaHHoit okolo A ABC oKpyxHocTH,
B, —cepenuna AC, N —rtouka xacanus ¢ AC BIHCAHHOH OKPYMXHO-
cru; TorAa, ecan | BC|=a, | AC|=b, | AB|=c, 10 |AN|=p—a,
|CN ,=p—c (cM. 3anauy 18, pasgen I)

|ON 2= 0By 2+ BN ?= 2
2
=( A0 [2—| AB, %) +| BN ,2=R2—{’4»+<p—a—f;~> -
=R 4 (p—0) (p—a—~b) =Ri—(p—a) (o —0).
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Anasnoruuso onpenesuB KBaJparbl paccm*osmnﬁ JO JAPYrux TOUYCK
KacaHus M CJIOXHB HX, NOJYYHM, YTO HCKOMasd CyMMa paBHa

3R —(p—a) (p— ) — (p—0) (p— b) — (p—b) (p— )= 3R — M.
Bocrnosb30BaBImKCh AJs MJIOWAAW TPEYroJbHHKA CJelylounMu ¢op-

Mmynamu: ¢opmyJoit Fepona u dopmynamn S=pr, S=%—bR?, NOJTy YHM
p—a) (p—1b) (p—2)
Volp—a) (p—b) (p—0) =pr = p
abc = b
Pr=1r 4Rr =¢% .

CloXHB nocjefHHe paBeHCTBa M BOCHOJIb30BABIIHCH TOXJAECTBOM

(p—a)(p—b) (p—c)+abc=
=pl(p—a) (p—b)+(p—b) (p— )+ (p—0) (P — )] =PM,
HaligeM, uto M=4Rr-}r2.
OrBer: 3R*—4Rr—r2.
103. Tlyctb (pmc. 26) P—Touka nepeceuenns xmaroHaneft, a K,
L, M, N —ocHoBaHHA NEpPNeHAHKYJ/SPOB, onyuleHHHX u3 P Ha AB,
BC, CD u DA. Tax Kak uYermpex-
yronbHuk PKBL  BnucaHubii, TO

PKL=PBC, ananorauso PKN = PAD:

Pt
HO PBC=PAD, Tax Kak OHH ONHpa-
Iorcs Ha opuy nAyry. CuenosarenbHo,
KP —6uccekrpuca yraa NKL; 3Hauut,
GUCCEeKTPUCH YTJIOB YeTHIPeXYTOJbHHKA
KLMN nepecekaiotcss B TOYKe P, KO-
TOpasi B SBJAACTCS LEHTPOM BIHCAHHON
B KLMN oxpyxuocta. Ilyctb Tenepb
nnaroHamn AC u BD nepneHIHKYJsp-
Hbl, R—pajuyc JaHHOH OKpYXHOCTH,
Puc. 26. d—paccrosiue ot P [0 ee ueHTpa.
AP |.| PCi=R?— d? Paanyc HCKo-
MOH OKPYXHOCTH r paBeH, B YaCTHOCTH, pacCTOsiHHIO OT P o
—_—T — e —T
KL. O6o3nauns KLP = ABP =0, PBC =, Haliiem
. . ; [PC| | AP|
== = = | —_— —
|PL|sinoe=| PB | sin P sin o J‘PBI TBC| T4B]

|PB|-| AC| sin (. +4-$)

|BC|-|AB sin (&e+B) [AC|
apc ! _R-a&

. 25
=R )2SABC 2R™ R

—(R2—a)

CR—a?
OTBeT: —5r

104. ITyctb (puc. 27) ABCD — paHHHI ueTHIpEXyrolbHHK, P —
TOYKa nepeceyeHus Auaronanedl, K —cepenuna BC, L —cepenuna AD.
HokaxeM, uto npsimas LP nepnenpuxyaspna BC. O6osHaunB uepes

M rouxy mepecewenns LP c BC, Gynem mMetb BPM —LPD=
N —
= ADP=PCB. Cuaeposarenvto, PM | BC. 3nauur, OK|LP. Amna-
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nornuko PK | LO, n KOLP — napanstenorpamm,
|LK 2+| PO 2=2(|LP 2+ | PK )=
=__2(!ADP + | BC 2

4 4

(Ecmn xopaet AD m BC nepemecTHTb TaK, 4TOGbl OHH HMelH OOGIHE
KOHeIl, a COOTBETCTBYIOLIHEe AyTH MPOAOJIKANH OfHA APYryio, TO 06pa-
3yeTcss TNpPAMOYroJbHHH 1DEYroJbHEK C
kateramu | AD | n | BC| n guamerpoM
2R, s3naunt, | AD 84| BC {2=4R?))
CunenoBarenbHo, | LK {2=2R2—d? u TOu-
ku L u K Jexar Ha OKPyXHOCTH C LEHT-
pom S B cepepune PO u pazuycoMm

é V2RE—@#. Ho A LMK — npsimo-
yroasHuill, MS — menmana, |MS| =

— ) ILK| =S VIR=®, n e M
JIeXHT Ha TOH Ke OKpPYKHOCTH. .
OrseT é VIRE_ . Puc. 27.

105. M3 gByx npepbiiymux 3ajad CjAefyeT, YTO €CJH JNHaroHasH
BIHCAHHOIO HYeTHIPEXYroJbHHKA MNepPNeHIMKYJAAPHB, TO TNPOEKLUHH
TOYKH [epeceyeHHs JHaroHaje#l 3TOro ueTHIpeXyroJbHHKa Ha ero CTo-
POHHl CcnyXaT BepIUHHAMH YeTbIpeXYroJIbHHKA, KOTOPHIH MOXHO BIH-
caTb B OKPYXKHOCTb H OKOJIO KOTOPOrO MOXHO ONHCAaTh OKPYXKHOCTb,
npHYeM pajuyChl BNHCAHHOH W ONMHCaHHOM OKPYXKHOCTed M paccros-
HHe MeXJAYy KX UeHTPAMH MOJHOCTbIO ONMpPeAeAIoTCs PaiHyCOM OKpYXK-
HOCTH, ONHCAHHOM OKOJIO HCXOJHOTO YeThipeXyroJbHHKa, W Paccros-
HHeM OT ee LeHTPa [JO TOYKH NepeceyeHHs JHaroHajeH BIHCAHHOTO
B Hee uyeThlpexyrojbHHka. CieloBare/bHO, NpPH BpAIIEHHHM AHArOHa-
Jieli HCXOJHOrO 4YeThIPeXyroJbHHKAa BOKPYF TOYKH HX [epecedyeHHs
YeTHIPEXYTONbHHK, OOpa30BaHHEIA NPOGKLUHMAMH 3TOH TOuKH, Oyger
BpamaThCs, OCTaBasCh BIHCAHHEIM B OJHY H Ty e OKDPYXKHOCTb H
ONMHCAHHHIM OKOJO OFHOH H TOM e OKpYy¥XHocTH. JIerko Takke IoO-
Ka3aTh, YUHTHIBAasd BLIPaXeHHs [Jis PaJHyCOB BNHCAaHHOM H OMHCaH-
HOlt OKpyXKHOCTefl, MOJyYeHHHe B JIBYX NpebIAYLIMX 3ajayax, 4To
TipejJiaraeMoe K JI0KasaTesqbCTBY COOTHOIIEHHE AJf TaKMX yeThipex-
YTOJIbHHKOB BHINOJIHSETCS.

[ns 3aeeplieHHs JOKasaresbCTBa HaM OCTaJ0Ch JOKasarb, 4TO
JM0GO# «BNHCAHO-OMHCAHHEIAY YeTHIPEX YTONBHUK MOMeT GbiTh MOJMyueH
H3 BIIHCAHHOTO YETHIPEXYTroJbHHKA CO B3aHMHO MepeHIHKYJspHbIMH
JMaroHasiMd  BHILEYKa3aHHBIM crnocoGoM. B camoM gene, ecan
KLMN — «BNUCaHO-CNHUCAHHBIAY YeTHIPEXYrOJNLHUK, P — LeHTP BIH-
CaHHOM OKDYXHOCTH, TO, NPOBeNs NPsAMEE, NEpNeHIHKYJAPHbIE GHC-
cektpucam KP, LP, MP, NP u mpoxogsimue yepe3 K, L, M u N
COOTBETCTBEHHO, MEI NMOJYYHM ueThipexyroasHuK ABCD (cM. puc. 26).

[lpu  3tom ﬁ’?: @= 90° — o MLK (Mbl BOCIOJIb30BAJHCD,

B UaCTHOCTH, TeM, YTO y 4YeThlpeXxyrodbHHKa PKBL mpOTHBONOMOXK-
Hble YIVIBI NpAMblE ¥, C/efOBaTeNbHO, OH BIHCAHHHIA). AnasoruauHo

Iﬁ’ié 16\/7= 90° — é— MIW(, H, 3HAYMT, ffa = ﬁﬁ(\-{-fﬁ =

)=-;— . 4R?= 2R,
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= 180°—-;- (W+m)=go°. Takum ofpasoM, Bce yrasl BPA,

APD, DPC u CPB npsamble, T. e. P-—TouKa NepeceyeHHs amaroua-

nefi ABCD, camu e JHaroHalW mnepreHuKyaspuu. Herpyawo mo-

Kasarb, uro ABCD — BrnucaHHBEI} qempexywnx,\nocxoﬂ:xy

N ~— ~ T —_ -

ABC+ ADC —PBL-+PBK -+ PDN+PDM = PKL+PLK+PMN +
—

+ PNM = (VKL +KLM -+ LMN -+ MNK)=180°.

106. a) Iycts [ nepecekaer AC n BC B moukax K W N ¥ xa-
caercsi oxpyxHoctd B Touke M (puc. 28). OGosHaumm |AC | =
=|BC =a, |AK|=|KM|=x, |BN|=|NM|=y. Ouesunso,
w _ (@—x)(@—y)
uw Xy
peme kocunycoB ans ACKN

(49 =(@— 2+ (@—y)P—
—2(a—x)(@a—y)cosa = xy=
=at—ax—ay—(@—x)(@—y)Xx
X €0s oL => 2xy =
=(@—x) (a—y) (1 —cos @) =

, HO Tmo Teo-

Xy — & 2'O_c.
SEneE—n "2

w .,
TakuM o6pasom, w—i=sm2 5 - (AHaJIOruyHO paccMaTpHBAOTCS APY-

rHe CjyuyaH PacrnoJioxeHus npsamoit [.)

6) Bocnoab3syemcs pesysibratom 3agauyn 106 a). IlepemHoxas co-
OTBETCTBYIOIHE DaBeHCTBa AJsl BCEX YIVIOB n-YroJbHMKa, Mbl MOJY-
4YHM KBajpaT HCKOMOrO OTHOIIEHMfl, & CaMO OTHOIIEHHE OKaXercs
PaBHBIM | :

. Oy . Oy . O

sin = sin % ... sin 4=

2 2 2

rje Oy, Cg, ..., O, — YIJIbl MHOTOYTOJIbHHKA,

B) Bocnosb3yemcst pesysibratoM 3agaun 106 a). Ecan o6Gosnauum

TOYKH KacaHus CTOPoH AjA,, AzAs, ..., Agn1Asn, ApA; € OKPyX-

HOCTbIO uepes By, B,, ..., Bgpy, Ba,, uepes Xy, Xp ..., Xop-g,

Xgn — PaCCTOSIHHS OT A;, Ag, ..., Agp B0 I, UepPe3 Yy, Yay vy Yon—
paccrosHusa ot By, B,, ..., By, po [, To nonyunm

A 1 4 _ 1 X 1

Yo o 051 278 %g’ " Yenban sinsi'f;_'l

(%, @, ..., Ogp,— yIVIHl MHOrOyrosbHuka). IlepemHOXKasa paBeHcTBa,
cojep¥aillHe X;, X3, ..., Xap—1, H NeJil Ha NpPOM3BEJeHHE OCTaJbHHIX
paBeHCTB, TOJYYHM

. Og . Q .
2 sin 22 sin %4 sin %20
XiXa ... Xanq \2 2 2 2
\ XoXg...Xop ) 0y . O . Qopy
sin - sin = ... sin
2 2 2
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107. Hailigem cnavana limoTCI-. O6osnaunm C=B. Hmeen
oL~
1 ab si
|40| _Sapp ___ 2% 0
10C — Sppc 1 0B
g (p—a) (p—b)sinp

Ho no teopeme KoCHHycOB

| BD 2=qa2+- b2 —2ab cos a,

| BD 2=(p—a)*+(p—b)*—2 (p—a) (p—Db) cos B,

a?4-b?—2abcosou=(p—a)24-(p—b)2—2 (p—a) (p — b) cos B,
p(p—a—b)-abcos e

(p—a) (p—0) !
sinﬁ=Vl—coszﬁ=V(l—cosB) (1+cosB)=

_ Vab(T=cos ) (2p*—2ap— 2bp 1 ab -+ ab cos @) @
(p—a)(p—1b) ’

YuuteiBas, 4ro npu o — 0

sin o = o 5
Cos o — 11 —_—— == V2COS—-—PV2
Vi=cosa 2 ’

cosP =

nonyunM u3 (1), (2)

. A0 ab
Jim ToC] ‘V(p—a)(p—b)'

[Mockoavky : AC |- p, TO

, Vab
Vab+V(p—a) (p—0)

108. [loxkaxkuTe, YTO TOYKa, CHMMETPHYHAsi TOUKe NepeceyeHHs
BLICOT TPEYroJbHHKA OTHOCHTENLHO CTOPOHBI TPEYrOJbHHKA, JEXHT
Ha ONHCAHHOH OKDPYKHOCTH.

109. IlokaxuTte, 4YTO KacaTeJbHBlE K OKPYMKHOCTH, NPOBeJeHHLIe
H3 BePIIHH, MeXAYy KOTOPLIMH pachoJioKeHa oJHa BePIIHHA MHOro-
yrosibHEKa, paBHbl. OTciopa ciefyer, yTO AJSi MHOTOYTOJBHHKA C He-
YETHLIM YHCJIOM CTODOH TOYKHM KacCaHHs SIBJSIOTCS CepeAiHHaMH CTOPOH,

110. | MB 3=a2+c* cos? A=a%+c2—c? sin? A=a?+c2—a%X
Xsin2C=c2-4a%cos2C =| NB 2.

111, Ecan O —rouka mnepeceuenuss auaroHanet AC u BD, To,

BOCII0JIb30BABLIHCH NOJO0HEM COOTBETCTBYIOLLHX TPEYyrO/bHHKOB, NOJY=
YUM

lim | A0 | =
a—0

|OK| _ |OK| |[OB| _|0A| |OM| _ |OM]
[0OC| ~ 1OB] "JOC[ 70OD| TJoA] ~— joD|’

yT0 H Tpe6oBaJoCh.
112, Jlokaxure, uto [ o6pasyer ¢ AD TaKHe e YIJH, 4TO H
npsiMas BC, xacaiomascs Haumeil okpyxHoctd. Otclona caepyer, 4To

Apyras KacaTteqbHas K OKPYXHOCTH, npoxogswas uepes D, Gyaer
napanjenbHa l,
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113. Tloctponrm oxpyxHOCTL (pHC. 29), Kacawoulyiocs npsMex MN,

AC n BC taxum o6pasom, 4ToGHl ToukH Kacapus P u Q ¢ npamemu AC
B BC 6uimn Bue ofpeskoB CM u CN (310 GyZeT OKPyXHOCTb, BHE-
BnHcanHas B TpeyroabHuk MCN). Ecmn R—

4 TO4Ka KacaHusi, MN ¢ OKPYXKHOCTbIO, TO
|MPi=|MR|, | NQ|=| NR|, cnenoBateb-
HO, | MN |=| MP |4+[NQ|, HO 10 ycI0BHIO
| MN |=| MA |+ | NB|. Takum o6pa3oM, OLHa
u3 Touek P nuam Q (Ha pucyHke P) JeKHT
,‘ b BHYTPH COOTBETCTBYIOmIe#l CTOPOHH, @ ApY-

=

M) N\ rasi—Ha NpoJO/IKeHuH. Ilpn sToM
{ lopi=jcai=L e itica)=
! = 5 (ACi+ICBY),
Pac. 29. T. €. TOCTPOEHBAA OKDPYXHOCTb MOCTOSHHA

Jas Bcex mpsMBEIX MN.

114. Ecin O —ueHTp Kpyra, onucanHoro oxoao ABC, D —cepe-
awHa CB, H—rtouka mnepeceueHusi BHicoT, L—cepeauna AH, To
|AL|=|0D{, u, nockosieky AL|OD, auauur, OL penur AD nomonam,
T. €. L cumMerpuana O otHocuTesbHO cepeguHsl AD.

115. Ilycts BD —BhIcOTa TpeyroJibHuka, npHueM | BD |=R Ve,
rie R—papuyc onucannoro kpyra, K u M —oOCHOBaHHS NepneHAH-
KyJaspos, onymeHHbx M3 D Ha AB u BC, O—neHTpP ONHMCAHHOIO

kpyra. Ecam yroa C ocrpmit, T0 I(B? =90°—C. TlocKOABKY UeTH-

pexyroabHuk BMDK Bnucanusif, o MKD = DBM =90°—C, 3Ha-
/\ A A

unt, MKB=180°—90° — (90°— ) =C, canegoarensro, BO | KM,

Ho
2 X a A
sBKM=2<'B,f') sin A sin Bsin € =

=R2sin A sin B sin ¢ =-!2— S 4gc.
(Mut BocronbsoBanucy opmysoit S =2R?sin A sin B sin §.) C apy-
roﬁlcroponi:t, ecau h; —Bricora A BKM, npoBefieHHasi U3 BeplIHHE B,
) 1 1 -
- S=T|AC |+|BD ]=SBKM=—2— | KM |h1=?|BD| sin B - hy,

2
3HAYMT, h1=2|AC 3'19 = R; yumnrtniBas, yro BO | KM, nonyuaem, uro

TO

TouKa O Jexur Ha KM.
116. 3amerum, uto A ADK nogo6en A ABK, NOCKOJBKY

3= 3 . |AK| _1AB],
|AK |2=| AC |*=| AD|-| AB|, 1. e. [AD] = TAK "

Ecan O —ueHTp OXpyKHOCTH, onucaHHo#t okoao A ABK, 1o

OAD4-ADK =90°— AKB -+ ADK =90°

P T
(npexnosaranock, uto AKB octpridt; eciu AKB Tyno#t, TO paccyxpe-
HHMS aHaJIOTHYHbI).
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117. JlokaxnTe, 4Tto npsiMasi, napanienbHas BC H mpoxonsmias
gepe3 E, BenHT GUCCEKTPHCY yria A B TOM e OTHOILIEHHH, B KaKoM
ee jeauT Ouccektpuca yria C.

118. Ecmn O —Bepwuna yraa, A —rouka Ha Guccekrpuce, By u
B, — TOUKH NepeceyeHHsi CO CTOPOHAMH yrJia OfHOH OKpyxHOCTH, Cy M
C, (B, u C;—Ha opiHO}l CTOPOHE) — TOUKH NepeceyeHHs KPYroif OKPyx-
HOCTH, To A AB;Cy= A A3B,C,.

119. Tlyets F # D —toukn nepeceuerns EN u EM coorsercr-
BeHHO ¢ AB m BC. HokaxeM, uto A AFN u A MDC nofo6HbL.
Hcnoabsys nonobust pasinyHBIX TPEYroJbHHKOB M PaBEHCTBO MPOTH-
BOMOJIOXHEIX CTOPOH MapaJjjieforpaMma, GyleM HMeTb

INF| _ INF| I|FB|-_IBD| |ED| __
{FA! [FB| |FA] |DM| T[FA]
__|BD] |DC| _ |BD| |DC] | DC |

~IDM[ TFE| ~ |DM| ' 1BD| |DMJ’

T. e. A AFN nopo6en A MDC.

120. Paccmorpute napannenorpamMel ABMK w DCML u poka-
xure, yro KL penutr DA B TOM Xe OTHOLIEHHWH, 4TO M To4ka N, H
npsivasi MN sBasierca Giiccektpucoit yrina KML.

121. ToxaxeM cHayana, YTO AMArOHAaJH JAHHOIO YETHIPEXYIOJIb-
HHKa JeJsTCd B TOYKe [epeceueHHst IOMNoJjaM, T. €. YTO dYeThIpex-
yrosbHEK — napangenorpamM™. Ilyers ABCD — naHHBIA YETHIPEX YTOJIb-
uuK, O—TOuKa mnepeceueHus pamaroHajeit. HonyctaM, urto | BO| <<
<<i0Dj, | AO{=<<|0C|; paccmorpum A OA;B,, cammeTpuunnit A OAB
OTHOCHTEJIbHO TOYKH O; OYEeBHAHO, PAfHYC OKDPYKHOCTH, BIHCAHHOR
B A OA;B,, MeHbwe paz¥yca OKPYKHOCTH, BIHcanHO# B A OCD,
a 10 YCJIOBHIO OHH DaBHHI.

Hrak, O ectb cepennna ofeux pauaroHajeit. Jlokakem, 4to BCe
CTOPOHH! YETHIpeXyTroJIbHEKA paBHbl. Bocmoab3yemcst gopmyaoit S=pr
(s —nJomanp, p— NOJyNepHMeTp, 7 — PajuyC BIHCAHHON OKPYKHOCTH
TpeyrosbHEKa). [Tockonbky y A ABO n A BOC nnomamm # panuychl
BNHCAHHHIX OKPYXKHOCTell paBHBl, TO DaBHBl N HX NEPUMETPH, T. €.
| ABj=|BC ..

122. AHAJIOTHYHO TOMY, KaK 3To Oblio cAeNiaHO B mpejbifymel
3afaye, NOKaXHTe, YTO AUATrOHAJH YeTHIPEXYroJbHHKA JENATCS MOMNo-
JlaM TOYKOH NepeceyeHHs.

123. U3 ycnoBust 3amaum craenyer, i
yto ABCD (puc. 30) — BHINYK/ABIE YeThl-
pexyrossHHK. PaccmMoTpHM napaaseno- A
rpamm ACCyA,, y XKOTOPOro CTOPOHHI A I
AA; u CC, paBHH H napaljeJbHbl JHa-
ronanu BD. Tpeyronsenkn ADA,,
CDCy u C;DA; paBHHl COOTBETCTBEHHO

tpeyronbHukam ABD, BCD n ABC.
CnenoBarenbHO, OTPE3KH COeARHSIOILHE A
D ¢ sepumnamn A, C, Cy, A;, menst A4, . G
napajenorpaMM Ha 4 TpeyroJbHHKa, 3

Y KOTOpHIX DaBHBI PajHychl BIHCAHHBIX Puc. 30.
oxpyxuocret. Ectu O—Touka mepece-

yeHnst puarcHajelt napamnenorpamma ACCyA,;, 10 D jonxHa coBna-
nats ¢ O (ecnu D, manpumep, euytpn A COC;, To pamuyc OKpyx-
HocTH, BhNCAHHOH B A ADA,, Goiblle pajHyca OKPYKHOCTH, BIIH-
cannofi B A AOA; u Tem Gosee B A CDCy). Takmm oGpasom,
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ABCD — napanjiesiorpamMm, Ho, Kpome Toro, W3 3ajaun 121 caenyer,
aro ACC;A;—poM6, 1. e. ABCD — npAMOYToJIbHHK.

124. Eciu KN —nepnesaukyasp us K Ha AB, C{A?=a, TO
|KN| _1AK| _|A0\—|KO| _

[oM| — TAO[ — [A0]
|40 |—2|OMsin 5 [AO|—2| A0 |sin o sin o
= [40] =- TA0] =
a _ - __ €D
-—1—2sm2~2——cosa--lCTi.

IMockonbky A ACB u A ACD nono6HEI, TO U3 NPEALIAYIIETO CJEAYET,
uto | KN | paBHa pajmycy OKpyXHOCTH, BnucaHHot B A ACD, a rak
Kak K nexut Ha Guccekrpuce yraa A, 1o K —IUEHTP OKDPYXHOCTH,
pnucanHo#t B A ACD. Analoruuso j0KasatennCTBO Ansi L.

125. Joxaxute, uto A ABP = A ACQ. [as 3T0r0 HYXHO JOKa-
3ath, yto A KBP= A ABC u A FCQ= A ABC (no msyM cTopoHam
H YI1y MeXAy HHMH):

TSN TSN S e e S
QAP=CAB+CAQ+BAP=CAB+CAQ+CQA=
= o~ ~

=CAB+180°—QCA=CAB—+90°—QCF =90°.

(TTpennonaranock, uto 6@ =90°. Paccyxnaenus B cayvae C/AF > 90°
aHaJIOTHYHHL.)

o~~~

126. Ilockonbky FE E =FCE =90°, uersipexyroabtuk FE,EC —
7 A

snucaunbil, FCE,=FEE,;=60°. AHa/NOrMyHO, BIHCAaHHHIM SBJSETCS

- TN
gerhipexyronbHUK FE{AD wu EBF=E1AF=60°, T. e. ADE,C—
npaBuJbHbfi. TOYHO Tak Xe [OKas3wBaercs, YTO MPAaBHJLHLEIM fB-
ngercss A BF,C.

127. 1. 3ametuM, uTo eciH O —UEHTP OKpYXHOCTH, BNHCAHHOK
TN " e

B TpeyroirHuk ABC, 10 BOC=90°+-2-A. B camom nene, BO?:

=180”——é-(§+é)=90°+-~;— A. Tockonexy gél\A=B/O4\A, YeTH-

pexyronbiuk  ABQ0,0, sBaserca BnucanubiM (pHc. 31, a), cienosa-
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e~ S
TesbHO, BHEWHHA yroa K BO,0, paseH BA04= o BAD. Ananoruuno,

]/\

yroJ, BHeIWHHH K Ebl\og, paBeH lBCD Ho 9 (BAD+BCD)—90°

T T~
snaunt, 0,0,0,=90°.

2. lns nokasaTenbcTBa BTOPOM YacTH MOKaxeM CcHayasla, 9TO
paccTosiiue OT BePIIHHBbI TPEYroJbHHKA JO TOUKH NepeceueHHs BHICOT
NOJIHOCTbIO OMpPEefe/sieTCs BeJHUHHON yrsia NMpH 3To#f BepIuHHE H IJIH-
HOHM NPOTHBONOJIOXKHOH CTOPOHB!, a HMeHHO (puc. 31, 6):

. cosa | AB |
\CH}= CB: ./\'=—!Si—-n—a'—JCOSOC=1AB’CthC.
sin CAB

TlockonbKy ueThipexyronbHuk Brnucauswil, | AHs =!BH,| n
AH3: BH,; snaunt, ABH,H3— napannesorpamm.

Takum obpaseM, Touka nepeceuenuss AH, u BHj3 neant AH,; u
BHg nononam. PaccmatpuBasi apyrne napassieslorpammbl, TNOJY4HM,
yTo Bee oTpeskH HyA, HgB, H,C, H,D nepecekaiorcs B ofHO# Touke M
M feadTcd B HeH mnomoJaM, T. e. 4eThlpexyroabHHkH ABCD u
H1H2H3H4 LeHTPaNTbHO CHMMETPHYHBI OTHOCHTENLHO TOUKH M
(puc. 31, 6).

128. Ecau cropoHnl TpeyrosbHuka ABC, nporuBo.ne;xamue Bep-

umHaM A B n C, paBHBl COOTBETCTBEHHO a, b M ¢, a YIJibl ADB

BDC u CDA paBHbl o, f ® y (cuuTaeM, uto o+ P+ y=2m), To pac-
CTOSIHHS OT TOYKH D JIo TOueK nepeceueHus BHICOT TpeyronbHukoB ADB,
BDC u CDA paBHbl aGCco/MOTHBIM 3HayeHHsiM BeJuYHH ¢ ctg o, actg B,
bctg y (cM. pewenne 3apaun 127). Herpyauo yGexuTbesi, 4TO MioIafinh
TpeyroJibHHKa C BepLIHHAMH B TOYKAaX MepeceyeHust Bbicor A ADB,
A BDC v A CDA Gyzer pasua

—é— cétgoc~acth~sinB+v§actgﬁ-bctgy~siné+

1 ) NP
+7bctgy-cctga'smA= 5 S apc(ctga - ctg B+

1
+ctgp-ctgptctgy-cig a)=‘2—- S aBc,

MOCKOJIbKY BbIpaXeHHe B cKo6Kax paBHo 1. ([lokaxuTe 3TO, Y4YHTHI-
Bad, urto a -+ f 4 y=2mn.) AHajornuHo paccMaTpHBaJ/HCh APYTHE Cay-
yay pacnosioxeHust Toukdn D (Koria oauH H3 yraos o, f§, y paseH
CyMme IBYX APYTHX).

129. OGo3naunm (puc. 32) yepe3 O Touky nepecevennss AM u DC.
[poBesem uepe3 B KacaTebHYIO KO BTOPOH OKPYKHOCTH K 0003HauuM
Touky nepeceyenns ee ¢ AC uepes K (kak u B ycioBun). OueBupHo,
yTO YTBEPXKACHHE 3aJlaYH SKBHBAJEHTHO YTBepxKieHHw, uto KO !|CM.

-
[lycte yroa, onupawomuidcs ua AB, B nepBoll OKPYXHOCTH DaBeH o,
so Bropo#i f; Torna

— T — T T T
BCM=BAC, BDM=BAD,
N~ N~ —_ P N
DMC =180°— BDM — BCM == 180°— BAD —- BAC = 180°— DAC,
cnenoBaresibHo, ADMC — BrnucaHHBIH  YeThIPeXYrOJIbHHK, AMC = .
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Ianee, ectu xacarenpHas BK mepecekaer DM B Touke L, TO K/BO\=
—_ T Py
= LBD = BDL=CAM; snauut, yethipexyronbuux KABO Takxe Bnu-,

cannuit n KOA= m:t&, T. e. KO|CM (touno Tak Xe paccxka-r-
PHBAIOTCS CYYaH APYTHX B3aWMHBIX pacmoJioxennit Touek D, B u C).

Puc. 32.

130. O6o3uaunm uepes P, Q u R Toukn nepeceuenusi LB u AC,
AN n BC, LB u AN. Tlycers | BC=a, | AC {=b. Ham nocratouHo
noxasartb, 4to S ACQ=S app (06€ 3TH muoWajy OTIHYAIOTCA OT pac-

cMaTpuBaeMuix RoGaBjeHueM naomaan A APR). VI3 nopobus cooTset-

CTBYIOIIUX TpPeyroJbHukoB mnoayumm |CQ|=!PC l=af: 5 Chnenoba-
TeJIbHO,
1 ab?
Sace=7 I AC|- 'CQI=2_(a——T-_E)—'
1 1 a? ab?

Saps=Sacs—Spcs=5 %~ 3 aF5 = T@¥H)’

4T0 H Tpe6oBaIOCh.
131. YTBepxneHne Hawell 3anayn BhHITEKaeT H3 CJAEAYIOMHX ABYX
¢akTOB.

3

Puc. 33.

1) Ec/m Ha CTOpOHAx YeTHpexyroJbnnka ABCD Basth Touru K,
L, M n N (puc, 33, a) Tak, dto cropount AB, BC, CD n %A pas-
| BK| _[CM]|

IeJIeHbl 3THMH TOYKaMH B OJHHAKOBOM OTHOIUEHHH ==
[KA| ~ |MD]
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'BLI _ |AN|
=IcT=TNDT ), 10 1 otpeskn KM u LN cBoeft Touro#t mepece-
YeHHsl pasieseHbl B TOM K€ OTHOLICHHH.

B camoM nesne, u3 Toro, uro mnpsimbie KL u NM napanienbHsl
auarodann AC, caegyer .

IKPy _{LP! _ 1KL| _|KL| JAC| _
PM\ — PN~ NM[ ~ TAC| "[NM] —
_ 'BK| |AD! _ iBK| |BAl _ |BK|
{BA| |ND| ~ TBA| 'TKA] KA[®
2) Ecan Ha cropoHax AB u CD ueTblpexyroJbHHKa B3SITHI
Toukd Ky u K, My u M (pnc 33, 6) Tak, uTo

!KlKa___lMlMI _— — == '
AB ="TCD] —E' | AK, |=| KB, !DMl.I-—ICM..

1
TO MJOWaAbL YeThlpexyrosibHuka K,KMM, cocrasJjser 7 acte ot

naomaad  uetbipexyronbHuka ABCD. B camom fene, Sppc=

__BK]I IM,D| | BK |
BA*SABC’ Sam,p= lClDi Sacp= TBA| a7~ Sacp. CenosarensHo,

|BK | | AK |
SAKCM.=(1 —WM_I) S apcp = TBAT S aBcD* AHanor yuHo
[ KK | _
Sk, KMM, =ﬁlf|— Sakcm,. Taxum obpasod, Sp rarn,

'K K| 1
AIB, Sacp=; S-

132. Ilyers K — cepezmua DB, L —cepenuna AC. SANM=SéNM
(nockosibky | AL |={LC{), ToyHo TaK XKe SBNM=SDMN, oTciona
clelyeT yTBepXKIeHHe 3ajauu.

A /) 4

N
v/ M ’
Puc. 34.

133. Ecau (puc. 34) M —cepeguna DC, N —cepeauna BC, K 'n
L — touku nepeceueHus DN coorsercrsenno ¢ AM u AB, 10

[AK] ~
DM 1 ; 4 M
=4 -~ " | AK |=-| AM|, cregoateasio,
4 4
Sapk=7% Sapm= S—-gS

(S —naomans napaJJesorpamMma). TaKHM ofpasoM, NJ0WLagb HCKOMOR

ourypt 6yzer S—4S 5, =S— _5,3= £ S.
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134. Tlycrs  (puc. 35) Q—cepeanna AD, N —cepemuna BC,
M —cepepuna DC, K, P, R—roukn nepecevenis DN u AM, QC u

DN, QC u AM. TorllalDKt=—§{DN|, |DP =|PN|, QPi=

1 N
=|PC|, 1QR|=71QC:, <X

"RP; KPP, 1
=QP; "TDP. T 3
s, -L.S_S
RPK™ 15 8 ~ 120"

Cneuoaa're.vleo, oT qeThipex-
yrojibHHkKa, pPacCMOTPeEHHOro B Mpe-
AbILYLIEH 3ajaue, OTPE3aloTCs YeThipe

S
Tpeyro/ibHHKA MJOWMAM T55; TaKAM
Puc. 35. 06p a30M, MJOWaLb HCKOMOTO BOCbMH-

yroJibHHKa Gyler S_4AS_S
5 120 6°

135. Ilycrb npsimaa HC nepecekaer AB u LM B touxax T n N,
npsivass AL nepecekaer ED B Touke K u npsivas BM uepecekaer FG
B Touke P. HMmeem

Sacpe =S acHk =S aTNnLs

Spcra=SpcHP=SBMNT}
TakuM o6pasoMm,

Sacpet Sacra=Sapmt-
136. O6osHauuM mnjomann, Kak Ha puc. 36. Torna sy x-4-s3=
=s,+y+ss=% (x+y+s,+Q). Takum obpasom,
sitxtststytss=xt+ytsst+i=s+s+s5=Q

E

’ Vid 1A
g K
- 4 7 F
Puc. 36. Puc. 37.

137. Ecau (puc. 37) S—nJowans napainenorpaMma, 10 S 4pe +

1 N 1
+SKCD=§ S, ¢ [Apyroil CTOPOHHI, SDEC=SEKC+SKCD=2 S

sHauuT, Sppp+Skcp=Sgxct Skcp T © S apx =SEgkc aHano
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THUHO S 4pp=Skcp: CKIafBIBast Ba MOCJAEAHUX PaBEHCTBA, NMOJYUHM

SaBkp= SCEKF-

138. Ilycts (puc. 38, a) O —ueHTp onucaHHo#, a | — UEHTP BMH-
canHo#l okpyxHoctd. Onycrum us O M | mepreHAuKyaspH Ha AB M
BC: ON, OP, IL, IQ. Ecau a, b, c— gaunm cropo BC, AC u AB

TPEYTo/ibHHKA, TO Jierko Hafinem !BK |=,c¢—b!, BM|= a—b],

BN =%, BP =% |BLi=|BQI=2F=b yLi=l0Z01
2 2 2

1PQ;=‘C;bE (cM. 3amauy 18, paspen I).

CnezoBaresibHO, ec/iH Mbl nmposefeM uepe3 O nmpsMble, napajuieb-
Hple cropoHaM AB u BC, [0 nepeceyeHusi ¢ meprneHAMKYJsSPamy,

g
R
3 -
y —\,
7
@ &)
Puc. 38.

onyuleHHbIMH 3 [, noayunutes A ORS, nogobueli A BKM c kosp-
¢duunentoMm 1/2. Ho okpyxHocTh, moctpoenHas na O/ Xak Ha jua-
Metpe, saBasdercsi omucaHHol 1 A ORS. CnemoBaresbHo, paguyc
OKDYXHOCTH, ONHCaHHOH okojo A BKM, pasen |0l . as pokasa-
TeJILCTBA BTOPOH YaCTH 3afaud 3aMeTHM, YTO ecaH MHl Ha npsamoit 0S
otnoXuM | OR; |=| OR |. a Ha OR ornoxuM |0S,!=| 08|, 10 nps-

T T~
mast S;Ry Gymer napamnensHa KM (puc. 38, 6), Ho OR;S;4-10R, =

o~ T~
= ORS4-710S=90°, 1.e. SR, 1 OI.

139. B o6osnaueHusx npeppiaym€ll 3afaus, npoBemem dYepes A
npamMyio, nepneHpnkyasapuyio O/, o6o3nauuM yepe3 D ee TOuKy nepe-
ceuenus ¢ npsamoii BC. JokaxuTe, uTO DPas3HOCTb PajuycoB OKPYXk-
HOCTe#, ONHCAHHBIX OKoJO TpeyroabHukoB ABD u ACD, paBHa
pajuycy OKPYXKHOCTH, ONMHCaHHOH OKoJiO TpeyroJbHuka BKM.

140. O603HaYMM pafHyC OKPYKHOCTH uYepes R, a paccTosHUA
or P, Qu M no nestpa—wuepes a, b u c. Toraa (cM. sapauy 87)
|QP 2=a2-}b2—2R2, |QM 2=062+(c2—2R2, | PM |2=c24-a2—2R2
Ecan O—ueHTp OKpyXKHOCTH, TO Ansft Toro, uTobn QO 6uLio mep-
neHIuKynapno PM, Heo6XofuMO ¥ JOCTATOUHO YCJIOBHE

QP 2—|QM 2=| PO 2—|OM 23

(@24 b2 —2R?) — (b2 4 (2 —2R?) =a? — 2.
AHaJIOrH4HO TPOBEPSETC NepneHAMKYJ/ISPHOCTD JPYLHX OTPE3KOB.
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141. a) PaccMorpum  uernipexyroibuk ABCD; nyete K
L —ToyKH KacaHusl OKpY:KHOCTell, BnucaHHHX B A ABC u B A ACD,
c npamoii AC. Torza (cM. 3ajauy
18, pasgea 1)

\KL| = AL|—| AK||=
= 5 1( AB 4] AC |~ | BC))—
—(AD |+ AC|—|CD}) =
= 5 1|AB|+!CD|—| AD| —

—|BCI|.

Ho ecain ABCD — onucaHHBI YeThbl-

Y| N M 7 pexyroabHuk, 10 |AB|-4|CD, =
7 =|AD|+|BC| u | KL |=0.

Puc. 39. 6) Ecaw K, L, M, N—Toukn

KacaHus CO CTOPOHAaMH uelbipex-
yroJibHHKa BNHCaHHOH OKpyxwHoctd, a K,, L;, M;, N,—Touku Kaca-
HHA OKpYXHocTreH, BnHcanHbix B A ABC u A ACD (puc. 39), 10
NKy| NK, ML, | ML.

JIfoxaxem, uto u K\L,| KL, a N;M;| NM. IlocKoibKy OKpYyK-
HOCTH, BnucaHHee B A ACB n A ACD, kacaioTcs Mexjy coGofl Ha
auaroHa/lu B Touke P, 10 AN;=AP=AM,, 1. e. N\M, | NM. Cre-
JioBaTesibHO, 4eThipexyroibHHK K,L;M;N;, KakK H YeThIpexyrob-
HuK KLMN, sB/siercss BNUCAHHBIM.

142, Tlycrs  (puc. 40, q, 6) 0,, 0, 0z, O,—cooTBETCTBEHHO
LEeHTPH OKpYXHocTefl, Bnucauubix B A ABC, A BCD, ACDA n
A DAB. TlockoabKy 0,0,030,— npsiMoyroiibHuK (cM. 3ajasy 127),

Yij A B ¢
\\ é/
A A
a 7 ) 7

Puc. 40.

10 |0,03]|=|0304|. Ecmu K m L—10uKH KacaHHsi OKpyXKHoOCTell
snucaiHbeix B A ABC u A ACD, ¢ AC, 10 IKL!=—;—HAB{+

+|CD|—|BC|—| AD || (cM. 3apauy 141). Amnanoruuno, ecin P u
Q—TOuKH KacaHus COOTBETCTBYIOMIHX OKpyxKHocTelt ¢ BD, To | PQ|=
=| KL |. ITpoBenem uepes O, npamyio napaanenvuyio AC, Io nepece-
uenusa c npogomxenuem O0,K. Iloayuum A 0,0,M, amanoruuyso no-
ctpoum A O,0,R. IDTH [Ba NPAMOYrOJIbHHIX TPeyroJbHHKA paBHEI,
Tak Kak Y HHX | 0,03 |=|0,0,], |OM|=|KL|=|PQ|=|O,R|.
3nayur, | OM |=| O,R|, Ho |O;M| paBeH cymMMe PafHyCOB OKpYK-
Hocredl, BnucaHHeix B A ABC u A ACD, a |{O,R| pasen cymme
panuycoB OKpy:xKHOCTeH, BnucaHHbix B A ACD u A BDA.
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143. Tlyerb f{i—nyra OKPYKHOCTH, Haxojslasics BHYTPH Tpe-
yroasuuka ABC. Ilpopomkus croponsl AB u BC 3a Touky B, mhl

NoJIyyuM  AYyTY m, CHMMETPHUHYIO KL ornocuTensHO AHameTpa,
napannenbHoro AC. I'Iocxonbxy/AB\C uaMepsieTcss Ayro#t —2—(1(\[—}-

S~ ~—

N’
-+ MN)=KL, 3unauut, gyra KL uMeeT NOCTOSIHHYIO IJHMRY, eil COOT-

T~

BETC IBYeT LeHTPaJbHbIH yroa, paBuuii ABC.

144. ITycre (puc. 41) O —TOuKa nepeceueHHs npsambix, A 1 A; —
ABa MOJOXMKEHHS TOYKH Ha ofHofi npsmo#, B u B;—nonoxeHud
B 9TH € MOMEHTHl BPeMEHH Jpy- A,
roit Ttouku. BoccraBum x AB A 7
AB, TepNeHAHKYJSPH B HX
cepepnHaXx H 00603HAayUM uyepe3
M uXx 104Ky THepeceueHHs;
A AAM = A BBiM no rtpem
CTOPOHAaM — OfMH TOJNyyaeTcs H3
IApyroro TOBOPOTOM Ha  yrox
AOB c uentpom M. Ilpu 3tom
roBopoTe Jto6oe MOJIOXKeHHe TOY-
k¥ Ha AO NPHUXORHT B COOTBET-
CTByIOIlee MOJIOKEHHE TOUKH Ha
OB, tak uto M o6najaer HyX- 7
HBIM CBOHCTBOM. 7

145. a) Ilycts A u B — TouRH Puc. 41.
nepeceyeHHst OKpyKHocTel, 4 —
TOYKa, H3 KOTOPOH BesOCHMenucThi Bhiexatdn. M ¥ N —noJjokeHus
BEJIOCHIIEIHCTOB B HEKOTODHIF MoMeHT BpemeHH. Ecau M u N —mo

Pt Ay

onHy cropoHy ot AB, 1o ABM=ABN; ecnu 1m0 pasHbe, TO
T LT

ﬁM+ABN=180°, T. €. ToukH B, M u N pacnonoxeHH Ha OfHOM

Puc. 42.

npamoit. Ecau L u K --Touku OKpy:xHOCTeHl, AHaMeTPalbHO NPOTHBO-

—T T
nosoxusie B (L B K ¢uKcHpOBaHb), TO NocKoabky LNM =NMK =
= 90°, cepequna LK —Touka P —Gyger pasHoynanena or N u M.
MoxHo yGefuTbes, 4TO P CHMMETPHYHA TOYKE B OTHOCHTE/BHO Cepe-
IMHE OTpe3Ka, COeAHHSTIOMEro IEHTphl OKpPYXKHoCTell (puc. 42, a).

6) Myete O; u O,—uenTpel oxpyxkHocTeil. BospMeMm Touky A,
Takyo, uro 0,A0,A; — napannejsorpaMM. Jlerko BHJeTb, 4YTO
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A MOJA=A NOZAI, TaK Kak |M01,='01 ]—I02A b lO,A,,=

= 0,4 |=|NO,", MOlAl—-q>+AOlA1-—(p+AOzA1-—N02A1, rie
@ — yroJ, COOTBETCTBYIOWMW JyraM, TNpPOAJEHHHIM BeJIOCHNENHCTaMH
(puc. 42,

TakuM 00pa3oM, HCKOMBlE TOUKM CHMMETPHUHBI TOYKaM Mepeceve-
HHS OKPYXHOCTeHl OTHOCHTeNbHO cepeluHbl oTpeska 0;0,.

3amMeuaHne. B nyHkTe a) MOXHO OBLIO MOCTYNHTh TOYHO
TaK e, KaK W B NyHKTe 6). A uMeHHO, B3sB TOuKy P TakuM obpa-
30M, 4t0 A 0,PO,= A 0,40, (A n P—no ojggy cropory oT 0,04 u
He COBMAjalOT), JIETKO [OKa3aTb paBEHCTBO COOTBETCTBYIOMIHX Tpe-
YrOJIbHHKOB.

146. Ilycte (puc. 43) A — paHHadA TouKd, A, — Kakas-To BepIUMHA
2n-yrosibHHKa, Bj_; W Bj—O0CHOBaHHSA NepreHIUKYJSPOB, ONyIIeH-
HBIX 43 A Ha CTOPOHHI, 3aKgwouawoumue Ay, a, U Bp— yris, obpaso-

BaHHble npsamod AA, ¢ 3TuMH

— T
croponaMun  (Bp=AApByp_,, Op=
T

=-AApBp). [TocKOAbKY 0KOJIO YeThHl-
pexyroabiuka AB,_;A,Bp MOXHO
P

OMMCaTb OKPYXHOCTb, T0 ABj_ Bp=

TN
=0y, ABpBp_y=8;, (uaun pomoJ-
HAIOT 3TH yrabel Ro 180°); Takmm
o6pa3oM, No TeopeMe CHHYCOB

| ABk—-li . sin ﬁk

| AB,| = sinoy’
| ABp_y || ABpyy i sin Bp sin ogyy
| ABp, |2 sin o, sin ﬁk+l ‘
[epemHoXasi 3TH paBeHCTBa AIA k=2, 4, ..., 2n, 3ameHA HHIEKC

2n+4+1 mna 1, mnonyuum TpeGyemuifi pesysbrar (sin o, =sin Bz,
sin B, = sin ayy).

147. oxaxute, uto ecin Op H Op .y — LEBTPHI oxpy)xﬂom"eﬁ,
KaCalolNXCs JaHHOH OKPYXKHOCTH B TOuKax A, u Ap,.,, B—rTouka
UX nepeceueHusd, Jexamas Ha Xxople ApAp.y, Tpolpyy— HX PagHycCH,

Py — —
10 rp+rpa=r, ApOpB=A10p B=A,0A,,; (r—panuyc naHHol
OKpyxkHOCTH, O—ee ueHTp). OTCiofa cJefyeT PaBeHCTBO PaiuyCoB
uepes OJHH, YTO TPH n HEYETHOM TNPHBEAET K TOMY, YTO BCE OHM —
no r/2. Kpome toro, | A,B |-+lBAk 1= Akzﬁlk+1 (6epyTcs Menb-
ke AYrH COOTBETCTBYIOIIHX oxpy}xﬂocreu)

148. Tlyctb AMMHBL CTOPOH TPeyroJbhuKa a, b, ¢, NpHYeM b =

_a+c
=—5-

1
a) VI3 paBencrtBa pr=- bhy (p — noaynepuMeTp, r — pajHyc BNH-

CaHHOTO Kpyra, h,—BHICOTa, ONYIUeHHas Ha CTOPOHY &) noJyuaem
atb-+tc A
—5

hb
6) 3ro yTBepKIeHHe C/eAyeT M3 TOro, 4yTo r=--, a TOYKa nepe-

=%bhb; HO a+¢=2b, TaK yt0 hfy=23r.

CeueHHS Me[HaH LeJHT KaxkAylo B OTHOWEHHH 2: 1,
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B) Ilpomomxum OuccekTpucy BD [o mepeceueHHS C OMUCAHHOR
OKPYXXHOCTbIO B Touke M (puc. #4). Ecan mbl joxaxeMm, uto O —
UeHTP BNHCAHHOH OKPYXHOCTH — JeaHT BM nomnosaM, To TeM CaMbM
O6yneT jgoka3aHo H Hawe yTBepxfeHHe. ([Tpoeemem puamerp BN;
Torfa npsiMasi, COeiMHSIONIAsH LeHTPbl BIHCAHHONH H OMHCAHHOH OKPYXK-

Hoctedi, 6yger napaanensHa NM, a B/Am=90°.) Ho A COM — paBHo-
6Genpennsll, Tak kKax COM =0CM = g -+ 5 3uauut, |CM|=|0M|.
M3 ycaosust bza-2|-c

no cBOMiCTBY OWCCeKTPHCH MOJy4yaeM, 4TO

|CD ;=%. [ycte K —cepenuna CB; ACKO=ACDO (ICK|=
—_— T — P

=|CD!, KCO=0CD); orciona cnexyer BKO=CDM, xpome ToOro,

—~ —~ B

DCM=—-OBK=—2—, ICD|=!BK', 1. e. ABKO=ACDM, |CM |=

="' B0/, 3naunr, , BO|=|0OM/|, uro u Tpe6oBajocs.

r) Bosbmem mo6yio Touky Ha OGuccektpuce. ITyctb paccrosHHA
10 cropod BC u BA pasmb ¥, a fo cropount AC —y. Mmeem

BEAAY 5, = b @ety) =25, = 2y=h,

1) Ecin L —cepegnHa BA, TO HyXHbl HaM 4YeThIPeXyroJibHHK
roMoTeTHYeH uYeThipexyroJabHiky BCMA c koshouumertoM 1/2 (cM,
NYHKT B).

S A
Puc. 45.

149. [lyctb B uetnipexyroabHuke ABCD (puc. 15)
{AB|=a, 1BC|=b, |CD|=
|DA|=d, |AC|=m, |BD|=n.
TMocTpouM Ha cTOpoHe AB BO BHEIIHIOIO CTOPOHY Tpeyro.nbﬂux AKB
nopoGHbIii  TpeyrosibHuKy ACD, npuuem BAK= DCA ABK = CAD
a Ha cropoue AD nocrpouM A AMD, nonobuelii A ABC, DA’H -
—BCA ADM CAB (puc. 45). U3 cooTsercrBylomero mono0k:
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fiosyunM
ac db d

(AK|=T0, | AM|=T", [KB|=|DM ;="

P I I I
Kpome Ttoro, KBD-+4-MDB=KBA- ABD-++BDA+ ADM=CAD +
s AUy
+ ABD+BDA+CAB=180°, T1. e. uerhipexyrosbHuk KBDM —

napanjenorpamm. 3uauut, | KM |=|BD|=n. Ho KaM=A+¢.
[To TeopeMe KocuHycoB anss A KAM umeem

2 (% : 42 2__ ac @ )
n (m +) —2l2 )5 cos (A +0),
oTKyNa m2n?= a2+ b2d2 — 2abcd cos (A +C).

150. VYTBepxkieHue Teopembl [ITosemess siB/iseTcsl c/IeACTBHEM
TeopeMbl DBpermHe#iiepa (cm. 3apady 149), nockosnbKy AJdsi BIHCaH-
HOro uerbipexyronbHuka A--C=180°.

151. Ecau | MB|—HanGosbmuii u3 orpeskos | MA|, |MB],
| MC |, To, npuMeHHB TeopeMy BpetwHeiinepa (3agada 149) K uerhipex-
yroabHHKY  ABCM, _noayunw, 410 {MBPP=|MA 24+ |MC|?—
—2|MA|-{MC|cos(AMCH60°), Tt e. |MB|<<|MA|+|]MC)|,

T

nockonbKy cos (AMC +60°) == —1.
152, a) ITyctb A — npousBosibHas ToYKa OKPYKHOCTH (A — Ha Ayre

AgpyyAy). OO6o03HauuM CTOPOHY MHOrOyroJibHHKa uepes3 a, a JJIHHY
IMaroHa/y, CoejuHSIOMlell BepIIHHBI Yepe3 OfHY, —4epe3 b. ITo Teo-
peme ITronemess mns 4eTipexyroabHuka AApApyApis

| Ady|a+| Adpys | a=| Adp|b, k=1, 2, ..., 2n—1.

AnanoruuHble COOTHOIIEHHS MOXHO 3amucaTb AJs YETHIPeXYToJbHHKOB
AonAannAdy v Agp A4 Ay

|AA la+| Adopin | b=| Adsp | a,
| Adyny |a+| A4, | b=| A, |a.

CrnoxuB BCe 5TH PaBeHCTBA, OCTaB/ifisl BEPIUMHEI C YeTHHIMH HOMepaMHu
crpaBa, a C HeYeTHBHIMHM CJeBa, MOJY4YdM TpebyeMoe yTBepkIeHHe.

6) Hame yrtBepxieHue cjefyeT W3 MNyHK1a a) U Pe3yJbTaToB
sagauy 20 n 21.

153. ITycte Toukn A, B, C M D B feKapToBOil CHCTeMe KOOPAMHAT
HMEIOT KOOPAMHATHI COOTBETCTBEHHO (X3, Y1), (X2, Yo), (X3, Ys), (% ¥),
YitXa+x y1+yatys

3 ! 3
JIMBOCTb JIOKA3LIBAEMOTO YTBePX/JCHHS CJelyeT U3 TOXK/EeCTBa

3(’C*ﬂ:l—i;ﬁi>2=(x—x1)z+(x—xz)2+(x—xs)2'—

(= xp)2 (xy — Xg)° - (%3 — X)?
3

KOOPJAHHATHl TOYKH G—( . Torna cnpasep-

H aHAJOTHYHOTO COOTHOLIEHHSI A5 OPAHHAT.

154. PaccmorpuM cayuait, koraa Touka M (puc. 46) nexHT BHYTPH
tpeyronbHuka ABC. TloBepHem Ttpeyroavunk ABM Bokpyr A Ha
yroa 60° taKk, uro6sl B nepewsa B C, [Toayuum tpeyroabHuk AM,C,
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pasubit A ABM. A AMM,—npasusbubifi, Cllef0BaTeNbHO, AJHHBI
cropos A CMM, papubl otpeskam | MA !, | MB |, | MC |. Ananornuso
noayyuM ToukM M, u M, Tlaomane wectuyronsuuka AM,CM3BM,
(puc. 46) paBHa ynsoeHHo# naomamn A ABC, T. e. paBHa a? VC’—’/Q.
C Apyro# CTOpOHEI, IJIOWI@Zb 3TOTO IUECTHYFONbHHKA CKJIAJHIBAETCH
M3 TPeX MPaBHJBHBIX TPeyroJbHuKoB: A AMM,, ACMMz, A BMMy—
M TpeX TPeYroJbHHKOB, PaBHBIX HCKO-

mMomy. CuenoBareJibHo,

|MA R MB P4 MC 2y
aﬂ/g
5

Bocro/b30BaBIIHCh Pe3Y/bTATOM 3aiaduH
153, moayumm

3S+(3d2+;12) V3 =a2]2/§ ,

3S+

oTKyia S= l—/% (a2 — 3d?2).

AHanorHyHO paccMaTpHBAIOTCS APY-
rye cayyaH pacrnonoxenus Toukm M.

155. [TokaxuTe, YTO KaxKJoe M3 3THX YCJOBUiH sBJAseTCA HE06X0-
IMMBbIM W NOCTAaTOUHBIM JJsi TOTO, 4TOGHI CyIleCTBOBajda OKPYKHOCTb,
Bnnc?ﬂnaﬂ B ueTblpexyroJbHHK ABCD (cM. takke 3ajauy 19, pas-
nen I).

156. [Mokaxure, 4TO KamAoe U3 STHX YC/IAOBHH sABJSeTcs HeobXo-
JIMMBIM H IOCTaTOYHBIM JJIfi TOro, 4TOGHI CYIIeCTBOBala OKPYKHOCTD,
kacaomasics npsaMex AB, BC, CD u DA, ueHTp KOTOpOd HaxoJuTCs
BHe ueThIpexyroJbHuka ABCD.

157. Tlyctb ABC — nanumii tpeyronbHHk, O—ero ueHrp, A,
B;, C;— OCHOBaHHS MepNeHAHKYJAPOB, ONymleHHHX K3 O Ha CTOPOHBI
BC, CA, AB. Tlycte, pnanee, Ay, By, C;—OCHOBaHHS NepPNeHAHKY-
J1poB, ONyIIeHHBIX u3 M Ha
npsMele, NpoxoAsliHe yepes O g
napaJjenbHO CTOPOHaM Tpe-
yronbunka BC, CA n AB
(orpaHHUYHMCS paccCMOTpPeHHeM ]
YyacTHOIO cJyuas: TpPeyroJb- G 4
Huk ABC — ocTpOyroabHbi, s G/ SN
Toyka M pacnosioxeHa BHYTPH
A OKL, KaK noka3aHo Ha pHc. 1

AN
‘ ¢
47), As, B3, C3—ocHOBaHus 7 A<ﬁz
TNepeHAHKYJIAPOB,  OMYIIEeH- 2 N
4 ¢

HeIX M3 M Ha croponsl BC,
CA un AB. A 8,
3ameTnM:
Puc. 47.

v

1
1) SA|B|C|=‘4> S.

2) A A,B,C, nonoben A ABC, npu stom OM sBasieTcsas juaMer-
pOM OKPYXHOCTH, oOmucaHHOH oKkoNMO A ApBy;Ca, T. €. Ko3bduuneHT,
nonoGus MexAy Tpeyronbinkamu ABC wu A,B,C, pased d/2R, wu
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2 LA
C/IeNOBATENbHO, S 4,B,c,= %) S. O6osnauum uepes A, B,
peamunnsl  yraos A ABC, |04, =d,, OB, =d,, O
IMA, |=x, | MBy |=y, | MCy|=2. Torna | MA3 | =d,—x, |
=dy+y, |MCg|=d,+2 Taxum obpaiom, GyaeM HMeTb

Il
oy

S

C, =d
MBs |

©

SaB,cy=Sa,mB, T SBmc, T Sc,ma, =
1 a1 .
=5 [@da—* ([@+y) sinC + < @ +y) ([dc+2) sin A+
1 .
+ 5 (de+2) (dg—) sin B=
- B dydy sin G +% dyd, sin A +% dydg sin é] —
1

1 a1 oA N ‘
-——[-fxysmc+?xzsm8——2~yzsmA]+

+ —é. [— x (dp sin € +d, sin B)+y (dg sin C+d, sin A)+

+2 (dy sin A+d, sin B)].

Ho BblpakeHHWe B NepBBIX KBaJpaTHHIX CKoO6Kax eCTb MJOMajib
A AB,Cy, T. e. oHO paBHO S/4, BO BTOPHIX KBaJPAaTHEIX CKOOKax

d2
crour maomanb A Ay,B;C,, T. e. <747Q—“‘> S. TMoxaxeM, yTo TpeThe Caa-

raemoe pasmo Hymo. ITockoibky dy=Rcos A, dy=Rcos B, d, =
= RcosC, Tperbe caaraeMoe Jerko npeo6pasosatb K BHRY

é—[— %R sin A--yR sin B+2R sin CA]=-;‘- [— xa—+yb+2c},

rie a, b u c—croponbl TpeyronsHuka ABC. 3amerum, uto A OKL
nofoben A ABC; mosToMmy, ecau Mbl 3aMeHHM a, b M ¢ Ha ay, by, ¢,
rhe a,, by, ¢;—croponsl A OKL, u nokaxewm, uto yb; +-2¢; —xa; =0,
TO Hysio OyjeT paBHO M Haile BhipaxeHue. Ilo

yby -+ 20, — xay = (yby + 201+ (dg — %) 1) — dgy =0,

TIOCKOJIbKY ybl—{—zcl—{—(da——x) a,=28pk; d,a, =28k

PaccmoTpeHue APYLHX Cilydaes pacrosoxeHns touek M # O mpo-
BOJZUTCS TOYHO TakK Xe.

3ameuvanue 1. Ilpu d=R naomagb Tpeyrosabiuka, o6paso-
BAaHHOI'O OCHOBAHHAMH NepNeHJUKY/IsPOB, OKa3blBaeTcsd PaBHOHM HyJo,
T. €. 5TH OCHOBaHMS DacmoJIOXKeHbl Ha ofHOH mnpamoil. [Ipamas sra
HasbiBaercs: npamod Cumcona (cM. 3ajauy 233).

3ameuanne 2. MoxHo u3GexaTb pa36opa BapHaHTOB, NPH-
NHCaB PACCTOSIHHAM KO CTOPOH 3HAKH, NPH 3TOM AJs TOUKH, pacro-
JIOXKEHHO BHYTPH TPeyroJbHHKa, Bce TPH BEJHUHHBI MOJIOKHUTEJbHHI,
a ISl TOYeK, PpACMOJIOXKEHHBIX [0 pasHble CTOPOHBI OT KakKoi-1u6o
npsAMol, o6pasyiouleli TPeyroJibHUK, DacCTOAHHS [0 3TOH nPsAMOH
MMeIOT pasHble 3Haku. I[IpHUHAB 3TO BO BHHMaHHe, Jerko yGepumcs,
YTO NPeJJOXKEHHOe pelleHHe OXBaThiBaeT BCe CJY4aH PACMOJIOKEHHS
TOYKM M NSl MPOM3BOJIBLHOIO TPeyrobHUKA.

i58. IlpousseneM mnoc/eoBaTCAbHO TPH TOBOPOTA B OJHOM Ha-
npasienud BOKPYyr Touek K, L u M (uau soxpyr K,, L; u M;) na
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yraet a, B u y. Iockoneky a-+f -+ y=2mn, nonyunsweees npeobpa-
30BaHHe ecTb Mapa/yeNbHHIA TNepeHoc (cM. 3apgauy 140, pasgen I).
Ho nockonbky OfiHa H3 BepIIMH MCXOJHOrO TPEYroJIbHHKa MPH 3TOM
OCTaHETCH HeMOABHXHOM, TO HENONBMXKHEIMH JOJXKHBI OCTarbcs BCe
TOYKH TJIOCKOCTH.

Takum o6pasom, UEHTP TpeTbero noBopoTa (To4Ka M) Ho/KeH
CoBMajiaTh C LEHTPOM NOBOPOTA, MOJYYaOWErocs B pe3yJbTaTe mocje-
IOBaTeJbHOTO TNPHMEHEHHs JIByX mNepBhix: BOKPYr Ttouek K 'm L.
Tenepb MOXHO BOCNOJNB30BaTbCA pe3yJbraToM 3agaud 140, pasgen I.

159. IIycrs O,, O,, O3, O,— nocaenoBaTe/bHbE LEHTPHI KBajgpa-
ToB. [IpoH3BesieM mNOCJeNOBAaTeJbHO IOBOPOTH B OJHOM HampaBJeHHH
sokpyr Touek O;, O,, Os, Oy Ha yraml B 90°. Paccyxpas Tak Xxe,
Kak B Mpegblyiledi 3alaue, MOKaXeM, UTO MoJyuHBLIeecs mpeobpaso-
BaHMe OCTaB/IieT BCe TOUYKH MJIOCKOCTH HenoiBHKHEIMH. ClieloBaTe/1bHO
(cm. sapauy 140, pasgen ), kaxjylo M3 IByX 1ap NOBOPOTOB: BOKPYT
O, u O, u BOKPYr Oz ¥ Oy —MOXHO 3aMEHHTb LEHTPaJbHON CHMMET-
puefi OTHOCHTeNILHO OfHOH M TOH Xe
toukn O. TIpy s3t0oM A 0,00, u v
A 0500, — paBHOGeIpeHHBIE npsiMo-
yroJibHHE TPEYrOJbHHKH C TNpPSMBIMH
yraamu npu BepwnHe O. Crenosarenb-
Ho, TpeyrombHHK 0,00, moayuaercsi u3
TpeyroibHika 0,00; nNOBOPOTOM BO-
kpyr O Ha 90°, T. e. | 0,05, = 04041, A
0,03 1. 0,0,.

160. TIlyctb ABC — pauubiii  Tpe-
yronbHuK, A;B,C;—TtpeyronpHuk A, .
AyB,Cy—Tpeyronbuug 6 (4, B Ay— M
HeHTPH TPeyroMbHHKOB, TNOCTPOEHHBIX ;

Ha BC), cropoHbl TpeyroabHuka ABC,
Kak oObluHO, — a, b, c.

a) To, uro Tpeyrompuuku A,B,C,
u A,B,C, npaBH/bHLIE, CaelyeT, HanpH-
Mep, W3 pesyJjbrata 3ajaun 158.

6) Haiizem paccrosume or A, no
M —TOUKH TepeceyeHHs MeJHaH Tpe-
yronpinka ABC. Tlyetb N — Touka
nepeceyenust npamoii A;M H BBICOTHI K
cropoHe BC, a K —TouKa MepeceueHHs
¢ Toft e BBHICOTOH mNpsMOH, Mpoxoxs- Puc. 48.
weit uepe3 A, napaaienpHo BC- (oue-

BUAHO, N JIEXHT Ha TNpPONOJIKEHHHM BHICOTH 33 Touky A, a K—Ha
gpémomxeﬂuu 3a npsamyto BC, puc. 48). Ecan Ttenepp D — cepeauna

, TO

T 3
AD =5 V3 |AN|=2/4D ==,

aV3
2

INK |=ha+  AD|+| AN |=h,+

(hy —BBICOTA, TMPOBeNeHHas W3 BepWHHH A),

leKi=

a a
2—-ccosB|,



| AM [P= g AN 2= ( NK 24 AK )=
l 2 ry 3 a2 a a
=3 ha—i—ahaVB +—4— a? +T —accos B4c2cos?B |=

_ L (EErte  peys).

1 R
(MB! BOCMOJIb30BAJHCh DABEHCTBAMH S = 5 ahy, hi-c?cos?B=c?

H TeopeMoi KocuHycoB.) Paccrosmus [ ByM w  C;M ' maxoasires
TaK e, H BCe OHH, KaK JIerko BHIeTb, paBHH. TOUHO TaK e HaigeM
KBajgpaThl paccrostiuit M ot Touex A, By, C,. OHu pasibl

%(ﬁ%”—”—stsT).

B) Mcronb3ys pesynbTaT MpeiblAyIIero MyHKTa, NOCKOMbKY Sy =
= i~ {AM 2VE, Sp= -i— A,M 2 V'3, nerko moayunth TpeGyemoe

yTBepKIeHHe.
161. [oxaxkem, uto Tpeyroabhuku CB;A, n CA;B, noayuawoTtcs
OAMH M3 APYroro TNOBOpOToM OKojo Toukd C Ha yroa 90°. B camom

nxene, A CAA,—ACBBy ( BB,'='AC , 'BCi='AA4,', CBB, —=

T
—CAA,), a nockonbky AA, | BC u BB, | AC, 10 u B,C | AC.
Touno Tak xe A,C u B,C paBHbl H NEPNEHAUKYJAPHEL.

162. ITyctb ABC — nanHbI# TPeyroNbHHK, H — TOUKa NepeceyeHus
ero Buicot, A;, By, C;—cepenunnl orpeskoB AH, BH, CH, AA,—
BricoTa, Ag— cepeauna BC.

Bynem cumtath ans ymo6ersa, uto ABC — OCTpoyroJbHEIE Tpe-

yrosibHHK. ITocKoJbKY BTA1\61=§:4? u A BjA,C,= A B{HC,, 0

— T~ T T

B,A,C;=BHC,=180°—BAC, 1. e. Touku A;, B;, A, C; nexar
L

Ha onHOM OKpYxXKHOCTH. Takike Jerko BHIeTb, uTO B;A43C, =BHC, =

=

= 180°—BAC, T. e. Touku A,, By, Az, C; ToXKe JexaT Ha OfHOH
(a sHauuT, Ha TO# Ke) okpyxuoctn. Orcioja caeayer, yTo Bce 9
TOueK, O KOTOPEIX TOBOPHUTCS B YCJIOBHH, JIeXKaT Ha OJHOH OKPYXKHOCTH.
Cnyuait TynoyronbHoro TpeyroibHuka ABC paccmarpHBaeTCsl aHano-
THYHO. 3aMeTHM, 4TO OKP Y>KHOCTh JI€BSITH TOUeK FOMOTETHUHA OTHCAHHOH
OKpYXHOCTH c ueHTpoM B H n xospdumuentom 1/2. (Mmenno Tak
pacnojioxenbl Tpeyronbiukn ABC u A,B,C;.) C mpyroit cTopoml,
OKPYKHOCTb JI€BATH TOYEK TOMOTETHUHA ONHCAHHONH OKPYKHOCTH
C LEHTPOM B TOUKe TepeceueHusi MefuaH tpeyroabHuka ABC u xosp-
¢uuuenToM — 1/2. (VmMeHHO Tak pacnoJioXeHsl TpeyroanHuku ABC
M TPEYroJbHHK C BePIIHHAMH B CePeJHHAaX ero CTOPOH.)

163. Hame yrBepxjeHHe CJefyeT M3 TOro, 4Tto D JeXKHT Ha
OKPYXKHOCTH JEBATH TOUEK, a OKDYMKHOCTb JIeBSITH TOUYEK FOMOTETHYHA
OMMCAHHON OKPYXXHOCTH C UeHTpoM B H u Koddduunentom 1/2 (cm.
3anauy 162).

164. Hame yrBepiieHHe CaelyeT 3 Toro, u4ro [ JEXKHT Ha
OKPYXHOCTH JEBATH TOYEK, a OKPYKHOCTb J€BSITH TOYEK FOMOTETHUHA
OMHCAHHONH OKPYKHOCTH ¢ HeHTpoM B M H kodpduuuentom — 1/2
(cm. 3agavy 162).
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165. Bocnosib3oBaBIuKCh JJst Mpasoil wacTH hopMyaamu

=3, R=S% W s=ViG—aG=-H =0,

JIETKO JOKaXKeM Tpeégemoe COOTHOLLEHHE.

166. BocrmousbsyhiTech ¢dopmynoli Jlefi6uuua (3agava 153), B3se
B KauectBe M ILeHTP ONMHCAHHOTO Kpyra.

167. Bocmonb3yiitech dopmyJsoil Jleii6uuna (3apaua 153), B3sB
B KavecTBe M HeHTp BNHCaHHOro Kpyra. J/isi BHUHC/IEHHS, HalPHMep,
|MA|2 onyctum nepnenpukyasp MK na AB; umeem | MK |=r,
| AK |=p—a, suaunt, | AM 2=(p—a)2+}r2.

Ananornyno Buluncasiorcss | MB 2 u | MC [2. Ilpu ynpowenun
npaBoil YacTH BOCHOJb3yHiTech pe3yibTaToM 3apaum 165.

168. Ilyctb O —uentp onucanHo#i okodo A ABC OKpPYXHOCTH,
a 0, — LieHTp BnHcaHHOM, M -—Touka nepeceueHHsl GHCCEKTPHCH yria B
C ONMHMCAaHHOH OKPYXHOCTbIO (pHc. 49).
IMockoabky Touka O, ylaneHa Ha d OT
uedtpa 0, 10 | BO,|-|OM|=R2—d2
Tpeyrombuuk ~ O,CM — pasroGenpen-

T

wuiit: | OyM|=|CM|, takx Kax CO(M =

1 a A — 1 a4 a
=3 (B+C) u 0O,CM =3 (B+C).

[poeepss amamerp MK u omycrus
na BC nepuenaukyasp 0,D, nonyuum

IBa TOJOGHBIX NPAMOYFOJIBHBIX Tpe-
yrofisinka MKC u 0,BD, orkyzna

MK| _|BO,| \

10,D|=r, |MC|=|MO,|, snauur, Puc. 49.
2Rr=|B0, |- | OM |=R2—q2.

169. Ilycts G—uentp Taxkectd tpeyronbuka ABC, O —uentp
onucaHHoro Kpyra, [—uLeHTp BnucaHuoro, O; —HUEHTP OKPYKHOCTH
geBatH ToueK. G JieXxuT Ha orpeske 00,, npuuem | 0G|=2|GO,|.

—~——
Ecan O/Gl =@, TO
{ 10 2=10G 24| Gl 2—2|0G|«|GI|cose,
|Oy] 2= GI 2+ GO, 242Gl |-| GO,| cos .
YMHOXKas BTOpOe PaBEHCTBO Ha 2 M CKJajbBas C MEPBLIM, NOJYYHM
2| 0,1 P40 2=]0G[2+2 GO, [*43| GI .

YuuTthiBas, 4TO |GOI]=%}GOi, NOJTYUUM

|0 [p= (3161 245 160 2— 01 2).
Ms pesyabraTo 3anau 165— 168 nonyunm

1 /p2, 5 16 3 a4 b2+ c2

L(p*, 5, 10 2] I 4
— o (5+37—3 R+ =y prby g Rr) =
1 (R —(R_,V
_—_,2.<.2_—2Rr+2r2)_(2 r).
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R
Uraxk, 0,1 =l - r|, 4TO H 0O3HaYaeT KacaHue (BHYTPeHHee) MEXIY

2
BIHCAHHON OKPYXKHOCTbIO H OKPYMKHOCTbIO 1€BSITH TOYeEK.
170. Hoxaxure, u4to ecau D —rnpoekuuss M Ha AB, TO

|AD2—'BD 2=| AM 2— MB 2.
|

171. Ecam 6bl Takas Touka Hawjach (0603HauWM ee udepe3 N),
To npsiMasi MN Obia 6bl meprneHAMKYJsIipHA BCeM TPeM CTOPOHAM
TPeyroJbHHKA.

172. Ecitm M — Touka nepecedeHust NepneHAHKYJSPOB, ONYLIEHHBIX
H3 A, u B, Ha BC u AC, 10 (cM. 3ajauy 170)

|MB2— MC 2=| AB 2—| AC 2,
IMC 2—|MA2=|B,C2—|B,A%

CKJIaJbBasi 3TH PABEHCTBA M YUHTHIBAA YCJIOBHA SajauH, MOJyYHM,
yro MB2—{MA_2=|C;B2—,C;A2 1 e. M nexur Ha mep-
NeHAUKYyJAspe, npoBefeHHoM K AB uepes C,.

173. U3 pesysbTara 3agaun 172 cjenyet, 4To ycJOBHe TOro, YTOGHI
NepNeHMKYIApEl, onymeHusle u3 A,, B,, C, Ha cropoun BC, CA
H AB, nepecekajuch B OJHOH TO4YKe, TaKoe XKe, Kak H yCJoBHe mepe-
ceueHHs] B OJHOH TOUKe NeprneHRHKYJIAPOB, onyuleHHHX u3 A, B u C
na B,C,, C14; u A,B,.

174. 3ametumM, 4TO NMepNMeHAMKYJADH, onyuleHHbe M3 Ay, B;, C,
Ha BC, CA, AB CcOOTBETCTBEHHO, NepeceKaloTcsi B Touke D, 3aTeM
BOCMOJIb3YeMCsl pe3y/IbTaToM 3ajauu 173.

175. B cuenyomefi 3apaye (176) noxaswiBaercss GoJjee oObummit
¢daxkr. M3 paccyxkpeHu#t 3agaunm 176 '6GymerT cJaenosaTh, YTO UEHTP
OKDYXXHOCTH pacnoJioxKeH Ha npsMo#t AB.

176. BsemeM npsMOyro/ibHYIO cucTeMy KoopauHaT. Ecau koop-
JIuHaThl TodeK Ay, Ay, ..., Ap— (%1, Y1)y (%2 Y2)y ooy Kny Yr)s
TOYUKH M —(x, y), TO ypaBHeHHe TOoYeK Halero MHOMKecTBa GyAeT

HMeTb BHR
ax?+ay?+ bx+cy +d=0,

rhe a=ky+Fky+...+k,, OTKyna H cJenyer Halle yTBepkIeHHe,
177. Ecniu B —Touka Kacanusi, O—IueHTp LAHHOH OKPYKHOCTH, TO

|OM 2— AM 2= OM ®*— BM %= OB ®=R".

3Hraunt, M newur Ha npsAMolt, nepredauRyasproit OA (cM. 3agauy 170).

178. YcnoBue, onpegensiouiee MHOXKECTBO TOUeK M, SKBHBaJeHTHO
ycaosuio | AM 2—k2| BM 2=0, T. e. 3TO eCTb OKPYXKHOCTb (CM.
3agauy 176). Dta OKpYKHOCTb Ha3LIBAETCH OKPYHCHOCMBbIO ANOAAOKUS,
ee LEHTP, KaK Jlerko y6eluTbCs, JEXKHT Ha npsmoi AB.

s |
179. ITockonbky MB siBasieTcst GuccerTpucodi AMC, ToO .;‘,’Ag =
AB! ! !

= IKB_C‘ Chnenosarte/bHO, GHCCEKTPHCA BHEUIHErO yrJia 0 OTHOWEHHIO
kK yray AMC nepecekaer mnpsmyio AC B NOCTOSIHHOH Touke K:

|AK| _|AB]
"RC = TBC» " VWCKOMOE MHOiecTBO Touek M eeth ayra OKpyx-

HOCTH, noc-rpoeHHoﬁ Ha BK kax Ha JHameTpe, 3aKJIOYeHHas MeXAy

NpSIMBIMH, TEPNeHAHKYJIADHEIME OTpe3ky AC H NpoXOnsIHMH uepe3
Toukn A u C.
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180. TTyete O; u Oy — LEHTPHI A2HHBIX OKPYIKHOGCTEH, ry U ry —
HX paauychl, M — Touka HCKOMOro MHOxecTBa, MA; u M A, —Kaca-
TesbHble. 1o yenoBuio MA, '=k MA, .. CrefoBatensHo, | MO, 2 —
— Kk MO, 2=( MA, 2+r3)—k2(, MAy 2+ rd) =r2 —k?r}. 3uauur
(c. 3apauy 175), uckoMOe MHOKecTBO Touek M npu k==1 ectb
OKPYKHOCTb C UeHTpoM Ha mnpamoit 0,0,, npu k=1 HCKOMOE MHOXKe-
CTBO ecTb npsMasi, nepneHauky.aspHas Q,0,.

181. TTyerb (puc. 50) K u L —TOUKH mnepeCedyenHs KacaresbHOM
KO BTOPOH OKDYXHOCTH, mpoxonsiuefi uepes D, C KacaTeJbHbLIMH
K NepBoi, NpoxoismuMu yepe3 Bu A, a M u N —1pyrHe e TOuKH.

T T

Jlerko Bugets, yto DKB=CMA (XaxIblli H3 3THX YIJIOB paBeH
MOJIOBHHE Pa3HOCTH  YIJIOB, COOT-
BETCTBYIOWHX ayram AB n CVD).
[TostoMy (Ha HaweM pHCYHKe)
LI~ T
LMN -+ LKM = 180°.

C/ieioBaTeNIbHO, YeTHIPEXYroJb-

HHK KLMN — Bnucansuil. [lasee,
HMeeM

. L
DK _snDBR " o AB
KB\ GnBDR sin _; bC

AHaJIOTHYHO HaxXo#ATCs OTHO-
IeHHs AJHH KacaTeJbHBIX, [poBe-
IeHHbIX uepe3 Toukd L, M u N. Puc. 50.

Bce 3TH OTHOWeEHHS paBHBl MeXAY

co6oii; 3HAYMT, UEHTP OKPY:KHOCTH, ONMHCAaHHOH oKolo KLMN, nexur
Ha TpAMOH, Npoxojsimiell Yepe3 LEHTPH INAHHBIX OKPYMKHOCTeH (CM.
3agauy 175).

182. Brnipasus paccTOSiHHSi OT BepIUHH TPEYrOJNbHHKA 1O TOYeK
KacaHusl, npOBepbTe BHIMOJHEHHe YCJI0BHsi 3ajaun [72.

183. Ilyerb 1 AM, | : | BM,,:|CM,|=p:q:r. Toria MHOXecTBO
TOYek M TaxkuX, 4TO :

(P—g) AM 24 (p2—r%) | BM 3+ (g —p?) | CM 3=0,

ecTb NpsiMasi JIHHHMSA, NpoxoAsumas yepe3 My, M, U UEHTP ONMHCAHHOTO
okosno A ABC xpyra (cm. 3agauy 176).

184. Toukn M, u M, npuHaj/exarT MHOXeCTBY Toyek M, aas
KoTopeIXx 51 MA 2—8{MB 2+4+3 MC 2=0. DTO MHOKECTBO €CTb
npsAMas JIHHKA, H, OYEBHIHO, UEHTP OMHCAaHHOIO KPyra YJOBJETBOPSeT
YCJIOBHIO, ONpeJeJisiiolieMy 3TO MHOXKeCTBO (cM. sajauy 176).

185. Ilycte | AA,|=a, |BB;|=b, |CC,|=c¢c, |AB,|=x,
| BiC, =y, {C1A;l=2. Torpa | ABy 2=a2+4x2, | B,C 2=c2+y2,
|CAy 2=ct+22, ' A\B2=0b242x2, | BC,2=02+4y2, |C1A 2=a2+22.
Tenepb Jierko MpOBePHTb YCJAOBHe 3ajaun 172.

186. Ilycts i AD |=x, | BD|=y, |{CD|=y, | AB|=a. O603Haunm
yepes Ay, By, C, TOYKH KacaHHsi OKPYXKHOCTeH, BIIHCAaHHBIX B Tpe-
yroasiukun BCD, CAD, ABD, co croponamu BC, CA, AB. Tlepnen-
IMKYJspBl, TpOBelleHHble yepe3 ToukH A,, B,, C, K croponam BC, CA
H AB, coBnanaioT ¢ NepneHAHKY/spaMH, BOCCTABJIEHHHIMH K TeM XKe
cTopoHaM B Toukax Ag, B, Cj.
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Ho IBA”:#E, I 4,C !=%z;2; anasioruuto | AC, | =

=ti%:_y’ ICQB]=C—lig—_x, ]A32;=a_'*_'_;‘.:f, | BC| =

atz—x
=—-t§—. Tenepb J1erKo NpOBEPHTL YC/OBHe 3ajadn 172,

187. TlpumeHute Yyc/lOBHe, joKa3aHHoe B 3ajave 173, B3sB
B KauectBe Touek A, n C IeHTPH OKDyXHOCTeH, a B KayecTse
Touek A;, By, C,—1N0 OAHOWl H3 TOueK NepeceyeHHs OKPYKHOCTeH
(Al—o,;ma H3 TOYeK MepeceyeHHsi OKpymxHocrell ¢ uentpamu B u C
H T &)

188. Bo3bMeM TpeTbio OKpy:xHOCTb ¢ AuamerpoM BC. O6mumu
xopaamu l-H u 3-fi, a Takxke 2-f M 3- OKpyXHOCTeH sABAMOTCH
BBICOTB! TPEYroJibHHKa, OnylleHHble u3 BepwHH B u C. CllefoBaTe/IbHO
(cM. 3apauy 187), ofumias Xxopja AaHHEIX OKPYXKHOCTeH TaKxKe Mpo-
XOIMT Yepe3 TOuKY NepeceyeHHs BHICOT TpeyronbHuka ABC.

189. Ilyctb O—ueHTP HaHHOM OKPYXKHOCTH, R—ee paguyc,
MC —kacatenbHass K Helt. Hmeem: |[MO2=|MN 2=|MO 2 —
— IMB|-|MA|=|MO|2—|MC2=R?, 7. e TOUKa M JeXHT Ha
npsMoit, MepneHAuKyJsApHO# mnpamoii ON (cM. sapauy 170). Jlerko
NoKasaTb, YTO BCe TOYKH 3TOH MNpPAMOH MpPHHAAJeXKAaT Halemy
MHOXKECTBY.

190. T[lycte O —UEHTP OKPYKHOCTH, r— PajHyC OKDYIKHOCTH,
|OA '=a, BC—Hekoropas xopjaa, npoxojsuias yepes A, M — Touka
nepeceyeHusl KacareabHbX. Toraa

oM 2= BM 212,
2
| AM 3=| BM 2= | BC 2+ (5 |BC|— | BA|| =
— BM—|BC|-|BA|+|BA P=|BM 2~ | BA|.| AC|=
=|BM2—r24a2

TakuMm o6pasoM, |OM |2—] AM 2=2r2—a?, T. e. (cM. 3agauy 170)
HCKOMOE MHOXKECTBO TOYeK €CTb npsMas, neprneHAuKyaspHas OA.
Dra npsMas Has3bIBAeTCH no0AApod TOYKH A OTHOCHTENBHO JaHHOM

OKPYKHOCTH.
191. Hmeem |
. —
! ACH SACC‘ —2— t AC I . ICCI [ sin ACCI | AC i sin Z&E
ICiB| Sce,m .;_;cclp:csxsmo/lc\a 'BCl 6 C,CB
. |BA,| _ |CB,]
ITonyyns aHAJOTMUHBIEC DABEHCTBA JI OTHOWIEHHH ——t- ¥ il
Y T4cC] " [BiAl’

MepeMHOXHB HX, MOMYYHM TpefyeMoe yTBepXKieHHe.

192. TlokaxeM, uto ecau npsmsie AA,, BB, u CC, nepecexaiorcs
B OJHOI TOouKe (0603HauuM ee uepes M), To R* =1 (a ciegoBare/ibHo,
u R=1; cM. 3anauy 191). Tlo teopeme cunycos nas A AMC

— T
sin ACC;, ' AM:
—_—— = —,
sin A,AC I MC)|

3anucas aHaJIOrHyYHLle PaBEHCTBA AJIsi TPeyroJbHHKOB AMB u BMC
¥ MEPEMHOXKHB MX, TOJy4yuM TpeGyemoe yrtBepkienue. O6paTHo, ecau
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R=1 un Bce Toukm A;, B;, C; nexar Ha CTOPOHAX TPeyrojibHHUKa
(anu JUUb ONHA M3 HHX), To, mposeas npsameie AA; u BB;, o6o-
3HaUHM TOYKY WX nepeceueHus uepe3 M;; myctb npsmas CM; mepe-
cekaer AB B ToukKe C,. YuHTHIBasi YCJIOBHS 3aJauH H JIOK3a3aHHYIO

| AC,| _| ACy,
|CiB| |CB|’
toukd C, u C, JexaT OJHOBPEMEHHO MJM Ha oTpe3ke AB, uan BHe
ero. CaepoBatessto, C; u C, COBHAjAIOT.

193. Ilycts A, B,;, C, Jexar Ha ogHo#t npsmoii. [Iposenem
yepes C npsaMylo, napaniencHyio AB, u o6o3HauuM uyepe3 M TOUKy
ee mepeceueHnst ¢ npsamoit A;B;. 13 nogo6us COOTBETCTBYIOUIHX Tpe-
YrOJIbHHKOB TOJIYUHM |BA|_|BCy| |CBy|_ |CM]
(AC) T [CM ) BiAT [ AC T
COOTBETCTBYIOLIHE OTHOWICHHS B BbIpaxeHWH R (cM. 3ajauy 191),
nosyuuM, uto R=1. C6parHoe yTBepKAeHHe JOKA3EIBACTCA AHAJIOTHUHO
TOMy, KakK 370 OblJO chenaHo B 3ajaue 192 (mposeaem npsamyio ByA,,
o6o3uaunM yepe3 C, TOuKy ee mepeceueHust ¢ AB u T. 1.).

194. TlpoBepbTe, 4TO ecaW AnaA AaHHBIX NPAMBIX R*=1, To 1
L1 CHMMeTPHuHbIX 6yneT Tak xKe. [Ipn sToM, eciu mpsmasi, MPoxoxs-
uas, HanpuMmep, uYepe3 BepunHy A, mepecekaer ctopony BC, To n
npsmasi, e i CHMMeTPHYHAA OTHOCHTEJNbHO GHCCEKTPHCH! yraa A, Takke
6yzner mepecekarb cropoHy BC.

195. Ecau Ay, By, Co—cepenunsi orpeskos A0, BO, CO coor-
BETCTBEHHO, TO IOCTPOEHHBIE MpPSIMbIE OKA3bIBAIOTCS CHMMETPHYHBIMH
npsiMeiM  Ag0, ByO, Cy0 oTHOCHTEJBHO GHUCCEKTPHC TPEyroJbHHKA
AgB¢Co (cM. 3anmauy 194).

196. Ilycte K -—Touka Ha paguyce, NEpHEHAUKYJASPHOM CTO-
pore AC, a L—mHa paguyce, TNepneHAHKyJIsSpHOM cropoHe AB.
[lpamas BK nepecekaer AC B B;, a npsmas CL mepecekaer AB
B Touke C;. IIpoBenem uepes K npsmyio, napainensiyio AC, nycTh

|AB,|_| MK |
|ByCi{ |KN|®
ITpoBenss uepe3 L npsamylo, napaienbHyilo AB, I0 nepeceueHus
|BC,| _|QL}
[C4A|  |LP|
HOe TOCTPOEHHe cjiesaeM LJs TPeThero pajuyca. 3aMeHsisl OTHOIUEHHS,
BxoAsduue B R (cM. 3amauy 192), yurem, 4TO 1S KaKJOro OTpe3Ka.
B UHCJHTE]E HafileTcs paBHbl eMy B 3HaMeHaTeJe, HampuMep:
MK |=|LP 1.

197. Paccmorpum tpeyronbHuk ACE, yepe3 BepIIHHBL KOTOPOro
nposefiesl npsamble AD, 'CF u EB. Cunycel yrijos, o0pasoBaHHBIX
3THMH TPSMBIMH CO CTOPOHaMH TpeyroJanHuka ACE, l'IpOl'lOpl.lHOHagBHbl
i :

2R ’

rne R —paguyc oxpynmocm\; CIefoBaTeNpHO, YcaoBHe R*=1
/

Heo6Xx0AMMOCTL ycJoBHSI R =1, 6ynem nMeTsb npHyeMm

3amenun

Mu N — ee Touku nepeceuenusi c AB u BC. OQueBuaHo,

¢ AC u BC B Toukax P u Q, 6yneM uMetb Amnanoruy-

T
XOpAaM, Ha KOTOPBHIE OHH OMHPalOTCH (Hanpnmep sinCAD =

(cM. 3ajauy 192) skBHBa/eHTHO yC/IOBHIO, NaHHOMY B 3ajave.

198. 3amerum (puc. 51, a), uto A APM mopoGen A AMQ,
A APL momo6en A AKQ, A AKN mnonoben A ALN; u3 3tux mojo-
6uft mosyyaem

PM AM, 'QK' 'AQ LN 1AL|

MQ|~ TAQ’ TPL|T AL’ TNK| [AN|'
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IMepeMHOXast 5TH PaBeHCTBA M yuuThiBaf, uto | AM | =1 AN |, nonyunm,
|PM[-1QK |- LN | _

4To IMQ|-|PL!-|NK| 1, a 310 (cM. 3ajmauy 197) u ectb Heo6xo

AMMOEe M JIOCTaTOYHOE YcJioBHe Toro, yro6u npsmsie MN, PK u QL

nepeceKa/such B OJHO TOYKe.

Puc. 51.

Crioco6 NOCTPOEHHS KacaTeJbHOH C MOMOUIbI0 ONHOH JHHeHKH
noHsTed u3 puc. 51, 6. Yucna 1, 2, ... NOKa3pBaOT NOC/€L0BATE/Nb-
HOCTb NPOBEIEHUS MPSMBIX.

199. IlpoBepbTe, 4TO BHINOJNHSETCS paBeHCTBO R=1 (B nyHKTe 6
BOCMOJIb3yHiTech pe3yJibTaToM 3ajaud 50) u YTO BCe TPH TOUKH JeXKaT
Ha NPOJO/DKEHHsIX CTOPOH TpeyrosibHuKa. Takum o6GpasoM, Hame
yTBepXKJeHHe cleAyeT H3 TeopeMbl MeHesas (cMm. 3ajauy 193).

200. Ilo cBOMCTBY CeKyI{HX, MNPOBeJEHHbLIX M3 BHelIHeH TOUKH
K OKPYXHOCTH, HJH IO CBOHCTBY OTPe3KOB XOPJ OKpYXHOCTH, Mpo-
XOISAILHX Yepe3 ofiHy TouKy, 6yaeM umeTs | BC,! - |BC,|=|BA, |- |BA,l,
'CB, -|CBy|=|CAy|-[CAy|, | AB,|-| ABy|=| AC, |- | AC, .

Tenepb Jierko NMpoBePHTH, YTO €CJH YTBePXkAeHHe TeopeMbl UeBHl
(paBenctB0 R=1) Buinosnsiercs ans touek A,, By, C;, TO OHO BHI-
nojiHsieTcss W AAs Touek Ay, By, C,. Ilpu 3TOM H3 yTBepxIeHHS
3ajlaud CJIeflyeT, 4YTO MJIM Bce TPH TOUKH Ay, B,, C, Jiexxar Ha COOT-
BeTCTBYIOUIHX CTOPOHAX TpPeyrosibHHKa, WJK TOJBKO OJHA H3 HHX
(cv. samauy 192).

201. 3anucaB paBeHCTBO R=1 (corjacHo TeopeMaM YeBH H
Menenas —cM. 3apaud 192 u 193) mns touek A,, By, Cy; 4,, By, Cy;
As, By, Cy; Ay, By, Cy, MBI moJdyuuMm, 4TO M JJs Touek Ay, By, C,
R=1. Tenepr ocrajsochb JiMIIb JNOKa3aTb, YTO HJH BCE TPH TOUKH
Ay, By, C, nexar Ha NPOJO/IKEHHSX CTOPOH TPeyrosbHHKa (Tak 6y-
IeT, ecan Toukd A,, By, C; —Ha CTOpOHaX TpeyroibHHKa), HJH JHIIb
OflHA HaXOAMTCS Ha NPONOJKEHHH (eC/H Ha CTOPOHAX TPeyroJbHHKA
onHa u3 Touyek A;, By, C;), H Bocnosb3oBaThcs TeopeMoit MeHenas
(cm. sapauy 193).

202. Bocnosnsyiitecb TeopeMoii MeHenaa (cM. 3amauy 193).
B KauecTBe BepIUHH JAHHOTO TPEYroJibHHKa BO3bMHTE CePelMHbl CTO-
poH TpeyroibHHKa ABC, Ha CTOPOHAaX W MNPONOJIKEHHH CTOPOH KOTO-
pOro JiexaT paccMaTpuBaeMEe TOUKH.

203. Ecnu a—pimHa  CTOpoHB  nsituyrosibHuka MKLNP,
b—nJuHa CTOPOHB MNATHYTOJILHHKAa C OJHOHM CcTOpoHOH Ha AB,
¢— LJHEa CTGPOHBI USTHYrOMbHHK3, y KOTOPOro OXHAa CTOPOHA —
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Ha AC, to
|BAl _a | ACy | b |CB,! c
P

CB b’ [AB, ¢’ [CA, a°
[TepemHoxuB 3TH paBencTBa, HaiifleM, uto R=1, u BocnoJb3yeMcs
TeopeMoii UeBnl (3amaua 192).

204. Bocnosb3yfiTech pesysnbTaramMi 3agau 198 u 190. [Tonyuen-
HOe MHOXeCTBO COBMAaJaeT ¢ MHOXeCTBOM 3ajgayd 190, T. e. 3TO ecTb
noJifipa TOYKH A OTHOCHTE/IbHO JAHHOM OKDPYMKHOCTH.

205. Ecin N —rTouka mnepeceueHHss npsmeix PQ u AB, 1o
|CN|_1PCl_ICBI T. e. N —¢duxcupoBanHas Touka. Mckomoe
[ANT TAQ| JACP ™ ’

MHOXECTBO €CTb OKPYXKHOCTb ¢ anamerpom CN.
Ecau tenepp M — dukcupoBanHas Touka, To D JleXHT Ha nps-
Moli, mapansienbHod npsmofi MN u npoxoAsiuell Yepe3 Takyio HHUKCH-

. AL | AN|
poBaHHYI0 TO4UKY L Ha npsamo#t AB, aast Kotopoi LB _I—m,

npHyeM L TaK Ke pacnosio)keHa OTHOCHTeJNbHO oTpeska AB, kak N
OTHOCHTeJbHO oTpe3ka AC.
206. O6o3naunm (pHc. 52) uepe3 @ yroa Mmexay BD wu AC;

SAPK=§|AK!~{PD|sinq>, SBPC=—2—IBP:-|DC|sinq>=
= ;—;BP|-|AD|sinq). [Mockonbky b
S apx = Sgper ™ |AK|-1PD|=
|AK! [1PD]|

| Lot AR T
=|BP|-| AD MH|AD* “BP /
=1; HO no TeopeMe MeHenas nas ‘
A BDK (cM. sapauy 193) LKI X J

|DP| |BM| 7 K
X T'ﬁ‘, -I——M—K—I-=l, CJIeloBaTe b-
Ho, | BM |=| MK, T. e. uckomoe Puc. 52.

MHOXKECTBO €CTb CPeRHsis JHHHUS

A ABC, napannenphas cropoHe AC (ecau xe touku P u K Gparb
Ha npaMpix AC u BD, To Mbl moayunM NP M Y10, NapalelbHyio
cropore AC, npoxolsmyio uepe3 cepeiHH:l oTpeskos AB u BC).

207. Ilyctb C —BepwMHa JaHHOrO yraa, P —ero BeiuHHHA.
Onycrum u3 O mnepneHgukyaspst OK u OL Ha CTOpOHB Yyraa
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(puc. 53, a). Oxono ueThipexyronbHuka OKAM MoxHO omucath
—T T =T Py
oxpyxHOCTb. CniepoBatenbio, KMO=KAO. Ananornuio OML=OBL.

N T T
3uauutr, KML=KAO-+OBL=a+§, T. e. M JNeXHuT HA Ayre OKPyX-
HOCTH, npoxoismell 4epes K n L u BMmemaiomeit yron (a-f); npu
3TOM BCe TOUKH 3(0ff [yru NpHHajJexar HauweMmy MHOXKecTBY. Ecam
o< B, TO 3TUM Haumle MHOXeCTBO ucuepneiBaercs. Ecan xe e > B,
To go6aBsTcs Touku M mo xpyryio cropony or npsmoit KL, nis ko-

TopbleM\L=oc—|3 (puc. 53, 6); npu 3TOM MHOXECTBOM TOueK Gyzer
nmapa Ayr, KOHUB KOTOPHIX GyZyT OMpefessiThCsl NpelesbHEIMHA
nosioxkeHusiMu yrsa AOB, Korja oIHa ero CTOpOHa CTaHOBHTCA ma-
pasJIesIbHON CTOPOHe HEMOABHIKHOTO yrja. Eciu Jyun HemogBHKHOro
yraa § ¥ TOABHKHOIO ¢ NMPOJOJKHTH — BMECTO YIJIOB PacCMaTpPHBaTh
napel MPAMBIX, TO HCKOMOE MHOXECTBO GyIeT LeNOH OKpYKHOCTHIO
(conepxkamwelt o6e AYTH, O KOTOPHIX TFOBOPHJOCH BEHILIE).

T T
208. PaccmoTpum 4eThlpexyronbHuK DEPM. DEM =DPM =
= 90°, c/ieffoBaTe/IbHO, STOT WETHIPEXYTOJbHHUK BIHCAHHBIA. 3HaUHT,

T —T
DME =DPE =45°. Hcxomoe MHO¥KecTBO ectb mnpsiMmas DC.

209. PaccMoTpuM ciydaii, Korja Touka B JIeXKHT BHYTPH JaHHOrO
yraa. [Ilpexzme Bcero 3aMeTHmMm, 4TO BCe noayuapomuecs A BCD

(puc. 54) monoGHBI MexIy coGoi, nocxonbxy/BC\D =/BA\D, B/D?z
T
= BAC. Tlostomy, ectu N —cepeanna CD, TO NOCTOSIHHEIMH GYRyT
—

yrast BNC n BND. Onumem okono A BNC oxpyxkuocts. Ilycrs
K —BTOpas TOuKa mepeceueHus 3ot okpyxkuoctn ¢ AC. ITockoabky

T —N

BKA=180°—BNC, touka K ¢uKcupoBaHa. AHaJoruyxo, QpHKCHpO-
BaHHON OyJeT Toyka L —BTOpas TOyka mepecedeHHs OKPYXKHOCTH,
onucaHHoit okojio A BND, c npsamoit AD. Tlpu arom

LNK=LNB+BNK=180°—BD A+ BCK = 180°,

T. e. N nexur Ha npsamoii LK. MHoxecTBO TouekK N ecTb OTpe-
30k LK, a MHOXecTBOM IeHTPoB TspkecTh A ACD 6yzmer oTpe3ok,
eMy napaiJenbHblft, geasuuit AK B oTHOowenuu 2:1 (mojyuaercs
C TOMOIIBIO TOMOTETHH C LEHTPoM B A M KoapduuuentoM 2/3).
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210. Ecanm O—Bepmnna yraa, ABCD —npamoyroabhux (4 ¢n-
Keuposana), 1o Toukd A, B, C, D, O —mna opnoit oxpyxHocta. Cre-

—T
nosarenbio, COA=90° 1. e. Touka C JeXMT Ha NPAMOH, MepreH-
aukyaspHoii OA u npoxoxsiweil yepes 0.

211. 3ameTuM, uTO BCce moOJiyyaroulgecs Tpeyrodbeuku ABC mo-
no6ubl Mexay coboii. CrefnoBaTesbHO, €CJH Mbl BO3bMEM B KaXIOM
TpeyroiibHuKe TOuKy K, neasmyio cropony BC B OJHOM H TOM Xe

.

—

OTHOIIEHHH, TO, MNocKoabKy AKC coxpaHsieT NOCTOsIHHOe 3HayeHHe,
tTouka K OyleT ONHMCHIBATH OKPYKHOCTb. 3HAuHT, Touka M, npens-
masas AK B IIOCTOSHHOM OTHOWIEHHH, TaKxke OyleT ONHCBIBaTb OKPYX-
HOCTb, MOJIYYaIOULyIOCS H3 NpeAbIAyLlell C NOMOIBIO TOMOTETHH C HeHT-
poM B Touke A u ¢ KoapbuLHeHTOM k=} ,‘:IA(/I;I‘ ATo paccyXpeHHe
ncrnonb3yeTcss BO BCeX NyHKTax a), 6) u B).

212. Iycte K —cepeausa AB, a M —ocHoBaHHe NepHeHAHKY-
aspa, onymenroro u3 K #a AC. Bcee tpeyronbEukn AKM nopoGubl
Mexay coGoil (o ABYM yraaM), clefoBaTelbHo, 6yAyT momoGHE Bce
TpeyrosbHukH ABM. Tenepb Jlerko NOJAYy4YHTb, YTO HCKOMOE MHOXKe-
CTBO €CTb OKPYKHOCTb C Xopnoit BC, mpuuem yrael, onmuparolnecs
Ha 5Ty XOpay, PpaBHbl yriy AMB uau K HeMy JONOJHHTEJbHOMY.
(Menbwas nyra 3Tofl OKPYXHOCTH pacrojioXeHa MO Ty e CTOPOHY
or BC, u4TO U MeHblias Jyra HCXOXHOM OKDYMHOCTH.)

213. Ecoim M, N, L u K— nanuple touku (M u N —Ha npoTu-
BOMOJIOXKHBLIX CTOPOHAax npsmoyroipHHKa, L u K Takxe), P — cepe-
guHa MN, Q — cepenuna KL,
O —TouKa [epeceueHuss AUaro-
HaJslell IPIMOYroJIbHHKa (pHc. 55),
T0o P0Q=90°. CaenoBarenbHo,
HCKOMBIM MHOXeCTBOM OyjeT OK-
pyXHOCTb, NOCTPOeHHas Ha PQ
KaK Ha Auamerpe.

214. OGo3HayuM pajguychl
ZIaHHBIX OKpPYXKHOCTed uepe3 R
i r (R>r), TOUKYy Kacauus
xopanl BC ¢ MeHblledl OKpyX- Puc. 55.

Hoctblo — yepes D; K u L 6YRyT )
Toukn nepeceueHuss xops AC n AB c wmeHbuied OKpyXXHOCTBIO H,

HakoHel, O —IlEHTP OKDPYXKHOCTH, BIIHCaHHOH B A ABC. TlockosbKy

yrjioBHe H3MepeHus Ayr AK u AC omunaKoBbl, MOXKHO 3alHCaTh

JAK |=rx, | AC|=Rx; otciolia NoJy4uM IDC 2=} AC - ICK|=

= (R—r) R»2. Ananornyno | AB|=Ry, |DB 2= (R—r) Ry? cnenoea-
CD| _ x _LAC|

TR0, THBIT Yy T [AB]’

Hanee, nmeeM

A0 LAC| Rx =V_T‘
ioD| .cD| V{R—nRx R—r
Takum 06DPa30M, HCKOMBIM MHOMKECTBOM TOueK GYHeT OKpYXKHOCTb,
Kacalowasici M3Hy1pH ABYX AaHHBIX B Tolf e Touke A, ¢ pajguycom
A0 rVR
|AD,  VR+VR=r"

1. e. AD — Guccektpuca yraa BAC.
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215. Tlokaxurte, uto ecmn M; u M,—iBe pa3jiMyHBle TOUKH,
npuHaliexamne HdlneMy MHOXecTBY, TO Jo6as Touka M oTpeska
npsamoii M;M, BHyTpH TpeyronbAUKa TaKke NPHHAAJNEKHT 3TOMY
MHOXecTBY. [lJist sTOrO, 0603HAUMB Yepes Xy, 4y, 2, PAacCTOSIHUA oT M,
IO CTOPOH TPEeyroJbHHKa, 4epe3 Xa, s, 23 PACCTOSAHUS OT My, MOXKeM
BHIPa3HTb PAcCTOSIHUSA X, y, Z OT M JIo CTOPOH Yepe3 3TH BeNMUYHHBI
¥ paccTosiHHs Mexay M,, M,, M. Tax, Hanpumep, ecin | MM | =
=k| MM, u HanpasieHHSs MM w MM, coBnanaior, To X =
= (1 =R)x1+kty, y=(1 k) y,+kys, 2=(1 —k) 2,1+ k2,.

Orciona cheflyer, 4YTO €CJIH paBEHCTBO BLIMOJHSAETCA AJA TPeX
TOYeK BHYTPH TPEYroJbHHKA, He JiekaluXx Ha ORHOM npsiMoif, TO OHO
6yner BHIMOJHATBCH JJISl BCEX TOYeK TPeyroJbHHKa.

3aMeuaHHe. YTBepKIeHHe 3aflaud OCTaHETCS BEPHHIM JJsl
NPOM3BOJILHOTO BBLIMYKJOTO MHOrOyroibHuKa. DoJiee TOro, MOXHO
paccmMaTpHBaThb BCe TOYKH TJIOCKOCTH, HO MPH 3TOM PacCTOSIHHS JO
npsAMoft OT TOUYEK, pACHOJOKEHHBIX M0 pasdHble CTOPOHBI OT Hee,
JIOJDKHBI 6PaThCs C NMPOTHBOMOJIOKHEIMH SHAKAMHU.

216. lns Toro 4yto6bl paccTOSIHHS X, y, 2 ObLIH CTOPOHAaMH Tpe-
yroJIbHAKa, HeoOXOIMMO BHINMOJNIHeHHe HepaBeHCTB ¥ <y-+2z, y<<
<2z+4x, z<x+4y. Ho MHOXecTBO TOYeK, A1 KOTOpbIX, Halpumep,
x=y+2, eCTb OTPe30K C KOHLAMM B OCHOBaHUAX OHcCEKTPHC (B OCHO-
BaHHM OHCCEKTPHCH [iBa PAaCCTOSIHMSI PaBHBI, a TPeTbe PaBHO HYJIO,
cliefjoBaTeIbHO, PaBEHCTBO BHIMOJNHSETCH, a U3 MNpefbiiylielil 3agaun
cJefyer, YTO 3TO PaBEHCTBO BHIMOJHSETCH MMl BCEX TOYEK OTPe3Ka).

OTBeT HCKOMOE MHOMECTBO COCTOHT M3 TOYeK, PacrosoXKeH-
HEIX BHYTPHM TPEYroJbHHKa C BEPUIHHAMH B OCHOBAHHSAX GHCCEKTDHC.

217. Tlycts  ABCD — onucaHHBIH  4eTHIPEXYTOJNbHHK, O — IEHTP
BIHCAHHON OKpyXHOCTH, M, —cepenuna AC, M,—cepenuna BD,
r—panuyc OKPYXKHOCTH (paccrostHusi or O JO CTOPOH pa@BHHI 7),
X1y Y1, 21, U,—paccrosHus or M, no AB, BC, CD, DA, x,, y,,
23, Uy — COOTBETCTBEHHO pacCTOsiHMst ot M, 10 Tex Xe cropoH. [lo-
ckosbky | AB |+ CD|=!BC '+ DA', 10

|AB|r—|BC|r+4|CD'r—!DA|r=0.
Kpowme Toro,

| AB | x,—|BC |y, +1CD | 2 —| DA | 4, =0,
| AB| 3—|BC | ya+ ! CD | z3—| DA uy=0

a 370 U o03HayaeT, 410 TOuKH O, M;, M, nexar Ha olHOH npsmoi
(cM. 3ameuaHme K 3afaue 215). :

Touno tak Ke pa3bupaioTcs IpPyrue cayyad pacnosOXKeHHs Touek
A, B, C u D n uenrpa oxpyxHocTH. [IpH 3TOM HYXHO HCIOJIB30-
BaTb COOTHOIUIEHHS, BO3HHKalOIIHe MexXAy oTrpeskamu | AB!, | BC|,
|CD|, |DA} (cm. 3apaun 155, 156), # B COOTBETCTBHH C 3ameda-
HHeM K 3afaye 215, ecJMm Kakue-TO XBe TOYKH OKaXkyTcfl pacroJio-
KEHHBIMH 110 pasHble CTOPOHBI OT KakoH-1u6o npsMoil, To cooTBeT-
CTBYIOLUHM PACCTOSTHHSIM HYXHO NMPHUNUCHBATL pasHble 3HAKH.

218. Ilycte O, u Oy —UEHTPHl JaHHBIX OKpPYKHOCTel, npsamas 0,0,
nepeceKaeT OKPYXHOCTH B Toukax A, B, C, D (nocsiefoBaTesbHO).

Paccmotpum nBa cayuas.

a) Mpavoyronbrux KLMN pacnosiosked TakuM 06pasoM, 4TO
NPOTHBOMOJIOKHbIe BepmuHE K, M jnexaT Ha OAHON OKPYXKHOCTH,
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a L u N—mna npyrofi. B sToM ciyuae, ecnim P —TOuka nepeceveHus
Iuaronaseff (puc. 56, a), To

[O\P 2F—] 0P 2=(10,K >— KP ) —(| OsL |2—|LP B)=
=|0,K *—| 0L 2=R}{—R},
rlie R; u Ry— panmychl OKDYXHocTeli, T. e. Touka P JIeXXHT Ha ofrmeit

XopJle OKPYXKHOCTeH, NMPH 3TOM HCKJIOYaeTcs cepeiuHa obie#l Xxopasl
H ee KOHILbl, TaK K4aK B 3TOM Cjy4yae NDPSIMOYTOJNBHHK BHIPOXKAaeTCs.

Hy C":\“"“/"/ “/(, p
, AT Ve,
4, %Y 0 Oy
Ny A (4
g)
Puc. 56.

6) [lBe cocepHue BepwHHbH DpsiMoyronbHHka KLMN nexar Ha
OJHOI OKPYXKHOCTH, a JBe — Ha Apyrofi. [TocKoNbKy nepneHAuK yasiph,
onyueHnble 3 0, Ha KN u u3 O, Ha LM, RO/KHBI AEJHTb HX TIOINO-
nam, npsmas 0,0, sBJIAETCH OCbIO CHMMETDHH TNPSMOYTOJMb-
HuKka KLMN. - .

Tlycte Ry << R; 1 panuyc O,L ob6pasyer yron @ c JHHHeH LeHT-
pos. [IpoBegem uepes L upsmyio, mnapanneibhyio 0,0,. 3ta npsmas
nepeceueT OKpyXHocTb O, B AByx Toukax: K, H K, H Touke L
6yLyT COOTBETCTBOBaTh fBa npsMoyronbHuka: K{LMN, n K,LMN,
(puc. 56, 6). Ilpn uaMeHeHnsn @ oT 0 o 7/2 yron v, oGpasoBaHHHII
panuycom 0, K; ¢ ayuom0,0,, Mersiercsi o1 0 10 HEKOTOPOT® 3HaYEHHS Py,
npu fajbHellieM H3MeHeHHH @ (OT 7t/2 HO ) P YMeHbLIAETCH OT Yo
70 0. Ilpy 3ToM UeHTPH npsiMOyroJbHHKoB K,LMN, omuwyr otpe-
30K OT cepefuHsl CD no cepeauHsl BC, MckJjioyasi KpaiiHHe TOYKH H
TOUKY TMepeceyeHHsl 5TOro oTpeska ¢ ofulelt xopnoii. AHasoruuHo,
HeHTPsl  mpsAMoyroJisHHKoB K,LMN, O6yayT 3anoiHsTb HHTepBan
¢ KoHUamH B cepeinHax AB # AD (KoHUB HHTepBala He BXOISAT
B Hallle MHOYECTBO).

Ecan TpH BepIUMHBI NPSMOYroJibHHKA, a 3HAuMT, H YeTBepTas
JIeXKaT Ha OAHOH OKPYXHOCTH, TO LEHTP NPSMOYrOJbHHKA CoBnajiaet
C LEHTPOM COOTBETCTBYIOIIEH OKDPY’KHOCTH.

TakuM 06pa3oM, HCKOMOe MHOXKECTBO ecTb OGbeiHHEHHe Tpex
HHTePBaJoB: KOHUbI NepBoro — cepenuHa AB u cepeauna AD, KOHUBI
BTOporo—cepeguHa BC u cepeanHa CD, KOHUBI TPeTbEro-— TOUKH
nepeceyeHnsi oKpyxHocreil. IIpu sTOM HCKJIOouaercs cepeiuHa obuiei
XOPXHL.

219. Ecain B u C — nepBas ¥ BTopasi TOYKH OTpaxkeHHus, 0 — ueHTp,

T
10 BO —6uccektpuca CBA. Ilyts mwapHKa CHMMETPHYEH OTHOCHTE/b-
HO nHameTpa, cogepxainero C, nostoMy A JeXKHT Ha 3TOM JHameTpe.

P S~ o~ o~
Ecin BCO =CBO =@, to ABO =¢, BOA=2¢, npuMeHss TeopeMy
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R a
| 1 1 — — —_— —
cunycoB k¥ A ABO (| BO =R, |0A|=qa), nonyunm 39 g’

R—a R o
OTKYIa COS 2¢= 55 M TP a>—3— MOXHO HaHTH .

~ OTBeT yKasaHHOe MHOXeCTBO COCTOHT H3 TOYEK, PaclOJIOKeH-
HBIX BHe OKDYXHOCTH paimyca R/3.

TN
220. Eciu A —nanHas Touka, PDA=90°, AD mnapajjenbHa

- T
Vo4 IaHHBIM npsaMbiM, AEN = 90° (pHc.
Nﬁ/ 57), 10 |DA|=|AE|[-V3, 1. e.
' D — dpukcupoBaHHas Touka.
\ 4 VickoMoe MHOXecTBO — iBe MNps-
7 MBle, TepPNEeHIHKYJADHblE JaHHBIM
TP SIMBIM.
N F 221. Ecimn npsamas AB me na-
- pajnesnbHa [, TO CylECTBYeT jBe
Puc. 57. OKPYXXHOCTH, Npoxofsuine uepes A
n B n Kacaomuecs [. Ilycte ux
uentpl — 0y u 0,. HickoMoe wmHoxectBo ecTb npsiMast 0,0,, HCKJIO-
yag uHTepBand (Oy, 0,). Ecam AB mnapannencHa !, HCKOMOe MHOXe-
CTBO COCTOHMT M3 OJHOTO Jyua, MepneHIHKYsipHoro [.
222. a) Ilycte (puc. 58) A —BepmnHa HEKOTOPOTO TPeyroJb-

Huka. [Tponomxum otpesok AM 3a M Ha Beauuuny | MN |=—2— | AM |.

Touka N sBisieTcss CepeMHOR CTOPOHHI, TPOTHBOMOJIOKHOH Bep-
wuHe A; cienoBarensHo, N JoMKHA HAXOAHTHCH BHYTPH OMHCAHHOM
OKDPYXKHOCTH, T. €. BHYTPH OK-

A pYXHOCTH C HeHTpoM B O u pa-
muycom | OA|. Onycrum u3 O
tepnengukynap OR Ha AN.
JIOMKHO BBLIMOJIHATLCS HepaBeH-
cBo | AR > | RN |. Ecan

S
AMO =90°, 3TO HepaBeHCTBO
{  BumMoJHSeTCS aBTOMaTHueckKH. Ec-

JH XKe Aﬂ0<90°, TO HOJIXKHO
6ute | AM | —|MR| > | MN |+

+ MR | => | AM| — 5 |AM| >

>2|MR|=| AM | > 4| MR|.
g Ho R neXuT Ha OKPYXKHOCTH
¢ puamerpoM OM; s3Haunt, A
Puc. 58.
Jo/KHA OBITh BHE OKPYXKHOCTH,
TOMOTETHYHOH OKPYXKHOCTH O €
Kospduuuentom 4 u uentpom romorerun B M. [anee, Touka N He
JIOJXKHA TONAacTb Ha OKPYKHOCTb O, TaK Kak B IPOTHBHOM Ciyuae
CTOPOHA TPeyrolbHHKA, CepelHHON KoToporo oHa sBjsieTcs, Oynyuu
nepnenaukyaapHoi ON, Jexana 6w Ha npsimoii AN, T. e. Bce Bep-
IHHB TPeYyroJbHHKA GHIIHM OBl HA OJHOH mNpsAMOii.

CneposaresibHo, A He JNO/KHA JlexkaTk Ha OKPYKHOCTH, FOMOTe-

THYHOM O C LEHTPOM romoTeTHH M u kosdpduineHTOM —2.
Takum o6pasom, ecan Mbl Bo3pMeM Ha npamoit OM mocienoBa-
tenbHo Toukn L n K rtak, uro [LO|:{OM :|MK|=3:1:2, u
NOCTPOMM KaK Ha nuamerpe Ha LM — okpyxHocTs /, Ha MK — OKpyX-

129




HOCTb 2, TO HMCKOMBIM MHOXecTBOM GYIAyT BCe TOYKH BHE OKPYXKHO-
cTH [/, MCKNIOYass TOUKH OKpYXKHocTH 2, KpoMe ToukH K (touxka K
BXOAHT B Haule MHOXECTBO).

6) Ecnn O—wueHTP onmucaHHOro Kpyra, M —IIeHTP TSKEeCTH Tpe-
yroabHuKa, TO0 K (CM. myHKT a)) 6ygeT TOUKOff mnepecedeHHs BBHICOT
TpeyrosbHHKa (cM. 3ajauy 20, pasgen 1). Ho ans tynoyrosabHoro
TPeyronbHUKa pacCTOsiHHE OT WeHTPa OMMCAHHOTO Kpyra A0 TOYKH
nepeceueHnst BbICOT GoJbiue pajuyca omucaHHoro Kkpyra. Cnexoa-
TEJbHO, BEPIUMHEl TYNOYrOJbHOrO TPEYroJbHHKA HaXOAATCSH BHYTPH
OKpyxHOCTH 3, mocTpoeHHo# Ha LK Kak Ha Juamerpe, BHe OKPYX-
HOCTH [, MCKJIIOYasl TOUKH OKPYXKHOCTH 2 (NPU 3TOM BePLIHHbI TYNhIX
yrJIoB HaxXolATCsl BHYTPH OKPYKHOCTH 2).

223. Ilyers (puc. 59) ABC — ncxoaubif npaBHJbHBEIN TPeyroJb-
uuk, A,B,C,—npoussoanHnili tpeyroasuuk (4,C, | AC, A;B,| AB),

Puc. 59.

O —uentp Kpyra, O, —TouKka mnepeceyeHus BblcoT A A;B,C,. Ilycrs

—TT —_T b

BOB,=¢. Ilockoabky O0,B,|0B, 0B,0,=¢; tak Kak C,0,B, =
/\

= C,0B,=120°, uetnipexyronbiuk C,;0,0B;, BnHcaH B HEKOTOPYIO

—T T
OKPYXHOCTb, H, SHauuT, 0,0C; =0,B,C,=230°—¢. Takum oGpasom,
~

a03=q>+l20°+ 30°— ¢ = 150°, 1. e. npsimas OO0, napannenbsa CB.
Ilns Toro yToGH ONpeje/tnTb, CKOMb janeko Touka O; MOXeT «yHTH»
no 5To# NpPSAMOIi, 3aMETUM, UTO [/sl ONPeleNeHHs NOJOKeHHs TOUKH Oy
HYKHO 4Y€pe3 NepPeMEeHHYI0O TOYKy B, NpOBeCTH NpsMylo, napaJJefb-
nylo OB, no nepecedeHns c npsmoit, npoxoxsuelf yepes O nmapan-
nenbHo CB. HauGonee ynanenHbie TOYKH, OYEBHIHO, mosyyarcs s
KOHLOB JAMaMeTpa, nepneHpuky.aspHoro OB. Takum ofpasoM, HCKO-
MbIM MHOXecTBOM 6yner MN —orpesok npsmoii, napaanenbHoit CB,
aaunoft 4R c cepenunofi B O, a Bce MHOXKECTBO G6yfleT COCTOSITb H3
TPeXx TaKHX OTPEe3KOB.

224. Ecaun (puc. 60) ABC — naHHbI TPeyroJibHMHK ¥ BepLIHHA
onucaHHoro npsamoyronbHuka AKLM cosnagaer ¢ A- (B—Hua KL,
C —na LM), To L npHHalJeXHT NONYOKPYKHOCTH ¢ Anamerpom BC,
npuyeM yriu ABL u ACL tynwe, 1. e. y L GyZeT ABa Kpa#HHX no-

noxeHus: Ly u Ly, @=L/23\A=90°, uentp ke O Gyger omucH-
S——"”

BaTb AYry, rOMOTeTHYHYo L,L, ¢ IeHTPOM roMOTeTHH B A H KO3p-
¢uunentom 1/2.

OTBeT: eC/H TPEyroJbHUK OCTPOYrOJibHbIA, TO MCKOMOE MHO-
KECIBO €CTb KDHBOJMHEHHBI TpeyroJibHHK, OOPasoBaHHLI Ayramu
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NOJYOKPYXHOCTel, NMOCTPOEHHHIX Ha CPeJHHX JHHHAX Kak Ha AHa-
MeTpax M O0GpallleHHBIX BHYTPb TPEYroJbHHKA M3 CPeAHHX JHHHIL

Eciu Xe TPeyroJbHHK He OCTPOYroJibHBI, TO HCKOMOE MHOMKe-
CTBO COCTOHT H3 JBYX AYT NOJYOKPYKHOCTeH, MOCTPOEHHBIX TAKHM Xe
06pa3oM Ha ABYX MEHbLIMX CDPEIHHX JHHHSX

U/

K 0L N,
S~ \
~<_ \
~__

U < L
¢
A M
Puc. 60.

225, Ecan  (puc. 61) Mbl noBepHeM mepBbli KBajpaT BOKPYI
Toukn M Ha 60° unym nmo yacoBo#l cTpesiKe, WJIH NPOTHB, TO OH HOJ-
*KeH [EJAHKOM Monactb BHYTPb BToporo. OG6paTHO, KaXIOMY KBaj-
pary, PacnosiOXeHHOMY BHYTPH GoJibluero, paBHOMY MeHbileMY, CTO-
POHB KOoTOporo o6pasyrwT yrabl B 30° u 60° co croponamu GoJibiuero,

Puc. 61.

COOTBETCTBYeT Touka M, ofnajzaomas HYXKHBIM cBoficteom. (Ha pu-
CYHKe 3TOT KBaxpaT 06O3HaueH WITPHXOBOIl HHMel.) Ta Touka Oyjer
LeHTPpOM moBopoTa Ha 60°, nepeBopsmero ksanpatr ABCD B KBaji-
pat A,B,C,D,, ce MOxHO nOAyu4uTh H3 O, NOBOPOTOM B HYKHOM Ha-
npaejeHun Ha 60° Bokpyr O. PaccmoTpuM KpafiliHe NOJIOXEHHA KBaj-
patos A,B,C,D, (Koria /Be BEPWIHHLl [0MaAal01 HA CTOPOHLI 6OJib-
wero). KX ueHTpn cayxar sepwuHaMu XBagpata KLRN, ctopoHa

KOTOPOr'0 COOTBETCTBEHHO DPaBHA b—--;a(]/ﬁ-i—l) (cTopoHbl  KBag-

para KLRN napanjesibHbl CTOPOHAM JaHHBIX KBajparToB, LEHTP COBMa-
AaeT ¢ 1eHTpoM GoJbiero). TakuM o06pasoM, HCKOMOE MHOMKECTBO
cOCTOMT H3 O0bejHHeHHA ABYX KBajparoB, OJHH H3 KOTODBIX MOJIy4YeH
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n3 KBajgpara !(LRN nosoporoM Bokpyr O Ha 60° B OofHOM Hampas-
JieHHH, APYroil — noBopoToM Ha 60° B MPOTHBOMOJIOKHOM HalNpaBJIeHuH.

3anaua ®MeeT pellleHHe, eCJH ba%(]fé—l-l) (Toukn P u Q

MOryT GBHITh Ha rpaHHie CBOHX KBaJpaToB).

226. Takas Touka M omHa (PHC. 62) —HeHTp TAXKECTH TPEYroJb-
HUKa (TOYKa NepeceveHuss Menuan). JIerko BumeTh, 4TO B STOM CHY-
yae /i MoGol TouKH N Ha rpa-

HHIE TDPEYroJbHHKA B KauecTBe g
TOYKM P MOXHO B3STb OXHY H3
BEPLLHH TPeyroJbHHKa.

BosbmeM Kakylo-n1u60 Apy-
rylo Touky M,. Bynem cuurars,
YTO 3Ta TOUKA HAXONMTCS BHYTPH
unin Ha rpanune A AMD, rpe

M —uentp Ttaxectn A ABC, L
D —cepenuna AC. [lposesem ue- ¢
pe3s M, npsamylo, mapajiesbHyio 7

BD, u B xauecrBe N BosbMem A
TOYKY MepeceyeHusi 3ToH mpsMoii Puc. 62

¢ AD, a uepes M, o6o3Hauum ue. 0z.

ee mepeceyenne ¢ AM. Ouesngn-

HO, Aas Jn0GOH ToukM P BHYTPM HJH Ha IpaHHule TPeyroJbHHKA
nnomats A MNP He mpeBOCXOIMT mNJOWaZM ONHOTO H3 Tpe-
yrofibHHKOB AM,N, MyNC, MyNB. OueBuaHo TaKxe, uTo SAM.N<

1
<SAMD='6'S' Hanee, ecim | AD|=
={DC'=a, ]ND§=X, TO
Sm,ne |MN| (NC| a2—x2

Supc _ IMDT "[DC| =~ & <l
Haxoner,
SM2N3_|M2N| IND | _
Samp |MD| |AD|
_(a—x)x
T <t
. E B, C— ,
227. Eciu A, B A yrém AABg Prc. 63,
o yran A ABI paBHH PRI 90° - 5
(puc. 63); crenoBaTeMbHO, HCKOMOE MHOXECTBO, H300pakeHHOe Ha
puc. 63, — mapa TPeyrolbHUKOB, IBE CTOPOHH KOTODHIX — OTPE3KH

NpsMBIX, & TpeTbfl— Ayra, SBJAIOMAsACA 4YaCTbiO CerMeHTra, [oC-
TpoeHHoro Ha A/ ¥ BMemawoomero yron a/2.

228. BoccraBuM Kk BM B TOuke M mnepmeHAMKYJAsp, NycCTb
P —Touka mepecedeHHsl 3TOr0 NepHeHAMKYJsApPa W BOCCTaBJEHHOrO
K ucxonHo#t mpsmo#t B Touke B. ITokaxkem, uro Beauuusa | PB| mo-

N
crosnHa. I[Tyete MBC =@; uepe3 K u L 0603HauHM OCHOBaHHS mep-
NeHIUKY/spoB, onyuweHHsx 3 A uw C Ha MB. Ilo ycoBHO

M LM ) _
%Ei(f+—~|Lc}=k’ HO |LC|=|BC|sin@, |AK|=|BA|sing.
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3nauur,

MK | LM |
BA]sng T TBC smg —F
|BM{+=|BK|  iBM|=%IBL! _

S B4 sy BC smg S
BM' [ 1 1 > ( BKI  BL\_
<:"sincp(uam"']lsc; t\ B4 sng TBC smg, &
|BM| k|BA|-1BC\ . ... kiBA - BC
S e ~TBA L BC, & PB=TBaFBC’

4TO U TPeGOBaJIOCh.

Cile10BaTe/IbHO, HMCKOMOE MHOXECTBO COCTOHT M3 JABYX OKpy#HO-
creif, kacawoumuxcs npamoii AC B Touke B, ¢ aMaMeTpaMH, PaBHBLIMH
|BA|-|BC|
|BA!+|BC

229. Ilpomomxum AQ 32 Touky Q ¥ BO3bMEM Ha 3TOM Jlyue TOYKY

M rtak, urto |QM|= D) |AQ|, u Touky A, Tak, uto | MA, |= AM ',

.

—_— T
M —cepenuna croponst BC TpeyroabHuka ABC; CBA;=BCA,
T =
ABA, =180°— BAC.

CrnefloBatenbHO, ecqH Mbl nmoctpouM Ha AM, MA, u AA, xax
Ha JMaMeTpax OKDYMHOCTH, TO HCKOMOe MHOKECTBO GYyIeT COCTOSTh
U3 TOYEK, PACMOJIOKEHHBIX BHe NePBLIX ABYX H BHYTPH TpeTbeil OKpyx-
HOCTH. :

230. Pasbepure 4 cayuas: TpeyrosbHHK ABC — OCTPOYTrOJIbHEI,
oaun u3 yraos A, B uan C—rynofi. Bo Becex cayyasix MOXHO Bbipa-
;n'rz‘ BEJIMUYMHBl YIJIOB TpeyrolbHHKa ABH uepe3 yribl TpeyrosbHuKa

BC.

231, Ecam KoHuB Jydyeil He COBNafaloT, TO HCKOMOE MHOXECTBO
COCTOHT M3 uacTell CJeNYIOUIHX JMHHI: GHCCEKTPHC ABYX yrijoB, oGpa-
30BaHHBIX NPAMBIMH, COAEPMKALIMMH IaHHBIE JY4YH, CEPeJHHHOrO mep-
NeHAMKYJsIpa K OTPe3KY, COCAHHSIOLEMY KOHLb Jyuedi, M ABYX ma-
pa6os (napaGoJia eCTb MHOXECTBO TOYEK, pPaBHOYJaJeHHLIX OT JaHHOMH
TOYKH H NAHHOH mpsMoil).

EcsH KOHUBI Jyuell COBMAjaloT, TO HCKOMOE MHOXECTBO COCTOHMT
u3 GHCCEKTpHCH yria, o6pa3’oBaHHOrO Jy4aMH, H 4acTH [JIOCKOCTH
BHYTPH Yyria, 0OOpa3OBaHHOrO NEPNEHAHKYJISPAaMH, BOCCTABJIEHHBIMH
B KOHUAX Jyuyei.

232. Tlposenem uepes BepwHHB TpeyrojsHHKa ABC npsiMble,
napaJJielbHble IPOTHBOMONOXHEIM cTOpoHam. Onu o6pasyior A A;B,C;,
nopo6uniii A ABC; on mnoayuyaerca u3 A ABC ¢ noMouwpio romo-
TEeTHH, LeHTp KoTopoii —B ofueM aas A ABC u A A;B,C; uentpe
TAXKECTH, a ko3bduumeHT paBeH —2. Touka nepeceyeHus BHICOT AJIA
A ABC sBasieTcsl LeHTPOM ONMCAHHOH OKojso A A;B,C, OKpyxHOCTH,
CrenoBareqbHO, Touka O —IUeHTP ONMHCAHHON OKPYKHOCTH, G — UeHTp
TSKE(TH M [ —TouKa MepeccYeHHs BLICOT JieXKaT Ha OFHON mpaAMOil,

npuueM | 0G| =—$~[GH|, G —1na orpeske OH.

233. Ilpu poxasartebcTBe HCHOJb3yerTcsl TOT aKT, YTO €C/H H3
KaKkofi-1n6o Touku P onycTuth nepneHpuKyasapel PK u PL Ha npamue,
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nepecexkaromecs B touke M, 1o P, K, L uw M 6ynyT nexarb Ha
OIHON OKDYKHOCTH *) (cM. TaKike 3agauy 157).

234. Bocnoab3yfiTech pesynbratom 3azaud 62.

235. TllockonbKy cepenuna FH JeXHT Ha OKDPYXHOCTH IeBSITH
Toyek (cM. 3ajauy 162), Ham JoCcTaTOYHO MOKas3athb, YTO W MpsAMas
CumMcoHa, cooTBeTcTBylomiasi Touke F, pgeautr FH nonoaam. Ilycrs
K —mnpoekuuss F Ha Kakyio-7qHG0 CTOPOHY TpeyrojbHHKa, D) — ocHo-
BaHHe BBHICOTHI, TPOBeieAHON K Toil Ke cropoHe, H;—TouyKa nepe-
CeYeHHsl 3TOM BLICOTHI C OMNHCAHHOK OKpYXHOCThIO, 'H{D|=|HD]|
(cm. 3anauy 108), L —TouKa nepeceueHus npsimoit CuMcoHa ¢ Toli xkKe
BBHICOTOH H, HaKoHel, M —TouKa Ha mnpsMoll HH,, 1nns KoTopok
FM| KD; Tornaﬁ. FMH;= A KDL (\FM|=| KD ;, o6a npsMoyroJb-

— - ~—~
Hple ¥ DLK =MH,F, mnOCKONbKY BLICOTa TPEyroNbHUKA SBASETCS
npsmoit CHMCOHa, COOTBETCTBYIOLIE] BEpIIHHE, H3 KOTOPOil OHa BEIXOJHT,
H MOXHO BOCMO/Ib30BATbCA YTBep:KAcHHeM 3afauu 234). Herpyamo

TaKke [OKa3aTb, 4YTO Hampasnenus A,M n DL cosnanawor, T. e.
FKHL—napannesorpamm, oTKyJa M CJefyeT Haule yTBep:KIeHwHe.
236. [llokaxure, uTo TpeGyeMbiM CcBOHicTBOM O6GnajaeT TaKas
Touka P Ha npsivoil Dfinepa, aas Kotopoit PO, = OH, (0—ueHTp
OMHCaHHOTO Kpyra, H —TouKa nepeceueHHsi BLICOT); MPH 3TOM AJf
KaXJoro TPeyrolbHUKA PacCTOsiHHE OT LEHTPa TSAKECTH N0 MPOTHBO-

o 4
TIOJIOXKHOH BEPUIHHLI HCXOLHOTO TPeyrolbHHKa paBHO—é R, rae R—pa-

IHYC OKpYyXKHOCTH, onucaHHolt okojo A ABC.

237. Tlycte C;—ueHTp onucaHHO# okojno A APB oxpy:XHOCTH,
a C,—Touxka, cuMMeTpuuHas C, oTHocHTenbHO AB. AHanoruuHo ass
Tpeyronbrukos BPC u CPA onpenenum Ttouku A, u Ay, By u B,.

ockonbKy Tpeyronbuukn AC\B, AC,B, BA,C, BA,C, CB,A, CB,A
paBHOOeJipeHHble, C YyrJaMH NpH BepwuHax 1mo 120°, TPeYroibHHKH
AB\C, u A,B,Co—npasunbHbie (cM. 3ajaay 158). Tlomcuuras
Yrabl 4eThipeXyrojibHUKa C BepwHHaMu P, A,, B,, C,, MOXHO JOKa-
3aTb, YTO 3TH TOUKH (P, A,, B,, C,) nexar Ha OfHOH OKPYKHOCTH.
Ianee, ecnu H —Touka MNepeceyeHHs BhICOT TpeyroabHuka APB, To,
nockonbky | PH|=|C,C,| u, suaunr, PHC,C,— napaiienorpamm,
npsimass CH (npsiMas Ditepa TpeyronbHuka APB) npoxogut uepes
cepeanny PC,. Ho PC,—xopaa okpyxHOCTH c ueHTpoM C,, ciefio-
BateabHo, C\H nepnenaukynspea PC,. TaxkuM o6pasoM, TpH Hauwux
npAMBIX Diljlepa COBNAAAIOT C CepelMHHBIMY NMEePHeHAHKYaspaMH OTpes-
koB PC,, PBy u PA,, a nockonbKy Touku P, A,, By, C, nexar Ha
OIHOIl OKPYXKHOCTH, 3TH NpPsMbIE NEPeceKkaloTcsl B ee LeHTPe — LeHTpe
NpaBHJbHOTO TpeyronbHuKa A,B,C,. 13 pesynbrata 3afaum 161
cnefyeT, 9TO 3TH TpH NpsiMble Dijiepa nepeceKaloTcs B TOYKe nepe-
ceyeHHs MeluMaH TpeyrosbHuka ABC.

238. HeoGX0omMMBIM M JOCTATOYHBIM YCJOBHEM BBINOJHEHHS BCeX
yeThpex NYHKTOB sBjsiercst paseHcTso | AB|-|CD!='!AD-|BC1|.
Ins nyHkToB a) H 6) 3TO c/lefyeT M3 TEOPeMHl O GHCCEKTPHCE BHYT-
peHHEro_ yrjia TpeyrojibHHKa, AIsi MYHKTOB B) W T)—H3 pe3ysabTaTa
3agauu 50.

*) Bonee mnonpo6Ho o cemeiictBe npsAMbIXx CHMCOHA MOXHO TpO-
yecTb B KHure: Bacuawes H. B., [ymenmaxep B. JI. Tlpsmble u
kpusete, —M.: Hayka, 1978,
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239. Tlycte ABCD — paHHBIR ueThipexyrosibHuk. Bynem cumrarts,
yro yrael A B D—rTynnie, B u C —ocrpble. OG03HAYHM OCHOBaHHS
NepneHIHKYJAAPOB, ONyUleHHbIX W3 BepwuHsl A, uyepes M u N, a H3
BepwHe C—uepes K u L (puc. 64, a), R —Touka nepeceyenuss MN
u LK. 3ameruMm, uto 4, K, N, C, L, M nexar Ha ORHOH OKpYX-

I T
woctn ¢ xuamerpom AC. Tlokaxem, uto MK |LN: MKL=MAL=

=D—90°=90°—B= KC§= I?LF (D u B— YIJbl YeTbiPex yroJib-
nuka). Takum o6pasom,

MR| _ |MK[ _ sinMCK _
RN ILN Y gnTaN
_sin@€—90°+B8) _ sin@°—A+B) _  cos(A-B)

sin(A—90°+B)  sin(A+B—90°) sin(A+B—90°

ITycts Temepp P u Q— OCHOBaHHS NMEPNEHIWKY/SIPOB, ONMYIIEHHBIX H3
BepwuHbl B, a S—Touka nepeceuenus MN u PQ (puc. 64, 6). Tax

Puc. 64.

—T ey A
kak PNB=PAB=C, 10 PN||DC, 1. e. MQNP —tpaneuus (ANBP—
BAHCAHHBIH YeThlpeXyroabHuk ¢ guamerpoM AB). Takum oGpasom,

|[MS| _ IMQ| _ IAB|cos(A+D—1809 _  cos(A—B)
{SN|  |PN| | AB|sin(B+A —90° sin (B+A—90°) °

(Msl ucnonb3osanu 10, 4ro MQ—rnpoexkuust AB na DC: yron mexnuy
AB w DC pasen A4-D—180°) Urak, toukn R u S pensr MN
B OJHOM H TOM € OTHOLIGHWH, T. €. OHH COBMAajaloT, 3HAYHT, TPH
npsiMble NepeceKalOTCs B OQHOH TOYKe. Jlerko 1emeph IOKasaTb, UTO
BCe ueThipe NpsiMble [ePeCeKaloTcsi B 3TOH XKe TOuKe,

240. Haiizem, B KakoM oTHoweHuun BC pgeant MN. 3710 OTHOLIe-
HHe PaBHO OTHOLUEHHIO

T N
Sycs |MC|-iCB snMCB  MC cos BCD
Scen |BN|-||CB sinNBC |BN |cosCBA
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AuanoruyHo, oOTHOWeHHe, B Kotopom AD peaur MN, pasHO

_~—
J—'Mgs—f—f——ﬂ. Ho sTu ornowmenus paBHHI, TaK Kak BCD=BAD,
| ND | cos ADC

P
CBA=CDA, a A AMC nono6es A BND, u, CJ€R0BaTC/bHO,
fMC1 — |AM]
{BN| ~ |NDT"

241. TTocKoJbKY OKPYXHOCTb ¢ AuamerpoM CD NpPOXOAHT uepes
¢uxcuposannyo Touky A Ha MN (MN L CD), to

|CN|-|ND|=|NA 2 (1)

€CTb BeNNUHHA mocTosnHHas. O60sHaumM wepes K TOUKY mMepeceycHus

| N
PQ ¢ MN. Tokaxem, uto INK] BCJAMUMHA IOCTOSIHHAA. 3aMeTHM,
J

KM
e Tl
y10 PNQ=180°— PMQ; 3naumur,
[MK|  Sppmo .IPMI-|MQ| |MN| |MN| |MN 2
KN = "Sppqnw  IPNT-INQ] ~ JCNT "TND| ™ TANP

(Mbl BOCTO/Ib30BaNHCh paBeHcrBOoM (1) M TeM, uto A MNP mnonoGen
A MNC, a A MNQ noxoGen A MND).

242. Ilposepbre, uto TOUKH A,, A, Az u By, By, By Haxoasrcs
Ha cTopoHax TpeyrojbHuKa 0,0,03 (0;, O;, 0O3—UEHTPH OKPYKHO-
creff) WIH Ha NPOJOMIKCHMH STHX CTODOH H OTHOIMEHHe paccrosinuit
OT KOKJOH H3 3THX TOYEK JO COOTBETCTBYIOIIHX BePWHH TPeyroJb-
HuKa 00503 PaBHO OTHOIIEHHIO PajHyCOB COOTBETCTBYIOUIHX OKPYKHO-
crefi. Jlanme¢ MOXXHO BOCNO/B30BaThesi TeopeMod Menenas (cM. 3aja-
yy 193) gjis Kaxjaolk M3 STHX TPOEK TOYeK.

243. ITycrb O —ueHTp BnucaHHOH OKpYxHOCTH, K # L — TOuKH
Kacanusa co cropoaMa AC u AB, upsmas, npoxoxsmas yepes N
napaanenapio BC, mepecexaer croponnt AB u AC B Toukax R u M.

Py
Uersipexyrofbihk OKMN — snucannsit (ONM =O0KM =90°), ciepo-
— T~ P i S P e
eateasHo, OMN =OKN; auanorununo ORN =OLN, vo OLN =O0KN,
Y i
anaunr, ORN =OMN u A ORM — paBHoGeypenubii, ON —BLIcOTa;
TaKUM 0o6pa3oM,
[RN [=|NM|.

244, Ecau cropousl A ABC pasubl |BC|=a, |CA =b,
| AB |==c, To, KaK Mpl 3HaeM (cM. 3ajauy 18, pasgjen D), | MC'=
%_a_-}-_g_-_—__c_. Tlposenem uepes K mnpsamyio, napannensuyo AC,
oGo3HauHM ee TOUKH mepeceuenus ¢ AB u BC uepes A; u Cj.
OKpyXHOCTb, BIHCAHHAA B A ABC, siBJseTcs BHEBNHCAHHOM (KacaeTcst
AC; w npogomuennit BA; u BC,) mns A A,BC,. Ho A A,BC,
nonobed A ABC. CiefoBaTesibHO, OKPYXKHOCTb, BHeBNHcaHHas B ABC,
6yner Kacarbcs AC B Touke N; 0603HauMM TOYKH KacaHuf ee C mpo-
nomxexusamy BA u BC uyepea R u L. VmeeM

| BR| =1 BL| = (| BR|+| BL ) =5 (350,
3HAYHT,

AN |=| AR|='RB|—|BA|="T "f= MC|
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~ 245. Tlposenem uepes K npamymp, napamtensuyio BC. O6osnauum
yepes L ©u ( TOUKHM NepeceyeHHs KacaTe/lbHOW B TouKe P ¢ mps-
Mot BC m mnocTpoenHol npsiMofi, eit mnapaajenbHol, a yepes N —

To4yky nepecedennss AK c¢ BC. Tak kak | CN |=| BM| (cm. 3axa-
uy 244), TO HaM [OCTaTOYHO poKas3aTh, uro |NL|=|LM|, Ho
| PL|=|LM|, s3uaunT, HyXHO JoKa3zatb u4to |PL|=|NL|.

TMockonbky A PLN nopo6en A PQK, B kotopoMm | PQ|=|QK ]|, To
|PK|=|NL| u |CL|=|LB/|.

246. ITyctb M u N —Toukn nepecevenus npamoit LK ¢ mpsmbl-
Mu ! u CD. Torna | AM 2=|ML|-| MK |. U3 nono6usi Tpeyrojn-

IMK| _ |MB] _
nukoB KMB u DKN caepyer TKNT = TDNT’ | MK |
= -'K—Aflﬁ—l—@l— M3 nonobus tpeyronsuukos CNL u MLB caegyer
IML| _ |MB]| __|LN|.|MB|
o] = Ty ‘ME=—1enT -
TagkuMm o6pasom,
. _|KN]|-|LN| s a
| MK | lMLI_lCNHDNI | MB |2=|MB 2,

T. e |[MA2=|MB 2, |MA|=|MB|.

247, Tlycre (puc. 65) B—Bropas ofmas TOYKa OKDPYKHOCTel,
C—touka Ha mnpsMolt AB, u3 Ko-
TOpOfi MpoBefleHH KacaTe/bHHE, H,
HakoHen, K —Touka nepeceueHus
npamMeix MN u PQ. Bocnogbio-
BABIUKCh TeopeMOH CHHYCOB H pe-
sysnbTaToM 3agaun 50, mosyuum

[PM| _ [PM|  sinPBM _
MAT = o paor VMAT —
__|BM|  sinPBM _
snBPM | MA|
_1BM| sinPBAT _
| IMAl " g0 BPM
g _ 4/ ICB] sinPBM
Puc. 65. cAl sin m

. T
Takum obpasoM, o6osnaunms uepes « yrom AMB, a uepes P — yroa
AP3 {z u § nocTosHHL), HoayunM

|PM| _ 4/ TCBT _sin(a+p)

[MA| [CA| sinp
Ananoruuso Haizem

[AN | _ {CA,  sinf

[NQ| [CB| sin(ax+4B)"
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PM| |AN| |QK|

TMA[NQ] [KPT

Ho no teopeme MeRenas (cM. sagauy 193) ’

QK| _ |
KP | ’

248. Ilposenem uepe3 M mpsimyio, napanneibHyw AC, fo nepe-
cedeHuss B Toukax A; H C; c mpameiMu BA u BC. Hmeem

T T S~ T

A; KM =90°— DKM =90° —ﬁﬁ = B/AD =KA;M, chenoBateibHo,
A KMA;, — paproGenpenueit u | A,M| = |MK|.  AHajoruuyno
|MCy|=|ML|, Ho | KM |=|ML|, suauut, |A4,M|=|MC,|, T. e
npaMas BM nenur AC nonosam.

249. Ilycte M —rTouka mnepeceuenus ND u AB, a P—Touka
niepeceyeHHs KacaTe/IbHEIX K OKPYxkHocTH B Toukax A u D. Ilocko.b-
Ky npampie NC, AB w PD napaanesbHbl, H3 NofoGus COOTBETCI-
BYIOUIMX TPeYrOJLHHKOB MOJYYEM

3Hayur,

[AM| __ | AN | _ , AN |
IDPI“’WP—T, !AMl-]DPI_—__INP[' M

IMB| _ |[MD| |AP| . [AP |
inc| = TnD] —Tap |MBI=INCITRE. @
Ho | DP|=]|AP|, |NC|=| AN |, caenoBaTeqbHO, [paBHe YacTH

seipaxeHuil (1) ¥ (2) pasum, . . | AM |=|MB|.

250. Bynem cuurath, 4yto D—cepesuna CB n AD nepecekaer
BTOPHYHO OKPyxHoCcTb B Todke K. JloKakeMm, 4YTO KacaTeJbHble
K OKPYXHOCTH B Toukax B u C nepecekaiorcs Ha npsmoit MK.

Paccmorpum yersipexyronmsHuk CMBK. Jas Ttoro uto6nl Kaca-
TelbHBlE K OKPYXHOCTH B Toukax C ¥ B mepeceKaJuch Ha JHaroHaju
|CM !
MK. Heo6X0IHMO H ROCTaTOuHO (cM. 3ajauy 238), uTOGH TCRT =
_ IMB]| Ho ICM| |AB|_ |BD| [CD| _|AC| |MB]|

iBK|’' 7 |CK| |CK| |DK| |DK| |BK| |BK|*
(B mepBoM H moc/iefHeM paBeHCTBe HCIO/Ib30BAJOCh TO, YTO, BBHAY
napaanenbHocts AM u CB, |CM | =
=|AB|, |AC|=|MB|; Bo BTO-
pOM H YeTBepTOM — nopobus A ABD
u ACDK, AADC u A KDB; B
TpetbeM —T0, 4T0 AD— Mmennana.)

251. Ilyctb O —LEHTP OKpyX-
HoctH, N,;,M;,P,,R;— TOuKH, CHM-
MerpuuHBle Toukam N, M, P, R co-
OTBETCTBEHHO OTHOCHTEJIbHO NpsSIMOfi
0OA, K-—Touka mnepeceuyeHus mnps-
Mux NR, u QS. Ham nyxHO
IoKasaTb, 4TO TOYKH R, S u K
conaparor. Toukn N,, M; u B
JeXaT Ha ONHOH mnpsiMol, cHMMeT-
puuHo#t mpsmolt NMC; N,, Pq,
R,—TakXe Ha ofHOM NpsAMOfH, CHM-
MerpuuHoil npsimoli NPR Sgnc. 66).
Toukn B, N;, Q u nexar
Ha ONHOH OKDYXKHOCTH, TaK KakK

m =Am1 =MNP= POM=BQK. Touxn B, Ny, Q, R, — Takxke
N T T L —
Ha OJHOH OKPYHKHOCTH, NocKoabKy N;R;B=N,P;P=N,QP=N,QB.
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CnenoBaTenbho, nsath Touek B, N, Q, Ry, K — Ha ozHOl OKpY:KHOCTH,
HO Toukn N,, R, u K—Ha onHO# npaMoii, 3HaunT, Ry ¥ K cauaiorcs.

252. Ilycte (puc. 67) O —cepeauna AB, Ny u Ny—Touku Kaca-
Hus okpyxHocteit Oy u O, ¢ AB, O3— cepennna 0,0,, Ng— ocHOBaHHe
nepneHAHKYyJsipa, onymenHoro u3 O; Ha AB, @ © b—KareTn Tpe-
yroabHuka (| CB |=a, | AC |="b), c—runotenysa, r, u ry— pajuycsl
okpyxHocTell ¢ ueatpamMu O; u O,. JloKaxeM, 4ToO | AI\/’22 |=| AC |=b,

| BN, |=|BC |=a. O6osuauny | BN, |=x, | BD 1=fc-, | NyDj=r; =

2
TeopeMy [Tudaropa nna A OO;N,:

(e 2] =femsf e 2,
2

a
OTKyla x2=a?, x=a, T. €. rl=a—-c—-. Ananornuno | AN, | =b,

b2
rp =b—7. Tenepb serko nafinem

a? [4 c a? [4
=x——, | 004 ]=-2- —n=g—*t+— |N10|=x——2—.33nmuem

a2 b2
a —_——— ——
+0 ¢ c _ a4-b—c__
2 2 -
rjie r—pajuyc BIHCAHHON OKPYXKHOCTH, a

| AN3 = 5 ( ANy |+] ANy )=+ [o—| BN, |b] =5 [b + c—al,

| Oy | =118 "

T, €. N§ coBNajaeT ¢ TOYKOH KacaHMs BIHCAHHOM OKPYXKHOCTH.
4

!

Vi \/

F
Puc. 67. Puc. 68.

AW, T 0K

253. Ilycrs (puc. 68) M —rouka mepeceuenus AD u KL;
1 B
[KMl SAKD —2—|AKl']AD[SIHKAD

_ _ _1AK|-1CD|
IMLY Sap

~ IDL|-TAF |

%IDLMAD[sinA/D?

(MBI BOCMO/IB30BA/INCL TeM, YTO CHHYCHl BIHCAHHBIX YIJIOB MPOMOp-
HHOHANbHBL XOpAaM.) AnajoruuHo, ecanm M; —TouKa mepeceueHuss BE
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[KMy| _ 1BK|-|FE]

u KL, nony4um, 4ro = —~. Ho wus 6

y LT TTIEiBCT R
L 8 B Rt B

AAKF n ABKC, ACLD wu A FLE umeeM TAF | TBC

-]Cﬂs-i—@' NepeMHOXKash 9TH paBEHCTBa, TMOJYYHM, 4TO

I S

| - 1KM; |

ML~ TML]" T. e. M n M, coenagator.

3ameuaHnne. MoXHO mOKa3aTb, YTO YTBepXJeHHe 3ajauH
coxpaHser cuay, ecan A, B, C, D, E u F—npou3Bo/ibHble LIECTb
TOUEK HA OKPYMKHOCTH.

254, OGo3naunM uepes L u P ToukH mepeceueHnss npameix AM
A AN c okpyxHocteio. Kak caenyer u3 3agaum 253, npamsie BL,
DP u MN nepecexaiorca B ogHo#i touke. Ho BL u DP — nuaMerpHl,
nepeceKaloTcs B IIEHTPe OKPYKHOCTH, ciefoBateabHo, MN npoxoiaut
yepe3 LEHTP OKPYKHOCTH.

255. JlokaxeM, UYTO ILeHTP MCKOMOH OKPYXHOCTH COBMajaer c
OPTOLEHTPOM (TOYKOH mnepeceyeHuss Buicot). I[lycrs BD—BHICOTa,
H —touyka nepeceuenuss BbicoT, a K H L—cepelHHBbl MOCTPOEHHHIX
OTPe3KOB, BHIXOAAMHX H3 Bepunnnl B, | BK|=|BL|=I, M — cepe-
auHa BD (pmc. 69). Toraa

|KH (2=| LH P={ MH [*-+| KM [P=12—| BM 4| MH 2=
2 2

(340‘ +(;BHg_'—B29l —04|BH? — |BH|.|BD|=
=I{2—|BH|(|BD|—|BH |)=I1*—|BH|.-|HD].

Ham ocrajoch [0KasaTb, 4YTO NPOH3BeAeHHS OTPE3KOB BHICOT, Ha

KOTOpHIe KaXcaasi JeJHTCS HX TOUYKOH mepecedeHusi, paBHb. IIpose-

aeM Boicory AE. Beuay mnoaobus

A BHE u A AHD umeeM | BH | X

X |HD |=|AH |-|HE|, 4ro u Tpe-
GoBasoCh.

=2

M

A 5 7
¥
4 7 —C ¥ #,

7

7

Puc. 69. Puc. 70.

256. O6o3naunM (puc. 70) AJHMHBl CTOPOH TpeyroabHuka ABC:
|BC|=a, |CA|=b, | AB|=c. IlpoBesieM uepe3 LEHTP BNHCAHHOH
OKPYIKHOCTH mNpsAMHe, mapajienapHele AB u BC, 1o nepecedeHus c

AK 3 KC B toukax P 5 Q; B TpeyroanHuke OPQ HMeeM P/OQ\= B,
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10Q! =_gj—_127_—__c_=p_c' | OP [:2-_':-%:9 =p— @, HO MO YCNOBHIO

—TNS A

NBM =B, |NB|=p—a, | MB |=p—c. CnepoBaresisio, A POQ =
= A NBM. Ecin mMb Ha npamoit OP BosbMeM M, Tak, uto | OM, | =
=|0Q|, a Ha 0Q —TouKy N, TaK, uro | ON |==]| op |, 0 A ON;M,=
= A NBM u cooteerctsyomue cropossi BM u OM,, BN u ON,
OKaXyTCA mapajuleNbHEIMH. 3maumt, N M, || NM. [loxaxem, uro
OK I NM: tak xak B uetsipexyroapinke OPKQ ABa IpOTHBOIOJIOXK-

S
HEIX YIJIa MpsMBle, TO OH BHUCaHHHH, caefoBatensno, OKP=0QP .
— P
N Hanee, wumeem KOP +OM,N,=K/0P\ +
NN T T —
-+ 0QP =KOP 4 OKP=90°, a sTo osHa-
vaer, yro OK L M;N,.

257. Ilycts Ans onpejenensocts P
gexur Ha pyre AC (puc. 71). Toukn A4,
M, P, N nexar Ha OIHOH OKDYMXHOCTH,

TN T
suayut, NMP = NAP. Aranoruyso, P, M,
TN
Q, C—mna opHoli okpyxHoctd, PMQ=
=180°— PCQ=180°— PAN=180°~PMN .

4 g q 258. PaccmoTpuM cHayaJia NpefiefbHHIR
cayuafl, Korjga Toyka N Haxonutcs B «Gec-

KOHEUHOCTH»; B 3TOM cjydae npsiMbie AN,

Puc. 71. BN u CN napaanenbEn npsimoit [. Ilyctb

paccrosinusi or Touek A, B u C po nps-
Moll [ paBHH @, b W ¢ (maA ynoOcTBa mNpPeAnoJOXKHM, 4to A, B -
u C—mo oaHy cropony ot {). Ilpsmble, napajseibHue ! B npoxoas.-
mue uepes A, B n C, nepecekawr npambie B,C,, C1A, u AB,
| 4,Cs | — a+tc
[CeBy| — c+b°

. [lepemHOXKast 9TH paBeHCTBa,

B Toukax Ay, By, C,. Jlerko Buzeth, 4TO

|Byds| _ b+a |CiBy| _ c+b
1 A5G | a+c ' | B4 | b+ta
TIOJIYYHM, YTO BHINOJHSETCH YTBepKJAeHHe TeopeMbl MeHenas —3apa-
ga 193 (Heo6xoOMMO ellle NPOBEPHTb, YTO Ha NMPOJOJIKEHHAX CTOPOH
TpeyronibHuKa A,B;C; HaxoQHMTCA HeYeTHOe WYHCJIO TOueK H3 A, By,
C,). 3naunT, ToukH Ay, By, C, jnexar Ha OXHOM NpSMOM.

O6wuit ciayyali MOXKHO CBECTH K PacCMOTPEHHOMY, HalpuMmep,
CIPOEKTHPOBAB 3afaHHOe pacnoJioXeHHe TPeYrOJbHHKOB H3 KaKOH-
u60 TOYKH NPOCTPaHCTBa Ha APYrylo mJOCKOCTb. IIpu STOM MOXHO
ROOHTbCSA, YTOGR CHMMETPHYHOCTb TPEYrOJbHHKOB He Hapyuwiajachb,
a Touka N nepeunia Gul B GeCKOHeYHOCTb.

Moxnro He npuGeraTb K NPOCTPaHCTBEHHHIM paccMOTPeHHSIM. Bae-
JeM CHCTeMY KOOpAHHAT, BhiOpaB 3a Ochb X mpsMyio [ W B3fB Hayano

x

[pn sToM Toukn ocH x (y=0) nepefityr B npsamyio y’=0; TO4KH,
CHMMETPHYHBIE OTHOCHTEJbHO OCH X, MepefiiyT B CHMMETPHYHbE OTHO-
cHTesbHO TpAMoOil y' =0; npsiMule DepeiyT B npsMule; NpsiMble, Npo-
Xoifl[He yepe3 Hayalo0 KOOPAHHAT, NepeHAyT B npsiMble, napasielb-
Hple npamoii y'=0 (910 npeo6pasoBaEHHe, MO CYILECTBY, H €CTh
BBIIEYK a3aHHOe npoekTHpoBanue). [locse Takoro mnpeoGpasoBaHus
MOJyYnM YyiKe PaccMOTPEHHOE PacrloJiokKeHHe,
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259, Ilycrh nanHHe B3aUMHO NePHEHAMKYJSPHHE NPAMBIE — OCH
x=0 u y=0 npaMOyro/ibHON cucreMbl KOOPAHHAT, BLICOTHl TPEYrOJib-
HHMKa JIeXar Ha NPAMBIX y=1F;x (=1, 2, 3), CTOPOHH TPeyroJbHUKa
TP STOM JOJKHBI MMETb YIVIOBHIE KOS(hGHMIHEHTH —7» @ H3 ycno-

i
BHSI MPHHAZJIEKHOCTH BePHWIMH (X;, Y;) BHICOTAM HAXOLHM OTHOLICHHS
CBOGOXHEIX YJIEHOB C; B YPaBHEHHAX CTOPOH Ry X ==¢;: ¢; =R Y3-}-%g,

k
o= koYs -+ %3, !/a=ksxa$% = Faky 1

== u 1. 1. Ilpu noaxopsmem
2 kyt 1 P AR

BHIGOpE eJHHMUEBI AJHHBI MOXKHO B3fTh ¢;= 7 _’t 7 The k= Eykyks.
1
Toyku nepeceyeHHst npsMol Ry x= ki i C OCAIMH: (0; mk—ll—ki)

ki . , i,
% <_kl_-rk? 0), cepefnHa P; OTpe3ka MeXAy HUMH TEFR)

— | Yr.ﬁoaoﬁ KoshdunueHt npsamoit P,P, paBeH

(1_1).(1@_1@1)3
\2(ktka)  2(RthR))T\2(+kR)  2(k+k)

= (1~ ks) : (Bly— bk =— .

Touno TakuMH Xe GyRyT yrJopble KOG(HUHEHTH NPAMEIX P,P,
u PgP,. Tlostomy ToukHm P,, P,, P, nexar Ha oiHOH mpsMoii (ee
ypasHenne: ky-+x=1/2).

Coe[lMHHB NPSAMBIMH TOYKY H DepeceyeHHs BBHICOT TPEYroJbHHKA
¢ toukamu Py, Py, P;, nofyuaem Takoe JoGoneTHOe crencrsue. [lycrs
Oy, Oy Og—YIVBl TPEYTrONbHHKA, MNepPeuHC/eHHEIe NPOTHB YacoBoi
CTpeJIKH, @y, Oy, O3 — NPSMBIE, HA KOTOPHIX JIeXAaT IPOTHBOMOJIOKHEIE UM
CTOpOHbI; Yepe3 TOYKy H NpPOXOAST TPH NpsIMBIE Py, Pg, Ps Tak,
4TO YIJB MEXLY Py B P3, P H Py, Py H Py (OTCUHTHIBAEMEIE NPOTHB
YacoBOH CTPEJIKH) DaBHEl COOTBETCTBEHHO @, Oy, Clg. TOrAa TOUKH
HepeceueHusl py C G, py C Qy, P C Q; JIEXKAT HA ORHOM npsamoit. Ipen-
JlaraeM UYMTaTe/ll0 PacCMOTPerb YacTHHIE CyYaH 3TON TeopeMsl (MHOTHe
H3 HHX —KpacHBBle H JajleKO He Oue-
BHJHHE FeoMeTpHuecKHe (akKThl) U como-
cTaBHTb ee C 3ajaveir 207.

Eme opHO 3aMeuaHme: B Hawell 3a-
Zaye BMECTO CePelHH OTPE3KOB, BEHICe-
KaeMblX Ha CTOPOHaX TpeyrojbHHKa,
MOXKHO ObljIo OBl 6paTh TOYKH, Hed-
uiie HX B OJHHAKOBHIX OTHOLIEHHSX.
OTH TOYKH TaKKe OKaXKyTCs Ha ONHOM
npaMoit.

260. Ilycrs (puc. 72) ABC— pau-
Hbifl TPeyronbHUK, [/ — TOYKa nepeceue-
HHSl ero BBICOT. 3aMEeTHM, 4YTO TOUKH,
cuMMeTpHYHbIe [/ OTHOCHTEJIbHO €ro CTo- Puc. 72.
pOH, JIeXKAT Ha OKPYMXKHOCTH, ONHCAHHOM
oKoJio TpeyroibHaka ABC (cM. sanavy 108). Eciu H; — Touka, cuMMer-
puuHass H oTHOCHTeNbHO cropodbl BC, To mpsaMas [y, cHMMeTpuuHas [
OTHOCHTEJIbHO TOH K€ CTOPOHbI, mpoxoaut uepe3 H;. Ilpu nosopore [
BOKPYT H Ha yron ¢ mpsmas [, noBepHeTcs BOKPYr My Ha TOT Xe
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yros @ B MPOTHBOMOJOXHOM Hanpassenun. Ciefloatenbno, ecim P —
BTOpasi TOYKa NepeceueHHs NpsMofl /; ¢ OMHMCAHHON OKpPYXHOCTbIO, TO
paguyc OP (O — 1eHTp ONHUCaHHOM OKPYKHOCTH) OBEPHETCS Ha yros 2@
BOKpyr O B COOTBETCTBYIOIIEM HanpaBieHHH. Te IKe pacCyXjeHHs
CnpaBe/IMBH M 1Jsi IBYX APYTHX npsiMbix, cumMerpHunnx [. Ho
ecqu [ coBnmajaer C K4KOH-JHGO BHICOTO TPeyrolbHHKA, TO YTBEpPXK-
IeHHMe 3ajauH OuYeBHIHO (TOYKa P COBMajieT C COOTBETCTBYIONIEH Bep-
mwHHOH TpeyrosbHMKa). CnefoBaTesibHO, 3TO YTBePXKJACHHE Chpasej-
JIABO BCErja.

261. PaccMotpum ofmuit ciayyafi npoM3BOJILHEIX OKpYXKHOCTeH.
Iycrs Toukn F um F’ pacnojioeHsl, Kak MoKasaHo Ha pHc. 73. O6o-
3HAueHHSI MOHSITHH H3 PHCYHKa. [[OKameM, YTO CYLIECTBYeT OKpYyX-
HOCTb, BONHMCaHHasi B YeThHipexyrojabHuk AKBM, nocie dyero BOCMOJb-
syeMcsl pesyJabTaroM 3ajaun 242. Jlns 3TOro JOCTaTOYHO JIOKa3aThb,

4To
| BF |+| BF'|=| AF’ |+ | FA|. M

VuureBasg, 9ro |BL|=|BT |, a |[FS|=|FT|, noayuum |BF|=
=|BL|—|FS| u aunanoruuno |FA|=|FQ|—|AE|, |BF'|=
= |F'P|—|BL|, |F'A|=| AE |—]| F'R|. Toxcrapass 3TH BhIpaKe-
nus B (1), nomyunm
|BL|—|FS|+4|F'P|—|BL|=

=|FQ|—| AE |+| AE|—| F'R| =

= |F'R|+|F'P|=|FQ|+|FS|=|PR|=[SQ|.
TouHo TaK e pa36upaioTcs OCTajlbHble CAyYaH PACNOJIOMKEHHS TOUeK F
u F’ Ha KacaTeJbHHX (NP 9TOM YuHTHIBaeM pe3yJibTaThl 3ajau 155,

Puc. 73,

186). TlockonbKy Kaxpas KacaTelbHasl TOUKaMH KacaHus M TOUKOH
nepeceuennsi pasjiesieHa Ha 4 9acTH, TO TaKuUX CjyuaeB Gyler -; 42=8,
Jlns gokas3aresibCTBa BTOPOH 4YacTH 3aMETHM, YTO CepeiuHbl APB.
FF' n uentp tperseft okpyxuocrn Oy, snucannot B AKBM, nexar
Ha ofHofi npsiMo#i (cM. 3ajauy 217).
Ho mnockonbpKy pamuychl JaHHBIX OKpY)KHOCTeli paBHH, To AB
napannensda 0,0, (Oy, O, —LeHTPH [aHHBIX OKPYy:KHOCTel); A u B
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nexar Ha npambix 0,03, 0,0,. 3Haunr, npaMas, npoxonsauas yepes Og
u cepequny AB, peaur 0,0, nomosau.

262. OGo3HaunM vepe3s H TOUKY IepeceuyeHHs BBICOT TPeyroJb-
Huka ABC, a uepes A,, B,, C;—cepenutnr otpeskos AH, BH, CH.
3ameruM, uyto TpeyroabHukM AB,C;, A;BC,, A;B,C nopoGHE MeXAy
co6ofi (COOTBETCTBEHHBIE BePIIHHE 0003HAUSHB! OAHHAKOBHIMH GyKBaMH),
npuueM A,, B, u C,—COOTBETCTBEHHO LEHTPH ONMMCAHHBIX OKOJIO HHX
CcKpyxHocTell. JloKakeM cHayana crefyiomiee YTBepXKAeHHe: TPH MHps-
Mble, NPOXOASIIHE uYepe3 TOY-
ki Ay, By u Cy ¥ OJHHAKOBO A
PAacrosoXeHHEle  OTHOCHTeJIb-
Ho TpeyrosbHuKoB AB,Ci,
A,BC,, A,B,C, mepecexaiorcs
B OJHOH TOUKE Ha OKpYXKHO- 4
CTH JIeBATH TOYEK. # §]

3aMeTHM, 4YTO MpSIMBle £ 2
A3B,, ByB u C3B; oxuHaxoBo 4,
PAacroJiOKEHE  OTHOCHTENbHO Gy
TpeyroabHukoB AB,C,, A,BC,
u A,B,C wn nepecekaiorcs F 7
TOuKe B,, MeXame#i Ha OK- P
pyxHOCTH JeBATH Touek. Ilo- G, 5,
CKONBKY TOUKH Ay, By, C; g
JieXar Ha OKpPYMKHOCTH JeBs- 4,
TH TOYeK, TO OYEBHAHO, YTO
H TPH NpsMble, INoJyualoliHe- Puc. 74.
csi u3 npsaMbix ApB,, B,B u
C,B, noBOpOTOM Ha OJMH H TOT e yros BOKPYr Touek Az, By u C,
COOTBeTCTBEHHO, TakXKe OYyAyT nepecekaTbCs B OAHOH TOYKe, pac-
TNOJIOXKEHHOH Ha OKPYXHOCTH JEBATH TOYEK.

IMycre Tenepr P —TOuYKa mepeceueHus mpAMbiXx Dfinepa Tpeyrose-

nukos AB,C;, A,BC,, A,B,C. O603Haunm m=g Jlns yroGersa
GyleM CuHTaTh, YTO TPeyroJbHUK ABC oCTPOyTrOJbHEIH, 8 TOuKa P Jje-
S

KHT Ha Ayre B;A, oKpYXHOCTH [eBATH TOueK (Puc. 74).
Torza '

T

PA2A1 == 1800— q),

PA,B, = 180°— @ — B, A, A, = 180° — g—B,C; A, = 28—,
— T A

P A,Cy = 180° — @ 180°— 28 = 360°— ¢ —28.

IMockonbky xopawl | PA,;|, | PB,| u | PC,| nponopunoHa/bHE CHHY-
caM YIVIOB, Ha HHX ONHpAIOMHXCSH, HaM OCTaJoCh N0Ka3aTh, YTO H3

TpeX BeJHYMH sin @, sin (2@ —9), — sin(2§+q>) ojfiHa (B HaIeM CJy-
yae mepBasl) paBHa CyMMe JABYX APYTHX, T. €.

sin ¢ == sin (2é—q>)—sin (2§+q)).

Ho B Tpeyroasuuke AA,H, | AAy|=R, | AH,|=2Rcos A (R—pa-
AMYC OMHCAHHOK OKpY:KHOCTH, R cos A — paccTOsHHe OT lleHTpa OmH-
~—

—
canHoro kpyra A, jo B,C;), H,Ady=A-£28—180°. Tlo Teopeme
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cHycoB 11 A AAH,
2cos A 1
=— =
sin sin 2B+ A49)
=>—2cos Asin(2B4-A+q)=singp =
= —sin (2B -+ 24 +¢) — sin (2B+¢) =sinp =
= sin (2é—q>)—sin (21§+q>)=sincp,

4TO H TPe6OBAJIOCH.

Taxum obpasom, MBI [OKasaqu Hawe YTBepXAeHHe B cJydae
OCTPOYTOJILHOrO TpeyroJbHHKA. ’

Cryualt TynoyroJbHoro Tpeyroabiuka ABC paccMaTpuBaercs
TOYHO TaK Ke.

263. Ilycte D —cepepuna AC. BoccraBuM B D mnepneHiuKYy-
agp k AC u o6GosnaumM uepes M Touky mnepeceyenus ero ¢ BC.

A AMC — paBHOGenpeHHBIH, BSHAUMT, MAC=BCA. Tlo YCJIOBHIO
—_— P et
A ABD rakxe pasHoGeppennslit, ABD=BDA, ABM > 90° (nio ycio-
Bu0), ADM =90°, sHaunt, MBD > MDB u | MD | > | BM |. Otciona
X T

cnenyer, uto MAD > MAB (ecniu Mul oToGpasumM CcHMMeTpHuHO B
OTHOCHTEJLHO NpsiMoit AM, To nosiyYuM TOYKY By BHyTpH yria MAD,
tTak Kak MD | AD u |MD|>|MB|= | MB, |); rakum o6pasom,
C>A-¢ C> % A.

264. Eciu OKpyXHOCTb Kacaercss NMPOAOMXKenuil cropon AB B AC

n ee uedrp O, To Jerko HafTh, qmﬁ=180°—(90°——g~)—

- (90" —-%>=—B—_g—é—=90“—%. Takum 06pasoM, %?+B/A?=

= 90°+~§— = 180°.

265. Ilycre AD—sricota, AL — Guccekrpuca, AM —wmenuana.
TponosixuM GuccekTpUCY A0 NepeceyeHHS C OMHCAHHOM OKOJO Tpe-
VIC/IbHHKA OKPYXKHOCTbIO B TOuKe A;. [ockoabky MA,| AD, To0
P

MAA=LAD.
OTBeT ecan a << 90° TO yron Mexiuy MeiHaHOH M GHCCEKTpH-
coii Gosbuie, YeM YroJ Mexay OACCERTPHCOR H Bhcotofi. Ecmi o>
> 90°— Hao6opoT; ecau o =90°, YIJB PaBHBHL.
266. Eciu AD—pBbicora, AN —Mmenuana, M —Touka nepeceve-
HHSI MeJHaH, TO
| DB | + ICD| ICB| -~ |CB| - |ICB| 2
|AD]| |AD| " |AD]= TAN| 8;/MN| 3~

ctgB+ctgl=

267. U3 toro, gro S/Li@M:SBCM u {BC|>|BA!|, |[CM|>
'~ Pr oS
> | MA |, cnegyer, uto sin BAM > sin BCM. 3uauur, eci yrabl oCTpHIE,
T S
10 BAM > BCM, TyneM xe Moxer Guitb Jumb yron BAM; takum
T o
obpascM, Bcerga BAM > BCM.
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b 4

268. Ecin |0A |=a, R—panuyc oxpymuocru, K —rouxa mepe-
ceuennss OA u DE, 1o nerko maittn, uro

az_..Rﬁ a2 +R2

e 2a

>R.

269. OGospaueHust BUIAHB Ha pHCyHKax. B mnepsom ciyuae
(puc. 75, @) | AB| <| AA;|+| A4)By |+ BB l=]| AA | +]| AC |+
- |B,D|+4|BBy|=| AC |+ | BD|. Bo BropoM cayuyae (puc. 75, 6)

¢
¢ 7
K
A s, £
A g A g
Q )
Puc. 75.

|AB|>|BK|—1AK|>|BE|—| AC|, O6parHoe yTBepxieHue
JIETKO [IOKa3biBaeTCss OT NMPOTHUBHOIO.

270. Ilyete K, L 1 M —ToukH mepeceyeHHss NPOBELEHHBIX Mps-
mpix ¢ AC. O6osmaunm | AC|=b, | BC|=a, | AB|=c, 'BL =l

[To Teopeme o GucCeKTpHCce BHYTpeHHero yria Haiinem |LC ‘=a—b_£z ;
NpuMeHsd elle pa3 3Ty TeopeMy uua A BCL, Haiizem

| o | ‘ BL l . ba ! _ ba a

WM =ILC 33T BeT = age T9a = a0 <"‘ a+f)’
o BLA = -§+é=f#:- > A (rak kak € > 3A —m), smaunr,
c>1ln

) ba a ba a ac b
ILM =375 (1_ a+l)< ato (l’ a+c)=b(a-|-c2)€_4—‘

271. Ecan ABCD — nanHblli 4eTHIpeXyro/ihHHK, TO BOSbMEM YeTH-
pexyroabiuk AB,CD, rae B; cuMMeTpHYHa B OTHOCHTE/NbHO Cepe-
IMHHOro MNepmeHAMKyJAspa K pquaroHanu AC. OueBHmHO, mJewagd
ABCD u AB,CD pasuml, croponsl AB{CD B nopsiike 06X0Aa paBHb b,

a, c, d. HepaBencrso S <§ (ac+-bd) pns uerbipexyrosibHuka AB,CD
’ P e

ouesupgHo. PaBeyersp Oyner, ecin DAB,=B,CD=90° T. e. ueTH-

pexyronbHuk AB,CD —BnuCaHHEil, ¢ LBYM# NPOTHBOIONOMKHBIMA

yraamn no 90° snaunt, ABCD Toxe pnmcaH (B Ty ke OKPYHKHOCTD)

¥ €ro JMarodaiu NePHeHJUKYJAPHEL,
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272. PaccmotpuM 1Ba cayuqas: .
1) Hanunift Tpeyronbuuk ABC — octpoyronbusift. [Tycrs B — Hau-

A
Gospmnit yron: 60°=< B << 90°. [Tockosnbky GHCCEKTpPHCH yrioB A
# C MeHbue 1, TO H BHICOTH 3THX YIVIOB A TR hC Menbuie 1. Mmeem

h ahe < V3
ABC"nB 3 °

2) Ecin ofun H3 YIVIOB TpeyrosibHAKa, Hampumep B, He OCTpEHIH,
TO CTOPOHBI, €ro 3aKJIOYalollHe, MeHbIe COOTBETCTBYIOWMX GHCCeK-

TPHC, T. €. MeHbule 1, a mjomasb He MPEBOCXONMT %[AB |1 AC|,

T, €.
1 _V3

Sapc=< 53 < =3
273. Ilyctb c—mHauGosbuias CTOPOHA, NPOTHBOJENKAILAs Bep-
wure C. Ecin a2~ 524 c2—8R? > 0, To a2+ b2 > 8R% —c2 > c2 (1aK
K8k ¢<<2R), T. e. TPeyroibHWK —ocTpoyronbHelil. O6paTHO, mycTh

o 3
TPeyroJbHHK — OCTPOYTO/bHLIH; Torfa a2 --b2 -2 =2m? |- 5 c2 (my—

MefHaHa K CTOpPOHe c); NOITOMY, YeM MeHblUe MeJHaHa, TeM MeHblie
a?-}-b%-}c?, HO MegHaHa MaKcuMaibHa, ecid C—cepeluHa AyrH, U
yMeHbinaeTcs NpH nepeMemenunn C Mo Ayre; Koria e TPeYrolbHHUK
CTaHeT MPSAMOYToNbHbIM, 6yjper a2--b2--c2—8R2=0.

274. JlonycTMM NpPOTHBHOE, HampuMep, 4TO ¢==Q; TOTAa 2¢=
=c-}-a> b; B0O3BOAS HepaBeHCTBA B KBaJpaT W CKNAAbBas, NMOJNyyaeM
5c2 > a2+~ b2 — npoTHBOpeuHe.

275. HerpynHo noka3aTb, 4To GUCCEKTPHCA YTJia B ABjsieTCs TaKKe
u_GuccekTpucolt yrma OBH (1o xe BepHo H Aasa yraor OAH, OCH).
Ha puc. 76 a, 6 n3o6paxkeHbl cjayyan OCTPOYrOJBHOTO (@) H Tymo-
YrolbHOro  TpeyrosibHukos (6). Pemenne B of6oux cayuvasx
OJUHAKOBO.

g a

/ M
A ¢

¢

x>
<<

@

&)
Puc. 76.

Iycts, Hanpnmep,fZZQO" (puc. 76, 6). BuccekTpuca yraa B apas-
erca Ouccekrpucolt OBH, a Ouccektpuca yrna A sBnaserca GHe-
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cektpucoit yrma OAH. Hanee, m=90°—§ < 90° — A=A/BF,
sHaunrt, | AH |>|BH |.

Ecin K w M-—Touku mnepeceuennss OucceKTpuC yraioB A u B
c OH, 10 :

| HK | _14H]| _ 1AH| - |BH| |BH| _|HM]

VKO | | AO | R R ~ |OB] MOl
Takum obpasoMm, |HK|>|HM, u Toyka mnepeceyenusi GHCCEKTPHC
yraoB A u B Haxozutca BHyTpH A BOH.

276. 0603Haqw3|~|BC{—a |AM!=c, |MC|=b, |MB| =
= m, BMO= =1y, MBO=g¢.

Hyx#o nokasate, uto |OB | > |OM|, uan uto Y > ¢, HIH YTO

cos P << Cos @.
[To Teopeme kocmuycoB miss A MBA u A MBC noayuum
_ mAbhr—a? _ mitat—c?
CSY="—gmp OSP="gmg
m2 a2 —c2 m2 b2 — a2
cos ¢ —cos P = +2'ma — -;mb =
_ m¥(b—a)—ab(b— a)+a3—-—czb
- 2mab
_ m*(b— a)—a(bz—az)-i-b(az——cz)
- 2mab

HO @ —C==b—a, 3HauuT,
cos @ —cos P (b—a) (mz——;:m—ba2+ab+bc) —
(b—a) (m?2—a?— b(2a—b)) (b—a) (mﬁ—(a—-b)z)
2mab 2mab
_ =) (ntb—0) (m—atb)

2mab

4To H Tpe6oBaJOCh IOKa3aTb.
277. Tlposesnem uepe3 M mpsamyio, napaanensHyio AC, o nepe-
ceuennss ¢ AB B Touke K. Jlerko Haligem

_.cmi LAB] |AC |
| AK CM‘[CB]’ TCB
IMockoabky | AM|<<| AK |4-| KM|, 10, samenss |AK|u |KM]|,
rOAYIN |CM|.-1AB| , |MB|-| AC!

|AM|-|BC|<|CM|-| AB |+ (I BC|—|MC )| AC],
(1AM |—] AC )| BC |< (| AB|—| AC )| MC |,
4yTO W Tpe6oBajoCh.

| MK |=|MB| 152~

a2+ b2+c2
3

uentp TaKecTH A ABC. (3T0 MOXHO [10Kas3aTb, HAaPUMep, METOLOM
KOOPAMHAT HJIM BOCHOJIb3OBaBIIMCh TeopeMoli Jlefi6Huua —cM, 3a-
gauy 153.)

278. MuHHUMYM paBeH H JocTHraercs, ecam M —

141



279. «CnpsaMEM» DyTh Wapa, JJs 4Ero BMECTO TOro, UTOGH! «OTPa-
®atby map oT Gopta, 6yneM orpaxarb 3epKaJbHO OTHOCHTENLHO 3TOTO
Gopra caM Gusumapi. Mbl nosyupM cucTemy Jgydell ¢ ofweii Bepmn-
HOH, JoGble Ba CoceHNX JTyya 06pasyloT yrod o.. MakcuMasbHOe YHCIO
nydefl CHCTeMHI, KOTOPOE MOXKeT Iepeceub MNPsMasi, ¥ €CTb MaKCH-

k4
MaJbHOE 4YHCIO OTpaxeHu# wapa. DTO YHCIO PaBHO [E]+l’ ecJiH

4 4
o — He neuoe uucno ([¥] —uenas vactb x); ecaum xKe o~ mero ue-

JIoe, OHO PaBHO MaKCHMAJbHOMY YHCIY
OTpaKeHuH.

280. Eciu popord MNOCTPOHTH TaK,
KaKk nokasaHo Ha puc. 77 (A, B, C
¥ D — fepeBHH, JOPOrH — CIJIOUIHBIE JIH-
HAH), TO HX cymMapHas anauHa Gyner

8‘;3 +<2—2’3/3> —24+2V3<55.

MoxHO NMeKa3aTb, YTO YKasaHHoe pac-

TI0JIOXKEHHE NIOPOr peaiu3yeT MHHUMYM
HX CyMMapHOH HJIMHBI.

281, Ecin opHa H3 CTOPOH Tpe-

Puc. 77. yrollbHHKa, npoxoasmas uepe3 A, o6pa-

3yeT yroa @ c npsMofi, NephneHJuKy-

JsipHOft JAHHBIM Iapajile/ibHEIM NPSIMBIM, TO Jpyras CTOpoHa Oyler

o6pasoBbiBaTh yroJ 180°— @p—ov; Hafigg 3TH CTOPOHH, UOJY4YHM,

YTO NJIOLIafb TPeyroJbHHKa GyJeT

A

_ ab sin o o ab sin o
2cospcos (@--a)  cosa-cos (a+29)
T0 BHpaXKeHHe MHHHMAJbHO, ecaH o - 2¢ = 180°%
Orper Sp,=-220% _ 4pctg &
T Umin T _cosa &g
S | AM S BM
282. TlocKoabKy ACD | k, BCD ! | k2,10

Socp  1MOT " Socp TOM;

SACBD=SACD+SBCD=2(k+1)SOCD' CnenoBareslbHO, I10LLAJb
ACBD G6yner HauGoJbuieit, xorja HauGoubell 6yner miowajb Tpe-
yrosbuuka COD. Ho tpeyroabuux COD — paproGenpeHuHf#t, ¢ 60Ko-
BOJ CTOpPOHOH, paBHOH R; 3HAUHT, ero MJOLLajb MaKCHMa/lbHa, KOrja
JIOCTUTaeT MakCHMyMa cuHyc yraa npu sepuuHe 0. Q603HaumM 3ToT
yroa gepes @. OueBHIHO, Qo< P << T, Ie @y COOTBETCTBYET CJAYUAI0
nepneHfukyasapaocty AB u CD. CrnenoBatellbHO, eclH (o =<< 90°, To
MakcHManbHas maomagk A COD ccoTBeTcTByeT 3HayeHHIO ;= 90°,
ecan ke Qo> 90° TO 3HaUeHHIO (.

Orser ecnn k<V2~—1, 10 S, =(k-+1) R
2VE(R+2)
max= T BT
283. Ilycte M; m Ny—gBe ApyrsHe TOUKH Ha CTOpOHAxX yraa
- — T
(puc. 78). Torma MAN =B, AMM==360°—0—B—ON,A>
e~ T~ T TN
> 180°—ON;A=AN;N, Orcioga, yuutbisas, uto MAM=NAN,
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nonyunM, w0 | MiA| < | ANy | u, suaunt, Sy 4y < Say,n} TaKEM
06pasom, Sou, an, < Soman-

Puc. 78. Puc. 79.

284. VYuuTHBasg pesyJabTaT NpeAEAyuied 3ajayd, HaM HYXKHO
BHISICHATb, TNPH KaKHX YCHIOBUAX MOXKHO HallTH Ha CTOPOHax YIJla

ToukM M u N Takme, uTO MAN:-:B u | MA|=| AN |. OnuiweM okoJ0
TpeyroibHHka MON oxpyxHocts (puc. 79). ITockoabky @--P-+p <
<< 180°, Touka A Oyner BHe ee, Eciu L —Touka mepeceyeHHsl npsi-
Mokt OA C OKPYXHOCTbIo, TO JOJ/KHBEl BHITOJHATbCS HEPaBEHCTBA

AMN=90° — 8 > LMV ~TON w ANM=90°— B> TOM. Taxau
o6pasoM, €C/IH BHINOJHSIOTCS ycaosds

1]

2 ?

¢<900—"g"9

P<<90°—

MOXHO HafTH Toukn M u N raxse, uro |[MA|=|AN | n MAN = B.

Ecan e yC/IOBHSI He BHINOJHSIOTCS, TAaKHX TOueK HafiTH HeJbssl.
B 31OM cjydYae 4YeTHIPeXYrOJbHHK MaKCHMAaJbHOH MJIOmAafH BEIPOXK-
JaeTcs B TPeYroJbHHK (0o4Ha H3
Touek M uan N cosmajaer c 0).
) 285. BospbMem Touky A,
Ha BC (puc. 80). Uerbipexyros-
HuK OM AN pasnose.rmx qem-

pexyroasHuky OMAN. MALN <
T

< MAN, ciejoBaTebHO, €CJH MBI
B03bMeM TOuKy M, Ha OB TaK, uT0o

P
M,AN =MAN, 10 Sop a8 >
> Soman; SHauHT, IUOMajb
yeTpexyrodbHika OMAN wmeHb-
me IVIOMLaAM — MaKCAMaJabHOTO Puc. 80.
YeTHIPeXYTOMbHHKA,  COOTBETCT-

BYIOLIETO TOYKE Al, YTO C YYE€TOM pPe3YyJbTaToB JIByX npenbmymux
3ajay JOKa3blBaeT Halle yTBePKICHHE.
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286. Tlyers A onpemesieHHOCTH sin o == sin B; BOsbMeM Ha mpo-
T~ —
ROMKelHY AB Ttouky K Tax, uro BKC =@ (puc. 81); tax xak CBK =

= ADC (nockosibky ABCD — nucannmii), o A KBC nono6en A ACD,
K Ho | BC |=|CD|, cnenosarenvHo, Spox ==

‘ =Sapc ¥ Sakc=SaBcp, HO

—

s _a?sin(e+p)sina
AKC™ 2 sin ’
T. €
a? sin (o p) sina
Sapep=< 2sin B .

Ananorpuno pokaswisaeres, 410 S spep ==
- a? sin (o -+B) sin p

"\ 7 - 2 sin o, '
A 287. PaccMorpuTe JApyroe mnoJioxeHue

P
Puc. 81. touek M; u Ny (M;AN;=f) u noxaxure,
yuuthBas yeacye o-f > 180°, uto «no-
GapuBiniica» TPEyroJbHHK HMEeT GOJbWIYIO MJOLIAAb, YeM TPEYyrofb-
HHK, Ha KOTOPHH MJIOIWajb YMeHbIIAeTCsl (AHAJOTHYHO PEILEHHIO 3a-

Haun 283).
288. VYuuThiBas pesyabtar 3ajgaudn 287, paccykias TOUHO

TaK e, Kak B 3afaye 279, NoJjyyuM, 4YTO, €CJH q>>90°——g~ %}

1P>90°—-% YeTHIPEXYroJIbHHK HaHMeHblueH MUIOWIafH CYIIeCTBYeT H
ais vero |MA|=| AN |. Ecau ke 310 ycjloBHe He BBINGJHSETCS, TO
HCKOMBIl 4eTHIPEXYTOJNLHHK BHIPOXKAaeTcs (ofHa us Towek M umu N
coBnagaer ¢ BepwuHoit 0). )

289. BospMeM TOYKY A, AJA KOTOPO#l BHIMOJNHAIOTCSA YCJ/OBHS
3aJlauM, H KaKylwo-To APyrymo Touky A;. [Iposexs uepes A; mpsamele,
napajunensusle AM u AN, nepecexaiomue CTOPOHH B Toukax M; u N;,
Ml yGepumcst, 9T0 Sop 4. n, < Som an» H» CCAOBaTENbHO, TeM Gosee

MJIoWafk  MHHUMaJbHOTO  YeThIPeXYroJbHHKAa, COOTBETCTBYIOLIETO
TOYKe A,, MeHblue Mmjowanu deTbipexyroibHuka OMAN — musuMab-
HOI'O YeThIPeXYroJibHHKa, COOTBETCTBYIOILEro TouKe A.

290. Papmyc HauGoJsbilero Xpyra paBeH DagHycy OKPYMHOCTH,
OMICAaHHOH OKOJIO MPaBHJBLHOTO TPeYTOJbHHKa CO cTOpOHOH 2R, T. e,
2R/V3. (Bosbmem Takofi TPeYroJbHHK M Ha €ro CTOPOH3X Kak Ha
AHaMeTpax INOCTPOHM OKpyxHOCTH.) [IJ1a JoGofi OKpyXKHOCTH 6OJib-
ero pagmyca, ecan 6bl oHa GblJla MOKPHITA NaHHBIMH KDYyramH, Haul-
Jack Ol payra Gosbiue 4eM B 120°, NOKPHITast OfHHM KPYTrOM, HO Takas
Iyra CojiepkuT XopAy 2R — NMpOTHBOpeuHe,

B ofmem cayuae, eclH CyniecTBYeT OCTPOYFOJIBHEI TPEYrOJAbHUK
20 cropoHamu 2R;, 2R,, 2R3, TO pajuyc OMHCaHHOH OKOJIO Hero
OKpYKHOCTH M GyAeT HCKOMEIM. Bo Bcex ocTaibHBIX ciaydadx paguyc
HauboJibuiero Kpyra paBeH HaunGosbimeMy u3 uyucesn R, R,, Rg.

291, Moxkno. Ha puc. 82 noxasann Tpu KBajpaTa, MOKDLIBalOs
]/ Vstl 5

2 4°

mue KBajpar CO CTOPOHOH
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292. 3aMeTHM CHayasa, YTo CTOPOHA HAUMEHbIIEro MNPaBHILEOIO
TPeyrolbHMKa, MOKPHIBAIOUIEr0 poOM6 CO CTOPOHOR a W OCTPHIM
yraoM 60° paBHa 2a. B caMom fene, ec/n BepiiMHH OCTPHIX yriaos M
u N poMb6a Haxojarcs Ha cropoHax AB u BC npaBnibHOTO Tpe-

—T

yroabunka ABC u BNM=oa, 90°=a=30° T0, Haliga | BN | no
TeopeMe CHHYCOB M3 A BNM nu
|CN| nmo TeopeMe CHHYCOB H3
A KNC (K—sBepmnna Tynoro
yraa pomGa, KoTopasi, MOMHO
CuUMTaTh, pacnojioxkeHa Ha CTO-
poue AC), noayunm pans | BC|
nocJie npeoépasoaannﬁsampame-

_ cos (60° — ar) .
Hue |BC| = 2a 30
yuHTHBasg, 4TO 30°<< o << 90°,
HafigeM, 9rto | BC | = 2a.

Jlerko BHAETb, UTO NPaBHJIb-
Hulfi TPEYroJbHHK €O CTOPOHOMH
3/2 MOXHO MNOKPHITH TpeMmsl npa-
BHJIbHBIMH TPEYroJbHHKaMH CO N
croponoft 1, Jlng 3TOro Kamjbiii Puc. 82
eMHUYHBIA TPeYroJbHHK [OJIO- o
JKHM TaK, 4ToGbl OfHa ero Bep-
IUHHA COBMECTH/IaCh C ONHOM M3 BepPWHH IOKPLIBAEMOro TPeyroJib-
HMKa, a CepelMHAa NPOTHBOMNOJIONKHOH CTOPOMBI coBrnana Owl C LeEHT-
poM MOKPBIBAEMOI'O TPEYroJbHHKA. :

IToxaxem Temepp, 4TO NpaBHJbHHIN TPeyroJbHHK CO CTOPOHOM
b > 3/2 Helb3s NMOKPHITb TPeMs NPaBHAbHBIMU €IHHHYHLIMH TPEYIroJb-
Hukamu. Ecan Obl Takoe NOKpiTHE 6blA0 GBI BO3MOXHO, TO BepUIHHB!
A, B u C Gbiiu 6bl MOKPHITH pa3HLIMH TPEYroJIbHHKaMH, a Kaxjas
u3 cropod AB, BC, CA nokpeiBanach Gl [AByMS TpPeyroJibHHKaMH.
Ilycrs A npuBamiexut tpeyroabhuky I, B—II, C—1III, uentp Tpe-
yronbeuka O NDHHAJJIEXHT, HanpuMep, TpeyroabHuky I. Bosnmem

Ha AB m AC touku M u N Tak, uro |AM|=[AN‘|=%—b. IMo-

ckosbKY | BM|=|CN !=i§-b> 1, Toukn M u N Takxe mpuuamie-

xaT TpeyroioHuKy [ u, ciegosarennro, pom6 AMON uennkom
NOKPLIT TPEYrOobHAKOM, CTOPOHA KOTOPOro Menbme 2| AM|>1,
YTO HEBO3MOXKHO.

|AM| |CN! u ML
{MC> [NB| LM,
Torpa OGymeM uMeTs (cM. pewenne sagaunm 35) — 2= afy,

Q

S=Q(@+ 1)(B 4 1) (y+ 1). 3arem Bocroab3yeMCs HepaBEHCTEOM
3

@+ D@+ 1)@+ 1=V aPr+

293. O603HauuM OTHOINEHHS

yepesa, B uy.



AOMOJIHUTEJIbHBIE 3AJAYH
K PASAEJNY 11

1. JIBe BeplUMHBI TPeyroJbHHKA, HEHTP BIH-
CaHHO# OKPYXKHOCTH M TOYKA I€PeCeYeHHs BHICOT JI€XKaT
Ha OJHOH OKpPYKHOCTH. VI3BeCTHEI TaKxe pajMyChl BIHCAH-
HOH ¥ OMNHCaHHOH OKpY:KHocTe#t — R u r. Haiitu nepumerp
TpeyroJIbHHKA.

2. B rTtpeyronbHuke ABC mnoMeleHH TpPH paBHbie
OKPYKHOCTH, KaXJas M3 KOTOPHIX Kacaercsi IBYX CTOPOH
TpeyrolbHHKa. Bce TPH OKPYXKHOCTH HMEIOT OJHY COULYIO
ToyKy. HafiTh papuychl 3THX OKpYKHOCTeH, €CJIH PajuyCHI
BIIHCAaHHOH M OMHCAHHOH OKpYKHOCTeH Tpeyroibhuka ABC
paBHH 7 U R.

3. IlokasaTb, 4TO JAAs JoOOro MpsIMOYTOJBHOLO Tpe-
YTOJIbHHKA PaJHyC OKPYKHOCTH, Kacaiolleics ero KaTeTon
M OINCAaHHOH OKPYXHOCTH (M3HYTPH), DaBeH JIHaMeTpy
BIIHCaHHOH OKPYXKHOCTH.

4. 3apava Apxumena. Ilycts A, B u C — TpH mnocne-
JOBaTeJbHBIe TOUKH Ha mpsiMoil. Purypa, orpaHHueHHas
IyraMH TpeX NOJYOKpYXKHOCTe#t ¢ guamerpamu AB, BC
u CA, pacnosio:KeHHBEIMH 110 OAHY CTOPOHY oT npsaMoit ABC,
HOCHT Ha3BaHME CamMOXKHBIH HOXK HJH ap6enoc Apxumepa.
IokasaTb, YTO pajHyChl ABYX OKPY2KHOCTeH, Kaxnias H3
KOTOPHIX KacaeTcsl JBYX MOJYOKPYXKHOCTeH H TPSIMOH,
nepneHAuKyaspHoli AC H npoxopsuiell uepes B, pasHm
Mexay coboi.

5. Ilau napamnenorpamm ABCD. Ipsimasi, mpoxozsias
yepes BepuinHy C, nepecekaer npsamble AB u AD B TOu-
kax K u L. Ilnomanu tpeyronvrnkoB KBC u CDL paBHb
P u Q. Haiitu nuomane napannenorpamma ABCD.

6. JIlokasaTb, YTO €CJIH TPEYroJbHHK, COCTABJIEHHBIH
H3 MeIMaH [JaHHOrO TPEYrOJNbHHKA, SIBJAETCA TYNOYroJb-
HBIM, TO MEHBIIH#l YTOJ HCXOLHOTO TPEYroJbHHKA MeHb-
me 45°,

7. Uepes TOuky InepeceyeHHsi JHaroOHajed 4YeThIpex-
yronbauka ABCD npoBejieHa npsMasi, nepecekaomas AB
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B Touke M u CD B Touke N. Uepes M u N npoBeneH:l
npsiMele, COOTBETCTBEHHO napaJiiesibHele CD u AB u mepe-
cekalome AC u BD B toukax E u F. Jlokasartb, 4TO
BE napaanencHa CF.

8. Ha cropoHax BBIDYKJOIO 4YeThIpeXyroJbHHKAa BO
BHEIIHPOIO CTOPOHY TOCTPOeHbl KBajgparhl. [lokasartb, 4To
ecqM JHaroHaJd YeThpeXyroJibHHKa MNepHeHAHKYJISAPHb,
TO OTPE3KH, COEJUHSAIONHEe MEHTPbl IMPOTHBOMOJOXKHbBIX
KBaJpaToB, NPOXOJAT Yepe3 TOYKY IepecedeHHs JHaroHa-
Jiel 4YeThlpeXyroJibHHKA.

- 9. Ha npsamoii pacrnoJiokeHbl MOCJAENOBATENbHO TOUKH
A, B, C uw D Ttak, uro |BC|=2|AB|, |CD|=|AC|.
OjiHa OKPYXHOCTb mpoxonut yepes Toukn A u C, a Apy-
rasi —yepe3 Touku B u D. [loxasartb, uTo 00Lias Xopla
3THX OKpY:xHOCTefi Aenut orpe3ok AC mnononam.

10. JlokasaTb, YTO MpPOEKLHH OCHOBaHHA BLICOTH Ha
CTOPOHBI, ee 3aKJIoualolHe, M Ha JABe APYrHe BBICOTHI
JIeXKaT Ha OJHOH NpsIMOH. )

11. Tpu paBHbBIE OKPYKHOCTH MNpPOXOAAT 4epe3 TOU-
Ky H. [loxasarb, uto H sBJsfeTcs TOUKOH IepeceUeHHs
BLICOT TpeyroJibHHKa, BepLIMHB KOTOPOTO COBHAJAIOT C
TpeMsi APYTHMH TOYKAaMH IONApHOro NepeceyeHHs] OKPYXK-
HOCTeH.

12. UeTbipe paBHBblEe OKPYKHOCTH NMPOXOIAT yepe3 OAHY
touky A. [lokasath, 4TO TPH OTPe3Ka, KOHIH KaxJIoro
U3 KOTOpHIX OTJIHYHBl OT A H ABJAIOTCA TOYKaMH [epece-
yeHUA ABYX OKPY:KHOCTeH (IIPOTHBOMOJIOKHbIE KOHIH Kaxs-
JOrO0 OTpe3Ka He [pHHAJJIeXKAT ONHOH OKDPYXKHOCTH),
nepeceKaloTcsl B OJHOH TOUKe.

13. Jloxa3aTb, YTO €CJIH LEeHTPhl KBajpaToB, IMOCTPOEH-
HHIX Ha CTOPOHAX JAaHHOIO TPEYroJbHHKA BO BHEIIHIO
CTOPOHY, CJYyXKaT BepIUHHAMHM TPeyroJbHHKa, IIOWANb
KOTOpOro B JBa pasa GoJblie TJOMAJZH HaHHOFO, TO
UEHTPH KBaJpaToB, HOCTPOEHHBbIX HAa CTOPOHAX TPEYroJb-
HHKa BO BHYTDb €ro, JieXaT Ha OJHOH npsaMoOH.

14. B tpeyronbEuke ABC yros Mexay MeIHaHOH H
BLICOTOH, BBIXONAIHMU M3 yria A, paBeH o, YroJ Mex-
1y MeqMaHO# H BHICOTOH, BBIXOASAIMMH M3 yraa B, pa-
pes P. Hailtw yros Mexny MeauaHo# W BHICOTOH, BBHIXO-
asmumy 43 yraa C.

15. Paguyc Kpyra, ONHCAHHOTO OKOJIO TPEYroJIbHHKA,
pasen R. PaccrosHme OT UeHTpa 3TOro Kpyra IO TOYKH
nepeceyeHnss MeiuaH TpeyroNbHHKa paBHo d. Haifity upo-
H3BeiCHHe IVIOMAJM JAHHOrO TPeyroJbHHKA H TPEeyroJb-
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HHKa, 00pa30BAHHOTO MPSAMBIMH, TMPOXOIAIHMH Yepe3 ero
BEpLIMHL TEPNeHJAUKYJIAPHO MeJHaHaM, H3 STHX BepLIHH
BBIXOAUIUM.

16. Toukn A;, A; u A; pacno/ioxkeHbl Ha OFHOH Mps-
Mo#, a Toukn A,, A,, A Ha ppyroii npsMoii, mepece-
Katomefica ¢ nepBoil. Hafity yrom mexkay 3THMH mpsIMBIMH,
€C/JIH H3BEeCTHO, YTO CTOPOHbI LIECTHYTOJNbHUKA (BO3MOXK-
HO camorepecekaiomerocs) A;A;A;A;AsAg paBHB MeXIY
co6o#t.

17. e oxpyxHoctH ¢ uentpamu O, u O, xacawoTcs
HUSHYTPH OKpYyXkKHOCTH paguyca R c nentpom O. H3Bect-
HO, uT0 |0,0;|=a. O6ulas BHYTpeHHsAsl KacaTeJbHas K
NEPBLIM IBYM OKPYXKHOCTAM I[iepecekKaeTcss C HX OOMIHMH
BHEIIHUMH KacaTeJbHbIMH B Toukax M u N u mepeceka-
erca ¢ Gosblueli OKpyxHOCTbIO B Toukax A u B. Haiitu
orHourenne |AB|:| MN |, ecin

a) orpesok 0,0, comepxuT TOuKy O;

6) okpyxHOcTH ¢ ueHTpamu O; u O, KacaioTcs npyr
Apyra.

18. Ha nmpoznoskenun cropontt AB tpeyronbauka ABC
8a Touky B B3sta Touka D tak, uro |BD|=|CD|. Touno
TaK e Ha NpojoJxeHuu cropoHel CB 3a Touky B Bssita
touka F Tak, uro |BF|=|AB|. Iloka3aTb, YTO TOYKH °
A, C, D u F jexar Ha OJHOH OKpYXKHOCTH, LEHTp
KOTOpPOH HAaXOIMTCS1 Ha OKPYXKHOCTH, OMHCAHHOA OKOJIO
TpeyrospHuka ABC.

19, Ilycte A;, By, Cl-—ocnoaamm neprneHinK yJas-
poB, OMYIIEHHBIX H3 NPOH3BOJLHOH TOYKH M Ha CTOPOHHI
BC, CA, AB cootserctBenHo TpeyrosbHuka ABC. Iloka-
3aTh, YTO TPH NpsIMble, NMPOXOAslLHe Yepe3 CepeiHHHl OT-
peskoB B,C; u MA, CiA, uw MB, AB, u MC, nepe-
CEeKaloTCsl B OJHOH TOUKe.

20. Jlaunl tpeyroibHuk ABC u npousBosabHas Touka P.
OcHOBaHHSI [ePNEHAUKYJSAPOB, OMYIIEHHHX H3 P Ha
cTopoHbl TpeyroJbHuka ABC, ciyxaT BepUIHHaMH Tpe-
yroabHuka A B;C;. Bepuunnamu TpeyroibHukRa A;B,C,
CJyXaT TOUKH nepeceueHusi npsmbix PA, PB u PC ¢ Ok-
PYXKHOCTBIO, OMHCAHHOH OKoJo TpeyrosmbHuka ABC, oTauy-
Heie oT Touek A, B u C. JlokasaTb, YTO TPEYrOJbHHKHU
AiB,Cy u A3B,C, nonobHul. Ilpu KakoM MOJOXKEHHH TOY-
KM P 3TH TpeyroJbHUKH OGyAyT NOHOOHB! TPEYTOJAbHHUKY
ABC?

21. Ha croponax AB u CD BHINYKJOro 4eTHIPeXyroJb-
uuka ABCD B3stol ToukH M u N, jeqsiye KX B OAHHa-
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KOBOM OTHOIIeHHH (cyuTas oT BepmiuH A u C). DTH TOUKH
COENMHEHBl CO BCEMH BEpLIMHAMH YeThIpeXyroJbHHKA, B
pesyJbtate 4ero ABCD pas6ur Ha 1IECThb TPEYTOJbHHKOB
U OQUH YeTHIPEXYTroJIbHHK. JloKa3aTh, YTO MJIOLIAfp IOJY-
UMBILEroCsl YETHIPEXYroJbHHKA paBHA CyMMe TJIoniajei
JABYX TPEyroJIbHHKOB, NMpuJekKalux k croponam BC u AD.

22. B OKkpy:XHOCTH mpoBeleHH jguamerp AB u He me-
pecekaromas ero xopga CD. Ilyctes E u F — ocHoBanus
NepneHUKyJ/sIpOB, ONMYIIeHHBIX U3 ToueK A u B Ha nps-
myto CD. JlokasaTh, 4TO mJoOLLAAb YeTHIPEXYTOJbHHKA
AEF B paBHa cymme niouiageii Tpeyronsuukos ACB u ADB.

23. B rtpeyroneHuke ABC npoBefeHbl GHCCEKTPHCHI
AD, BE u CF. Ilpsamas, nepnenaukynaspuas AD u mpo-
xojsmas 4epes cepenuny AD, nepecekaer AC B Touke P.
IlpsiMas, nepneHauxkyaspHas BE u mnpoxopsumias uepes
cepenuny BE, nepecekaer AB B Touke Q. Haxkomen, nps-
Masi, neprneHaukyaapHas CF u mpoxopsuiasi yepes cepe-
nuny CF, nepecekaer CB B Touke R. [lokasaTb, 4TO
tpeyroabiukd DEF u PQR paBHOBEJIKH.

24. OkpyXHOCTb, BNHCaHHas B TpeyroibHuk ABC,
Kacaercsl ctopoHbl AC B Touke M, croponsl BC — B TOu-
ke N; Ouccekrpuca yria A mnepecekaer npamyio MN B
tTouke K, a Ouccektpuca yria B mnepecekaer npsmyio
MN B touke L. [{okasath, uro u3 orpeskoB MK, NL u
KL MOXHO C/I0XHTb TpeyrosbHuK. HaliTH nuomanp sToro
TPeyrolbHUKa, eclH MJIoWais TpeyronbHuka ABC pasHa

S, yron C paBeH o.

25. Ha croponax 4B u BC kBagpara ABCD B3siTh! 1Be
tToukd M u N Taxk, uro | BM |+ | BN | = | AB/|. loka3ats,
yro npsiMeile DM u DN pensar puaronanb AC Ha Tpu o1-
pe3sKa, H3 KOTOPHIX MOXHO CJIOXKHTb TPEYTOJIbHHUK, NpH-
yeM OJHH YrOJ 3TOrO TpeyroJbHHKa paseH 60°.

26. Han tpeyronbHUK ABC. Ilpsmas [ nepecekaer
croponsl BC, CA u AB (unu UX NpPOJOJIKEHHUs)) B TOUKaX
K, L u M. P— npousBonbHas Touka. [Ipsmeie PK, PL u
PM BTOpPHYHO NepeceKaioT OKPYIKHOCTH, ONMHUCAHHBEIE OKO-
Jo TpeyrojpHukoB PBC, PCA u PAB, B toukax A;, By
u C,. Jlokasarb, uro Touku A;, B;, C; u P pacnonoxe-
Hbl Ha OXHOI OKPYMKHOCTH.

27. Jloxasatb, YTO TPH OKPYIKHOCTH, KaxKjaasi U3 KO-
TOPBIX NPOXOAUT Yepe3 BepLUIHHY TPeyrosbHHKa, OCHOBa-
HHe BBICOTHI. OMYLIEHHOH H3 3TOH BEpLIMHEl, U Kacaercs
pajMyca OMNHCAaHHOTO OKOJIO TpeyrojbHMKa Kpyra, mnpo-
BEJEHHOTO B 3Ty BepLIHHY, I[IepeceKalTcsi B JBYX
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TOUKAX, PACMOJOXKEHHBIX HA mpsaMoit Dfiyiepa FAaHHOTO Tpe-
yTOJIbLHHKA.

28. PaccvoTpuM TPH OKpPYKHOCTH, KaxJasl H3 KOTO-
PHIX NPOXOAHUT Uepe3 OJHY BEPIUIMHY TPeyrojbHHKA H OC-
HOBaHUsl IABYX OHCCEKTpHC — BHYTpeHHeHl H BHelIHeH, BhI-
XO[SIIUX M3 3TOH BEepIUUHBL (3TU OKPYKHOCTH HOCHAT Ha-
3BaHHe okpyrcrocmell Anoanronus). Jlokasarh, uTO

a) 5TH TPH OKPYXKHOCTH INepecekalorcs B ABYX TOU-
Kax M; u Mo,;

6) npamas M;M, npoxonuTr uyepe3 LEHTP Kpyra, Omu-
CaHHOT'O OKOJO JaHHOTO TPEYroNbHHUKA,

B) OCHOBAHHSl NEPHEHAUKYJSIPOB, ONYLUIEHHHIX H3 TO-
uek M; U My Ha CTOpPOHBI TPeyroJAbHHKA, CJAYXKaT Bepllid-
HaMH JBYX IOPaBHJbHBIX TPEYrOJbLHUKOB.

29. Brinyk/blil 4eTHIpeXyTONbHHK pasfiesieH JuaroHa-
JsIMH Ha dyeThipe TpeyrosabHHKa. [{lokasarth, 4to mpsmad,
COENUHAONIAsA LEHTPHl THAXKECTH JBYX NPOTHBONONOXKHBIX
TPEeYroJbHHKOB, NEpHeHAUKYyNsipHa K NpPsMOH, COeNHHS-
folell TOYKH NepeceyeHus BHICOT ABYX APYTHX TPEYrofb-
HUKOB.

30. ABCD — BhInyK/bIH ueTHIPpEXyrodbHHK. PaccMmor-
puM YeThIPe OKDYXKHOCTH, KaxKiass U3 KOTOPHIX Kacaercs
TPEX CTOPOH 3TOI'0 YEThIPEXYTOJbHHKA.

a) JlokasaTb, uYTO LEHTPH STHX OKpYXKHOCTeH Jexar
Ha OJHOH OKPYKHOCTH.

6) Ilycte ry, ry, rs, ry— PaBHYCHl 3THX OKDYXKHO-
creft (r,—He Kacaercsl .cTopoHBl DC, aHaJOTMYHO 7y—
HE K&l'c:grlcn c"rgg?nm fDB‘g’ rs -l- ;:1158‘, rg— BC). Ilokasarts,

— l
4To r1+r3"r,+r4‘

31. BHyTpH BHINYKJIOrO 4YeThlpexyroibhuka ABCD
B3fiTa NpousBosnbHasg Touka M. JlokaszaTb, uTO | Syap X
X Spmcp — Smsc - Smpal = Smac Smspe

32. YersipexyronbHuk ABCD BnHCaH B OKPYXHOCTh.
Uerpipe OKPYIKHOCTH KacaloTcs AaHHOH B Toukax A, B,
Cu D.Ilyctb a, b, ¢, d, m ¥ n— 1nuHb OCIKX BHEIIHUX
KacaTelbHBIX K OKPYKHOCTSIM, KACAIOIHMCs JaHHOH B TOY-
kax AuB,BuC,CuD,Du A, AuC, Bu D coorsercr-
senHo. Hokcaams, u9to mn=ac-+bd (o6o6uieHnas meo-
pema IImoasemes)

33. B pasnoGeppennom tpeyroabuuke ABC (| AB|=
=|BC) D —cepeanna AC, E — npoekuus D Ha BC, F —
cepepuna DE. Jlokasarts, uro npsmuie BF u AE nepnen-
UK YIS PHEL
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34. OkpyxkHOCTb, BmucaHHas B TpeyroapHHk ABC,
kacaercst ctopoH AB u AC B rtoukax C; u B,, a oxkpyx-
HOCTb, Kacamomascs cTopoHsl BC u npomosmkenuét AB u
AC, xacaerca npsmbix AB u AC B Toukax C, u B,.
IMycte D —cepepuna BC. Tlpsmas AD mepecekaercst C
npsameiMu B,Cy u B,C, B Toukax E u F. Jlokasatb, uTO
BECF — napajenorpamm.

35. Iansl Touka A u npsivas [. B— npousBosbHAs
touka /. HaiitH reomerpuueckoe mecto Touek M TaKux,
yto ABM — npaBUJIbHBEIA TPeYroNbHUK.

36. Ilan npaBubHbIi TpeyrombHuk ABC. Ha npogoea-
XeHHH ero ctopoH AB u AC 3a touku B u C B3sTH TOY-
ki D u E TaK, uro |BD|-|CE|=|BC [*. Haiitu reomer-
pHYECKoe MecTo ToueK mnepeceueHds npsameix DC u BE.

37, Jlama okpyxHOCTb ¢ UeHTpoM O H Touka A.
[lycte B —npousBosibHan ToykKa okpyxHoctH. Hafitu reo-
METPHYECKOe MECTO TOYeK MepeceyeHus] KacaTesbHbIX K
OKPYKHOCTH B Touke B ¢ npsimo#, npoxozasumell yepes O
nepnenfuKyasipio AB.

38. [laHEI OKPYXHOCTb ¥ JBe TOUKH A u B Ha Heil.
ITycte N —npoussosnbHas Touka npsamofi AB. IMoctpoum
IBe OKDYXHOCTHM, KaxJasi H3 KOTOPHIX NPOXOAMT yepes
Touky N M Kacaercsi jaHHO#: ofHa B Touke A, a apy-
ras B Touke B. OGosHauum uyepe3 M BTOpYyH TOUKy me-
peceyeHHsl 3THX OKpyxHocredi. HaiiTh reomerpuyeckoe
MecTo Touek M.

39. CTOpOHBI TPEYroJIbHHKA SIBJSIOTCA AMArOHAJISAMH
TpeX mapajaesaorpaMMoB, CTOPOHBI KOTODHIX Iapallielib-
HEl [BYM 3aJlaHHbIM NpPSIMBIM IJIOCKOCTH. JlOKas3aTh, 4TO
TPU JHArORAJH 3THX NapaJeNorpaMMoB, OTJIHYHblE OT
CTOPOH TPeYyroJbHHKA, MepeceKaloTcsi B OAHOH Touke M.
HaiiTn reoMeTpuueckoe Mecto Touek M, eciaH 3TH napan-
JIeJIOrPaMMBl CTAHOBSITCA NPSIMOYTOJIbHHKAMH.

40. Ilycts B u C — 1Be pUKCHPOBAaHHBIE TOYKH OKPYX-
HOCTH. A —NpPOHM3BOJIbHAsi TOYKAa 3TOH  OKPYXKHOCTH.
IMycte H — TOYKa mepeceyeHust BHICOT Tpeyrojbhuka ABC,
D — touka nepeceuenusi GuccekTpuchl yraa BAC ¢ okpyx-
HocThio, M — npoekuust H va AD. Hafitu reomeTpuyeckoe
MecTo Touek M.

41. [anbl JBa npaBujsHBIX TpeyroabHuka ABC u
A,B;C,. HafiTu reoMerpuueckoe MecTO TaKHX ToYek M,
YTO ABa TPEYTOJLHHKA, COCTaBJEHHBIX U3 OTpeskoB MA,
MB, MC u MA,, MB,, MC; COOTBeTCTBEHHO, paBHOBe-
JINKH.
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42. JloxasaTb, uyTOo B TpeyrojbHuke ABC GUCCEKTpH-
ca yraa A, cpelHsia JMHMA, napajieibHass BC, u nps-
Masi, COeJHHSAIOMAs TOYKH KaCaHHs BIHMCAHHOH OKpYXHO-
ct co cropoHamu AB u AC, nepecekaiorcs B OJHOH TOUKE.

43. Ha croporax BC, CA u AB tpeyromouuka ABC
noctpoensl tpeyronsuuku A,BC, B,CA u C,AB rtak, uro

—T P T T T T

AIBC = C]_BA, CIAB = BlAC, Bch = AICB. ,ZIOKa'
3aTh, 4TO npsmele AA;, BB;, CC; mepecekaioTcsi B OJHOH
TOUKE.

44. Ha croponax BC, CA u AB rtpeyroapbnuka ABC
B3ATH TOUKH Ay, B;, C;, a Ha cropoHax B,C;, C;4,,
A;B; TtpeyronbHuka A;B;C; B3sATH TOUKH A., B; ,Cs.
UsBectHo, uto npsamble AA;, BB;, CC; mepecekawrcs B
OJHOM TOYKe, a Takxke, uyro npsameie A;A;, BB, C,C,
TOXKE TepecekaloTcss B OAHOH Touke. J[lokasarb, uto
npsvbie AA,;, BB,, CC; mnepecekaioTcsi B OIHOH TOUKe
(ua¥ mapasniesbHeL).

45. Jau tpeyroavHurk ABC, A;, By, C,— cepeluus!
ctopod BC, CA u AB, K u L — ocHOBaHuU$ TiEDIEHIUK YJIsi-
poB, onyumeHHHX H3 BepwuH B u C Ha npsameie 4,C; u
A,;B; cootBeTCTBEHHO, O — LEHTP OKPYKHOCTH AEBATH TO-
uyek (cM. 3ajgauy 162). Ilokasat, uro npsmas A;0 Je-
JUT 0Tpe3oK KL nomosaam.

46. Ilycrs Touku A, B;, C, cUMMETPHYHBI HEKOTOPOH
Touke P oTHOcuTeNbHO cTopoH BC, CA u AB Tpeyroun-
uuka ABC. Jlokasatb, 4TO

a) OKDYXHOCTH, ONHCAHHBIE OKOJIO TpPEyroJbHUKOB
A,BC, AB,C, ABC,, umelorT o0ILyI0 TOYKY;

6) OKpPYXHOCTH, ONHCaHHblE OKOJIO TPeYyTrOJbHHKOB
A,B.C, ABC,;, AB,C;, umelor OGHIyIO TOUKY.

47. ABCD — BnucaHHBIH YeTbIPeXyrONbHHK, E — npous-
BO/MbHaA Toyka npaMod AB, F — npou3BoJibHasi TOUKa
npsavoii DC. Tlpsimas AF nepecekaetT OKPYKHOCTb B TO-
uke A, npsamaa DE —B touke N. JlokasaTb, YTO HpsiMble
BC, EF u MN mnepecékaioTcsi B OJHOH TOUKE HJM Ia-
paJiIe IbHbI.

48. AB — puaverp mnoaykpyra, M —Touka Ha AB.
C, D, E uw F —Taxue/\'rotlxu HOJTyOKPY3KHOCTH, 4TO
P T ~—

CMD = EMF, CMA = FMB. Tlycts P —Touka mepecede-
Hus npsaMeix CD u EF. Jlokasath, uro npamas PM nep-
neHaukyaspHa AB.

49. JlaH BBINYKJBIH YeTHIpEXYroJbHUK Q. IIpsamebe,
neprneHAUKyJAApHbEIE €ro CTOPOHAM H MPOXOAALLHE depes
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CepellMHbl CTOPOH, 06pasyloT yYeThipexyroibHuk Q. Tou-
HO TaK e JJA YeThlpexyrojbHuka Q, o6pasoBaH YeThl-
pexyroneHUK Q. JlokasaTh, uTO YeTHIPeXYroMbHHK Q3
N0J0GeH ACXOJHOMY YeTHIPEXYroJbHUKY Q.

50. dan Ttpeyrombuuk ABC, yribl KOTOPOrO paBHHI
a, B uy. Tpeyronbuuk DEF omucad OKOJIO TPeYroJbHHU-
ka ABC Tak, uro Bepuinnbl A, B u C Haxomdarcs CoGT-

BeTCTBEHHO Ha ctroponax EF, FD u DC, npuuem E/CZ-—z

T T
= DBC = FAB = ¢. Onpenenuth 3HaueHue yrja ¢, IOpu
KOTOpOM IJomlanp TpeyrosbHuka EFD pocturaeT Hau-
6O/IbIIEr0 3HAYCHMUST.

51. Ilepmenaukynsp, BoccraBieHHHl K cTopoHe AB
tpeyronbHuka ABC B ee cepenune D, mepecekaeT OK-
PYKHOCTb, OMHcaHHyI0 okosio ABC B Touke E (C n E —
no ogHy cropoHy ot AB). F —npoekuus E na AC. Joka-
3ath, 4YTo mnpsmas DF pequT nepumerp TpeyrosbHHUKA
ABC nomojaM M 4YTO TpH TakHe NpsIMble, MOCTPOEHHbIE
IV KaxJAoH CTOpOHEI TpeyroJbHHKa, TNepeceKaloTcs
B OJIHOH TOUKe,.

52. Jlokasatb, uro npsMas, Ieadllas NepHMeTp H
nJouash TPEYroJbHHKAa B OLHHAKOBOM OTHOLUEHMH, NpO-
XOIHMT 4Yepe3 LEHTP BMNHCAHHOH OKPYXKHOCTH.

53. Ha croponax BC, CA u AB tpeyroabuuka ABC
B3siTH TOoukd A;, B;, C,. Ilokasarth, 4TO NJolianbL Tpe-
yrombHuka A;B;C; He MeHble, yeM IIOWAAb XOTS Gbl
ofHOrO U3 Tpex TpeyroabuukoB AB,C,, A,BC,, A:B,C.

54. Ha cropone AB TtpeyroibHuka ABC B3fta TOuKa
M rak, uto |CM|*=|AM|-|BM|. lokasaTb, YTO TaKHX
touek M OGyner coorBerctBenno 2, 1 wuuu O B 3aBHCH-

MOCTH OT TOTO, GyJeT Jiu BhlpaxeHue a-b—c)/ 2 menn-
we, paBHO uiaH Gombute Hyna (|AB|=c, |BC|=a,
| AC|=0).

55. Ilycte O, I, H — cOOTBeTCTBEHHO LEHTPH OINH-
CaHHOM, BIHCAHHOM OKPYXXHOCTH H TOYKa MepeceyeHus
BLICOT HEKOTOporo Tpeyroabuuka. Jlokasatb, 4ro |OH |=
>|IH|-V2.

56. [lokasatb, 4TO mnepuMerp TPEYroJbHHKa, BEpLIH-
HaMH KOTOPOTO SIBJAIOTCS OCHOBaHHS BBICOT JAHHOTO
OCTPOYTOJIbHOTO TpPeyroJMbHHKa, HE MPEBOCXOJAUT M0JIO-
BUHBI NEepHMeTPa JaHHOTO TpeyroJbHHKA.

57. IlokasaTh, 4TO TPEYroJbHHK OYNET OCTPOYroJib-
HBIM, NPSAMOYTOJIbHBIM WJIH TYNOYTOJbHEIM B 3aBHCHMOCTH
OT TOro, OyJeT JH €ro MOJYNepHMETP COOTBETCTBCHHO
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GoJbllle, PaBeH HJIH MeHbllle CyMMbI IUaMeTpa OMHCAaHHO-
ro Kpyra H pajuyca BIHCaHHOTO.

58. Ilpo pamHBIH TpeyroJqbHHK H3BECTHO, YTO Tpe-
YrOJbHHK, OOpa30BaHHBIH OCHOBAHUSIMH €ro GHCCEKTpHC,
ABJiIsieTCs paBHOOEAPEHHbIM. DyJeT /in BepHBIM yTBepxKne-
HHe, YTO H JaHHBIi TPeYroJbHHK sBJsieTcd paBHOGen-
PEHHBIM?

59. Jloxasatb, 4TO mNpsfMasi, COeAUHSIONIAfA LEHTpHI
BIIHCAHHOH M ONHCAaHHOH OKPYKHOCTefi JaHHOTO TPEeyroJb-
HMKa, #BJseTcsl npaMod Diijiepa TpeyroJbHHKa (CM. 3a-
payy 232) ¢ BepUIMHaMH B TOYKAX KaCaHHS BINHCAHHOH
OKPY2KHOCTH -CO CTOPOHaMH IaHHOTO TPeyroJibHHKA.

60. Haun tpeyrombHuk ABC co cropoHamu |BC|=a,
|CA|=b, |AB|=c. Ilyctb M —npousBoibHas TOUKA
BHyTpH Hero. OGosHauuM vuepes X, Y, Z pacCTOSHHS
or~M po BepumnH A, B u C, a uepe3 u, v, @ — pacCTOSAHHs
ot M no cropor BC, CA, AB. Jloka3aTb, YTO BEIIOJHSIOT-
Cs CJIefyloIMe HepaBeHCTBA:

a) ax+-byt-cz2=4S (S —nnomwanp TPEYroNbHHKA);

6) x+y+2=2@u+vtw) (Ipdew);

B) xyz=(u+0) (v+w) (w+u);

r)x+y-+2z==6r (r— pamuycBIHCAHHOH OKPY>KHOCTH).

61. [lokasaTb, 4TO KacaTeJibHass K MapaboJje B ee
BepiuMHe sBJAsercss npsMod CHMCOHAa TpeyrosbHHKa, 06-
pPa30BaHHOrO IpH TepeceyeHHH JIOGBLIX Tpex APYTHX Ka-
caTesibHBEIX K TOH ke napaGode ([fronaep).

62. Ueteipe nomapHO nepecexkaiomuecss npsiMeie obpa-
3yIOT yerhlpe TpeyroJbHHKa. JlokasaTb, 4TO

a) ecqH OJHA INpfMas NapajeJbHa NpsMoll Diinepa
TpEyroJbHAKa, 06Pa30BAHHOrO TpeMs APYTHMH NPSMBIMH,
TO 3THM e CBOHCTBOM obJiajaeT u Jmobas Apyras nps-
Mas;

6) TOUKH IiepecedeHHsi BBHICOT MOJYYHBIUMXCH Tpe-
VYrOJIbHHKOB JIeXaT Ha OXHOH NpsMoil, nepreHUKYJIApHOH
npsmo#i INaycca (cm. 3azauy 202).

OTBETbI, YKA3AHHA

— Rr
1. 2V3 R+1). 2 RIT

10. Bocnosb3yiiTech TeM, 4YTO YeTHpe pacCMaTPHBaeMbiX TOY-
KH, OCHOBZHHE BHICOTH!, KOHIEI OCHOBAaHMSs JieXXaT Ha JABYX OKpY¥KHO-
CTSX, HMEIONHX OCHOBaHHe BHICOTH ofmielf TOukofi.

11. JloRaxute, 4TO pPajRHYyC OKDYKXHOCTH, ONHCAHHOH OKOJO
paccMaTpPHBaEMOTO TPeyroJbHHKa, PaBeH pajuycy AAHHHX OKPYIKHO-
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crefi, a 9TH OKPYXKHOCTH CHMMETPHUHB} ONHCAHHONH OKDYXHOCTH OT-
HOCHTC/ILHO CTOPOH TPEYroNbHHKA.

12. [lokaxute, 4to JioGhle jBa OTpe3Ka AeJATCS MOMNOJNaM CBO:
efi TouKoli nepeceueHHs.
=22

28
yro/fbHuKa. (AHaNOrHYHO AJIs APYTHX YIJIOB.)

OrserT: arctgitgo+tgf|.

15. JoxaxuTe, 4ro MJAOmAAb TPEYroJbHHKA, o00pasoBaHHOro
npAMBIMHA, NPOXOASAUIMMY Yepe3 BEPIUMHB NAHHOIO TPEYroJibHHKA Iep-
(a2 b2 422

128 :

14. [lokaxure, uro tg o=

rge S~ nJomags Tpe-

NeHAMKYJISIPHO COOTBETCTBYIOIHM MeJuaHaM, paBHa
27
OreeT: >y (R —a2).
16. 60°.

2
17. OrBe T —§ (11 ofouX MYHKTOB).

18. ﬂg{amme, YTO LCHTP 3TOH OKPYKHOCTH JIEKHT B cepejH-
re nyru ABC.

19. PaccMaTpuBaeMble NpAMble ABJSIOTCA CepefHHHBIMH NepIeHAH-
KyasipaMH K CTOpoHam TpeyrosibHuka A,;B,C;.

20. [las onpeneieHHs yrJjoB TpeyroibHHka A,B,C; Bocno/b3y#-
Tecb TeM, 4YTO TouKH P, A;, By, C Jexar Ha OfHOM OKpY:KHOCTH
(tak ke A APYTHX 9eTBepOK ToueK). B TO ke BpeMs MOXKHO Jo-
Ka3atb, 4YTO YIJiHl TpeyroabHHKa A;B,C, paBHE yriam Mexay Kaca-
TeJIbHEIMM K OKPYMXHOCTSIM, ONHCAHHBIM OKOJIO TPeyroJibHHKoB ABP,
BCP u CAP, npoxoasmnMn uepes touky P.

23. Ortpeskn | AP |, | BQ u |CR| MOXHO BHIpasuth uepes CToO-

pOHH Tpeyrojbuuka. Hampumep, ;AP]=._bbLC,

24. AI/(B=90° (cm. sanagy Ne 70). IMyets R — TOuKa nepeceue-
aun BK un AC, Q—rtouka Ha BK rakas, wro NQ| AC. Toraa

| AR |==| 4B |=c¢, |MR|=c—(p—a)=p—b=|NB],

TKNT T

=[MRI=INB]_|CB[__ a .
QN TON| ~ TRCT = 5—¢ (cuuraem b > c).

Mockombky | MN | =2 (p—c¢) - sin %-,Haﬁ,uem |MK |=a- sin%.

AHaJIOTHYHO JAJIS APYTHX OTpe3koB. MIcKOMBIi TPeyroJbHHK noaofeH

o

tpeyroabsuKy ABC ¢ koadduuuentom nojobus sin 5" Ero nJo-

waab paBHa S - sin® %.

25. Bce orpesku nmaroHaad Jierko «cuyutaiorca». Tem He MeHee
xXoTesioch Obl MPEANOKHTL UHTATEMIO Cjefyiollee «3abapHoes peile-
nue. Paccmorpum ky6 ABCDA,BC,D,. Torma naockocts ByMN
orceueT or Tpeyronbhuka A,C;B TPeyrosbHHK, CTOPOHBI” KOTOPOTG
paBHH COOTBETCTBYIOWMM oTpeskam Auaronaiu AC. Ho A,CB—
ApaBHJbHLIT TPEYroNbHUK,

26. Ecom 6nl Touka P He Haxogusach B MJOCKOCTH TPEYrOJb-
Huka ABC, 10 yrBepxjeHHe 3ajauH GbUIO GH OYEBHIHBIM TOCKOJIb-
Ky 1oukd P, A4;, By, C, B 310M ciyyae OYyAyT NpHHajJexalb cede-
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HHIO cdephl, omucaHHON okoso mupamuasl P ABC, niocKocTbio, mpo-
xopawei yepe3 P u npsmyio [. Hawa sajaua ssasercst npejesibHOR
mas storo caydas. Ocranoch anwp 060CHOBaTh MpeieabHbIl Mepexos.

27. Ilycts ABC — paunbifi TpeyroabHuk, A,, B,, C;—cepenu-
Hbl COOTBETCTBYIOWIMX CTOPOH. JIOKaKuTe, 4TO OKPYKHOCTb, MPOXOAs-
mas, Hampumep, uYepes BepIIMHY A M yIOBJETBOpPSAIONIAA YCJIOBHIO
3ajauu, MPOXOAHT qeﬁlea TOUKM NepeceyeHusi BHYTPeHHell M BHemHek
6UCCEKTPHCH YIJa co cpepHeil sqmHue#t B;C;. 3HauuT, AJs BCeX
Touek M 210 OKpyxHocTH Oyher (cM. 3ajady 178) BHUIOJHATHCH
paseHctBo | ByM|:|[CiM|=|B;A!:|CyA|=b:c. Takum obpasom,
eco M; u My—TOUKH TepeceueHuss ABYX TaKHX OKPYXKHOCTeH, TO
| AiMy | 1| BiMy |t | CiM,y l=a: b :c (To XKe past Toukn M,), nostomy
M, u M, 6ypyr npuHaj/jexaTb TPeTheil OKpPyxkHOCcTH. KpoMe Toro,
M; u M, npuHapjexar npsaMoi, AJis BceX ToueK M KOTOpOH BhINOJ-
HsleTcsi paBeHCTBO (2 —b2) | A\M |24 (a2 —¢?) | ByM 24 (b2 —a?) X
X|CiM [2=0 (cM. 3agauy 183 u ee pemwenne). Sta npsmas MpOXo-
JIUT uepe3 IEHTP OmucaHHoro okojo A A;B,Ci Kpyra u uepe3 Tou-
Ky fepeceyeHHs ero MejuaH (IpoBepbTe 5TO, BHIPA3HB JJHMHBI MEJH-
aH yepes CTOPOHHI), T. €, OHa COBHajaer ¢ npsMol dinepa A A;B,Cy,
a 3nauutr, u A ABC. .

28. a) AHalornyso TOMy, Kak 9T0 G6bUIO CHeslaHO B Npensiny-
mefi sanave, MOXKHO JOKa3aTh, YTO 5TH TPH OKDYXKHOCTH nepeceKa-
loTc B JABYX Toukax M; m M,, npuueM ' AM;|:|BM;|:|CM,|=
=bc:ac:ab (takxke KA M,).

29. CepenuHBl CTOPOH ueTHIpeXyroJibHHKa 06pasyioT mapajlieJo-
rpaMM, JHaroHaJu KOTOPOrO TapaJJelibHbl OTPe3KaM, COeAHHSIOLINM
LEHTPH! TSMXKECTH MPOTHBOMOJOKHHX TPEeyrolbHUKOB. [Ipyrofi mapaJ-
JleJjorpaMM 06pasyloT ueThipe BBICOTHI PacCMaTpHMBaeMHBIX TPEYroJbHHU-
KOB, BLHIXOJAIIINE U3 BEPUIMH YeThblpeXyFOJIbHHKA.

C1opoHE! MepBOro mnapaJjjejorpaMMma napajjelbHE JHaroHafsAM
YeTHIPEXYTOJNbHAKA, a BTOPOr0O —HM MNepHeHJMKYJSpHH. Kpome To-
ro, CTOPOHE BTOPOro mapanjenorpaMma B ctg @ pas GoJabue coOT-
BETCTBYIOIMX CTOPOH MePBOro (oL— OCTPHI Yros MexAy RUaroHanas-
MH HeTBIPeXYTOJIbHHKA).

- g3}.wl;lycn= M —cepepuna AD. IposepbTe, uto | BF |2+ | FM 2 =

34. 'I'Ipoaep,me gepes D npsMyo, nepneHAHKYJSpHYIO GHCCEK-
Tpuce yriaa A, o603HaubTe TOUKH ee mepecedeHusi ¢ AB u AC uepes

K u M un pokaxure, uro | AK |=| AM | =P-_2L€. IMockoavky | ACy |=

=|AB,|=p—a, | AC;|=| BCy|=p, Toukn K u M GYyAyT ABIATb-
ca cepepuHamu otpeskoB C,C, u B;B,.

35. HckoMoe reoMeTpHueCKOe MECTO TOUYeK COCTOMT H3 JBYX
npsIMEIX, MNPOXOASAUIMX Yepes TOYKY, CHUMMETPHUHYIO TOuYKe A OTHO-
curtenbHO mpsamo#i [, u obpasyomux yrasl B 60° ¢ npsamoii [

36. Mckomoe MHOXKECTBO eCTb AYra BC OKDYHOCTH, ONHCAHHON
okos0 A ABC, cooTBeTCTBYIOWas LEHTPaJbHOMY yray B 120°,

37. Mckomoe MHOXECTBO €CTb MpsiMasi —TNoJspa TOUKH A OTHO-
CHTEeJIbHO JaHHOH oxpymw (cMm. samauy 190).

38. ¥Yran ﬁvﬁ u BMN MOXHO BHIpasHTb uepes LeHTpPaJbHbIf

yroa, coorercTBylomuit AB paHHOR OKpyXKHOCTH (HeOGXOZHMO pa-
306paTh pa3/IHYHbIE CAYYAH MOJNOKEHHS TOYKH N), MOCJE 4ero MOXKHO

TN
onpenenuts AMB, HicKomoe reoMeTprueckoe MeCTO €CTb OKPYMKHOCTb,

156



39. OGnepuHeHwe TPex NOCTPOEHHHIX MAapa/JeJOrpaMMoB Mpefs
crasjsieT COGOH NapajseniorpamMM, OMHCAHHBIA OKOJMO JaHHOTO Tpe-
YyroJibHHKa, pasjiefleHHbli Ha yerbipe MeHbnx. HeTpyzaHo BHIpasuth
OTHOLIEHHSI, B KOTOPHIX KaxJas M3 pacCMaTpHBaeMblX AHaroHaljeft
HeJUTCS] APYroil nuaroHa/blo, uepe3 OTPe3KH CTOPOH GOJIBLIOrO Ma-
paJsiesiorpamma.

Ecan napanjenorpaMme! sBJSIOTCSI NPSIMOYrOJbHHKaMH, To, Na-
paljlelbHO TepeHecs [Be M3 TPeX paccMaTpHBaeMbIX JHaroHaJjeit,
MBI o6pasyeM H3 HHX TPeyroJbHHK, paBHBl JaHHOMY, a 5TO O3Ha-
4yaeT, YTO YIJIBl MeXJAYy HHMH HJIM PaBHbl COOTBETCTBYIOIHM YyrJjam
TPeyroiibHHKa, HJH JONoJHAKT HX Ao 180°, Hckomoe reomerpuuec-
KOe MECTO TOYeK €CTb OKDPYXKHOCTb, MNPOXOAsllas yepe3 CepeaHHEBI
CTOPOH JAHHOTO TPEYrOJbHHUKA.

1AM |

40. loxaxeM, uro =lcos§R|. ITycts O—nentp okx-

|AD \
pyxHocTH, P —cepennna BA’, K —cepenuna AH. Tpeyronbuukn

[MA| _|AK| _ [OP]| _
DOA /H\MKA nofo6Hbl.  3HauwuT, TAD] —DO| 0B, —
= Icos BAC I HckoMoe reomerpuueckoe MECTO TOUEK eCTh OKPYH-
HOCTb.

41. Bocnosb3yfiTech pesyabratamu 3ajau 154 u 175. Hckomoe
MHOKECTBO, BOOOLIE TOBOPS, COCTOHT U3 NMPSIMOR M OKPYKHOCTH.

43. Ilycts Ay —Touka nepeceuennss AA; u BC. TlpoBenem uepes
A, npamyio, napaanenpHyio BC, u 0603HauHM TOUKH ee MepeceueHus

|BAz| _|AM| _[AM]
¢ AC “.AB yepe3 K u M. Torpa TAC] = TAKT = !AlBiX
|AB| |AC|

. ———, 3aMeHHB TPpH MNocCJeAHUX OTHOWEHHs OTHOLle-
[A,C| TAK| P

HHSIMH CHHYCOB COOTBETCTSYIOWMX YIJIOB, NpPOZeJNaB TO Ke caMoe
nast Touek B; u C;, BocnmoabayeMcst Teopemoit UeBk (cM. 3apauy 192).

44. Eciaun As—rTouka nepeceuenus npsmoii AA, ¢ BC,, To or-
HomeHHe | BAj|: | AsC | MOXHO BHIpasHTb Yepe3 OTHOIUEHHs, B KO-
TOPBIX PasjieJieHBl CTOPOHE TpeyrosbHukoB ABC n A;ByC; TouKamu
Ay, By, Ci u A, By, C, coorserctsenHo. Ilpomenas to xe Anst
BCeX BEpLIHH, MOXHO TNpPOBEPHTH BHINOJHEHHE YCJOBHA TeopeMsbl
UYesnl (cM. 3amauy 192).

45. Orpanuuumcsa cayyaeM, koria ABC —ocTpoyronbHEH Tpe-
yronbHHK. Pacemotpum napaasenorpamm A,MON (M u N Ha A;B; n
A,C,). Tockonbry A0 ofpasyer ¢ A,C; u A;B, yrawm (90°—B)
[AM| _ [AM]| _cosB _ |ALLj|
[AN | [MO| s [AKIT
57. 3ameHuB R u r no ¢opmysam R=§%€, r=--p—
ayiitecs aas S dopmyJoli I'epona u paseHcTBOM

B N i

= & (@A) (B — b)) (a4 b4 ),

58. I[Tycrs ABC — panunit Tpeyronbuuk, AA4,, BB,, CC,—OGuc-
NS ey
cextpuchl, Ecau | AyB; |=| A;C;|, 10 mau A;B,C=A,C,B (8 310M
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e~ P ®
¢nyuae A ABC 6yner pasnoGenpennn), uin A;B,C - A,C1B = 180°.
Bo sropom cayuyae nosepHeM A A;B,C Bokpyr ToukH A, Ha yroa
—
B1A,Cy. B pesynwrare Tpeyrombuukn A,C,B u A,B,C okaxyres
NPHIOKEHHBIMH APYT K APYrY M 06pasyioT TPeYroJbHHK, MOLOOHBI
A ABC. Ecau cropoust A ABC ectb a, b U c;) TO CTOPOHBI nogly-

ac a ac a

b4c’ b+c " a+b+a—|—c‘
c

YunthiBas nopoGHe, NOAYYHM MEXAY a, b M ¢ COOTHOWeHHe ——— +
N N *

atc btc

b3+ 8 — a8 - b2% - b2a - 2b -+ c2a — a?b — a%c +abc=0. (1)

YUBLIETOCH TPEYroJbHUKA GYAYT paBHEI

N -
O6osnaunm cos BAC=x; mo TeopeMe KOCHHYCOB b2 c2— a2 = 20cx.
YMHOXas mnocjejHee PaBEHCTBO MOCJEJOBATENbHO Ha 4, b W ¢ n

BoiunTas W3 (1), nonyunm 2x (@+b+c)fa=0—=> a= — -2—(—2—;!__:——)—1—}‘
IMockomeky 0 << a<<b--c,
— —i— <x<<O0. 2
3aMeHUB B TeopeMe KOCHHYCOB @ duepe3 b, ¢ H x H 0003HauuB
%=k, NOMYYHM AJSL A YypaBHeHHe

(4x41) A2 — 2, (428 +8x2 +x) + 45+ 1 =0.

Hns Toro 4ro6el 5TO ypaBHeHHe MpH YCHOBHAX (2) UMeJO pelleHHe
A >0, A= 1, IOMKHB BHINOJHATHCS HepaBEHCTBA

4x3-4-8x24x >0, 3)
71— D= (4x318x2+ x)2— (4x - 1)2 =
=2x+1)2(x41) (2x—1) 2x2 -5+ 1) >0, 4)
Cucrema HepaBeHCTB (2), (3), (4) yRoBIeTBOpsieTCS NPH — 7]1— <<
Vi7—5
ramt
Takum 06pasoM, HCXOIHBIH TPeYrOJbHHK He 06S3aTesIbHO PaBHO-

GeppenHbii. OnHAKO MBI JIOKA3aJiH, YTO 5TO MOXKET HMeTb MECTO TOJIb-
KO B TOM CJyuae, KOTA2 OJHMH H3 YIVIOB HCXONHOTO TpEyroJbHHKa
1 17—5
TYnofi H ero KOCHHYC HaXOJHTCsl B MHTEDBaJje <-— e 4 7 , 4T
COOTBETCTBYET ISl yrja HHTepBasJy mnpuOaH3uTeabHo (102°407;

104°28’). Jias omHOro KoHLa HHTepBaja (— s

TPeYTOMbHEK GyieT BHPOXKLATbCA, APYrofl xe KOHel <V17—5> co-

<

TOCTPOEHHBIH HaMH

4

Pt — °
orBercTBYeT paBeHctBy AB;C=A,C;B=90°, 1. e. naBa ciayyas,
KOTOphIe MBI BHIAGJIN/H B Hauajle peiieHHd, JJIs 9TOro SHa4YeHHs Yria
COBNaAaloT,
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59. ITycre ABC — naHHBIR TPeYroJbHHK, CTOPOHH KOTOPOro a,
b uc, npuueM a=b=c, Ay, B,, C;—TOUKH KacaHusi BNHCAHHOU
OKPYIXHOCTH, [ —UeHTP BnucaHHOH, O —ILEHTP ONMCAHHOH OKpyx-
noctd. ITockosnpky / mo oTHomeHH K A A;B,C; sBAseTCs LEHTpOM
ONMHCAaHHON OKPYXHOCTH, HaM JOCTaTOYHO JOKa3aTb, 4TO mpsMas [0
NPOXOXMT Hepe3 TOUKY mnepecedenus BhcoT A AyB,C,. OrnoxuM Ha
ayuax AC u BC—otpesku AK u BL, |AK|=|BL|=¢, a ua
ayuax AB u CB—orpeskd | AN |=|CN |=b. Kak MH 3HaeM (cm.
sagauy 138), mpsmas [O nepnemaukynspua LK u MN, ssauur,

Py N
LKV MN. O6osnaunm KLC=BNM=¢. [lo TeopeMe cHHYCOB a5
tpeyro/ibiikoB KLC u BMN Gynem umern

J[LC| _a—c__ sin(9p-+0)

|KC| b—c¢  sing °’ M
IBN| _a—b _sin(B—g) ‘
MB] —b—¢—  sng - @

TTposeneM Tenepb B Tpeyroabruke A;B,C; BrcCOTY Ha cropony BCj.
IMycts Q—Touka ee nepeceveHust ¢ npsaMo# /0. Ham myxHO HoKa-
3aTb, 4r0 Q—Touka mepeceuenuss BEICOT A A;B,C;. Ho paccrostue

T .
or | no ByC; ectb |IA,|:cos BjA,Cy=r smﬁ. 3HauuT, AOMKHO

BLINOJIHATbCA paBeHCTBO | A;Q |=2r sm‘% Yras A QI Ay MOXKHO BH-

pasuTh uepes yrisl A ABC n @, a uMeHHo Q4= 180°—¢./QA\11 =

=— Ham HyXHO l0KasaTh, uTO
2sin-ﬁ=—-ﬂ‘%i—é—\ & sin (9+C) — sin (B—¢) = sin .

sm ¢_ 2 -

IMocnennee paseHCTBO cielyer u3 (1) u (2).

60. Masmuyio Hiei0 AOKas3aTelbCTBAa HePaBeHCTB NOJOGHOrO THNa
npenioxkua Kasapunos. (Kazarinoff Michigan Mathematical Journal,
1957, 4, N2, 97—98). Cytb ee cocrout B cieaytoueM. ITycts ABC—
HaHHBIfl TpeyroJibHUK, M —janHas Touka BHYTPH Hero. BosbMeM Ha
ayyax AB u AC no Ttouke B; u C;. OueBHjHO uTO CymMMa mJjolua-
Jell mapaJiieJiorpaMMoB, NOCTPOeHHHIX Ha AB, u AM n ua AC; n AM,
paBHa mJOIMafW napa/uenorpaMma, OjHa CTOpoHa Kotoporo B;Cj,
a npyras napajaenbia AM (cm. Takxe sapauy 135). CaenobatenbHo,

| ACy jv+| ABy |w << | ByCy | x. )

a) BosbMem B, u C, cosnapawomumu ¢ B u C, Toria HepaseH-
creo (1) macT mam bv--cw << ax.

CNOXHB TPH TaKHX HEPaBEHCTBA, MOJYUYHM TpebyeMoe. .

6) Bosbmem | AB,|=|AC:, |AC,|=|AB|, Toraa uepaseHCTBO

c b
(1) nact mam cv-+bw =< ax uau x;-a— v—]—z w.

C/0:XHB TPH TaKHX HEPABEHCTBA, NOJIYYHM
b [4 c a b a
X+y+z= (7 + 'b‘) u—|-<—5 + *c—> ’~’+< P + —5)1’412 2(u+v+w).
Sameuanune Bru6upas TOYKH MO APYroMy, MOXKHO NOJY4aTh
pas/iMyHble HHTEPECHHIC HEpPaBeHCTBa,



Heopy Pedoposuu Illapoizun
3AJAYH MO TEOMETPUM (MJAHUMETPHSA)

(Cepus; «BuGauoreyka «KpaHT»»)

Penakrop H. E. Paxaun
Texunueckuit venawtop B. H. Kondaxoea
Koppexktopwt T. C. Ilaernesa, T. C. BaiicGep2

HUB Ne 11912
Cnaso s HaGop 15.08.81. TMonnuncano k revatn 03.03.82. T-00367.
Popmat 84X 1083, Bymara Ttum. Ne 3. JlutepatypHas rapiuTypa.

BLicokasi neuaTtb. Vcai. ried, g, 8,4, VYda.-uam. . 10,13. Hpax 150 000 3ks.
3axas 826 Llena 30 xom.

Hsnarenbcrso «Hayxas
TnaBHas peRakuns (PHSHKO-MaTEeMaTHYECKON THTEPaATYph!
117071, Mocksa, B-71, JNeunducku#i npocnexr, 13

OpneHa OKTAGpbcKoft PeBoniounu, opaena Tpyposoro KpacHoro Smamenyu Jle-
HHHTPACKOE IIPOH3IBOACTBEHIIO-TeXHAYeCKOe oObeanHenne «ITewatnw Iimop»
umeHy A. M. Topbkoro Cowsmoanrpadupora npi 1'0CyAapcTBRHHOM KOMHTET®
CCCP no nenam #sfaTelIncte, NOoAUrpadHH H K&nKWoft Toprosam. 197136, Jle-
gARrpan. T1-136, Uxanowczri np., 13

OTnea+TaHo Ha oplena Tpyszosoro KpacHoro 3namenn JexoBckoM noaurpada-
yeckom KoMmOuHATe BO «Cowsmonsrpsdipori> ToCy12pCTBENOrO KOMRTETa
CCCP no menam usnatenscrs. wolddrped¥i i KHIXKHOA TOProsas

r. Yexos Mockosckoff obnactu 8akas 826



30 kon.

BMBJIMOTEYKA «KBAHT»

BLILLAM M3 NEYATM:

Buin. 1. M. M. BpoHWwTEH H. ATOMB M NEKTPOHLI.
Buin. 2. M. ®apapeii. Uctopus cseum.

Bun. 3. O. O p e. Mpurnawenne 8 veopmio uncen.
Buin. 4. OnbiTh B gomalwne’ naGoparophu.

Bun. 5. M. ll. CnoGopeukui, N.T. Acnamasos. 3a-
A3uM No hu3mke.

Bun. 6. 1. M. Moy anos. Fonosonomku.

Bun. 7. M. C. Anexcanpgpos. Beegenne B reopuio rpynn.

Bun. 8. I. Witesinray3. Marematueckusi Kanesgockon.

Boin. 9. 3ameuarensubie yueHsie.

Buin. 10. B. M. Tnywkos, B. . Bana x. Yro rakoe OTAC!

Buin. 11. I. M. Konbinos. Bcero nuillb KMHeMaTHKa.

Buin. 12. . A. CmopopamuHckuii. Temneparypa.

Buin. 13. A. E. Kapnos, E. fl. T uk. Laxmarhuii Kanesgockon.

Buin. 14. C. I. TunamukuH. Pacckassl 0 ¢Gu3Mkax M mare-
MarTHKax.

Buin. 15. A. A. Bop oBo . Kak perucrpupyior uacruubl.

Buin. 16. M. M. Karanos, B. M. Llykep uux. Mpupoga mar-
HeTH3Ma.

Buin. 17. M. @. Wapwruy. 3agauu No reomerpuu (NnaHu-
merpus).



